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Art of Constructing Low-Complexity
Encoders/Decoders for Constrained Block
Codes

Dharmendra S. Modhaember, IEEEand Brian H. MarcusFellow, IEEE

Abstract—A rate p : g block encoder is a dataword-to-code- TABLE |
word assignment from 2P p-bit datawords to 2P g-bit codewords, VARIOUS BLOCK ENCODERS FOR THE(O, 2) RLL CONSTRAINT
and the corresponding block decoder is the inverse of the encoder.
When designing block encoders/decoders for constrained systems, Datawords GCR New Lexicographical
often, more than 2P codewords are available. In this paper, as excess 1mm 10101 11111
our main contribution, we propose efficient heuristic computer 0000 11001 10010 01001
algorithms to elimin_ate the excess codewords and to construct low 0001 11011 10110 01010
hardware complexity block encoders/decoders. For (0, 4/4) and
(0, 3/6) PRML constraints, block encoders/decoders generated 0010 10010 10011 o1on
using the proposed algorithms are comparable in complexity to 0011 toon 10111 01101
human-generated encoders/decoders, but are significantly simpler 0100 11101 01001 01110
than lexicographical encoders/decoders. 0101 10101 01101 01111
Index Terms—Binary trees, dataword-to-codeword assignment, o110 10110 11001 10010
excess codewords, logic synthesis, mapping-by-gated-partitioning, o1 10111 11101 10011
modulation codes, PRML, RLL. 1000 11010 01010 10101
1001 01001 01110 10110
L 1010 01010 01011 10111
' I\_ITR(_)DUCTIO_N . . 1011 01011 01 11001
ONSTRAINED coding is u_sed in magnetic recor_dlng sys- 1100 1110 11010 11010
tems to encode unconstrained user sequences into chanr 1101 01101 11110 17011
output sequences that satisfy certain hard constraints, such 1110 01110 1011 11101
various limits on the run lengths of zeros; see, for example, Im 111 01111 111 11110

mink [1], Marcuset al.[2], and Imminket al. [3]. Block codes
have been widely used for converting unconstrained user se-
guences into desired constraint sequences. The basic idea lie d&reely concatenated without violating the constraint. Using
ratep : ¢ block code is to identify a codebook containi2y these 17 codewords, in Table I, we display three different block
g-bit codewords that satisfy the desired constraint and to desigmcoders. The first encoder corresponds to the classic “GCR”
an encoder that assigns eathp-bit dataword in a one-to-one code [2, Table Ill], the second encoder has been constructed
and onto fashion to a-bit codeword in the codebook. In otherusing the methods introduced in this paper, and the third en-
words, a block encoder is a dataword-to-codeword assignmesdder has been constructed in a lexicographical fashion, that
The corresponding block decoder is the inverse mapping or seby lexicographically ordering all 17 codewords, deleting the
codeword-to-dataword assignment. “largest” codeword, and then assigning a 4-bit dataword to each
We motivate the problem of interest using a concrete exampemaining codeword corresponding to the codeword’s rank in
of (d, k) = (0, 2) runlength-limited (RLL) constraint, which such an ordering. These three codes differ from each other in 1)
demands that runs of consecutive symbols “0” must not be mahe choice of codebook; that is, the GCR code and the lexico-
than 2. We are interested in a rate 4 : 5 block code for this cagraphical code ignore the codeword “11111,” whereas the new
straint. A set of valid 5-bit codewords for this constraint canode ignores the codeword “10101”; and in 2) the choice of en-
be obtained by starting from all 5-bit words and eliminatingoder. Although all three encoders have the same rate 4: 5, they
all words that have more than two consecutive symbols “@equire different hardware complexities to implement, as shown
anywhere in the words and by eliminating all words that have Table Il. The “AREA” and “GATES” numbers reported in
more than one symbol “0” at the beginning or at the end dgble Il (and throughout this paper) were generated using the
the word. This process leaves a set of 17 codewords that &arkeley SIS logic synthesis program [4]; we used the SA-12E
cell library for the CMOS 6SF technology [5]. It can be seen
from Table Il that the new code has the lowest complexity, the
Manuscript received March 1, 2000; revised September 1, 2000. GCR code has complexity comparable to the new code, and the
C/Ihgsfgg_‘g(’)% gafas"/‘i“h(et_*::ai:?“gm'g'g;%‘ggm'?:jggfi;% Sg;ﬁerhfrinsg Sxicographical code has relatively large complexity. We say
’ T at the GCR code and the new code exploit the degrees of
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TABLE I are free (or don’t-cares) and the remaining coordinates of
COMPLEXITIES OF VARIOUS ENCODERIDECODERS FOR THEO, 2) RLL the set are either fixed or are dependent on one of the free
ONSTRAINT .
coordinates.

GCR New Lexicographical In this section, we introduce the Constraint-Tree algo-
ENCODER AREA 39 3 i rithm, a binary-tree based recursive algorithm, to decom-
GATES 8 8 19 . . L .
DECODER AREA 79 = 155 pose the set af-bit codewordsy into disjoint, simple sets.
GATES 18 13 29 * In Section Ill, we define the codebodkas the union of

the largest simple subsetsYkuch that’ contains exactly
2P codewords.

in the choice of the dataword-to-codeword assignment to con- In this section, using Huffman codes or arithmetic
struct low-complexity block encoders/decoders. codes, we partition the set pfbit datawords into disjoint,

We now cast the problem of interest in formal notation. For  simple sets such that there is a one-to-one correspondence
r > 1, define ar-bit word as anr-tuple of bits, that is, as an between a simple set of codewords and a simple set of
element of{0, 1}". Let X = {0, 1}? denote the set of afi-bit datawords.
datawords or userwords. Clear|y'| = 27. LetY C {0, 1}¢ Finally, we construct the block decoder in a piecemeal
denote the set of afl-bit codewords satisfying some constraint. fashion by defining it as a mapping from a simple sets of
Clearly, | Y| < 27. We assume thdy| > |X| = 27; that is, codewords to the corresponding simple set of datawords.
we have at least as many codewords as there are datawords. A The constructed decoder has an intuitively pleasing de-
codeboolC is defined as a set @fbit codewords iy such that scription as a certain fixed-rate two-part code.

|C] = |X|. In other words, the codebodkis obtained from the * In Section IV, we apply the ideas in Sections Il and I
set of valid codeword$’ by deleting “excess codewords.” A to rate 8:9 block codes for (0, 4/4) and (0, 3/6) PRML
block encodeft is defined as one-to-one mapping from the set  constraints. For these constraints, our block encoders/de-

of datawordsY onto the codebook. A block decodeD: C — coders are comparable in complexity to those published
X is simply the inverse of the block encoder. In this paper, we in Eggenberger and Patel [6], but are significantly simpler
are interested in selecting a codebabland in constructing a than lexicographical encoders/decoders.
“low-complexity” encodel and a corresponding decoder * In Section V, we include a discussion of our algorithms
Observe that there are and their possible extensions.

V|

iz
ways to select a codebodkrom ). Furthermore, given a code- II. THE CONSTRAINT-TREE ALGORITHM
bookC, there areg(2”)! ways to select an encodér Thus, all
together, there are A. Simple Sets of Words

(yN We introduce the main new concept of this paper: a simple
(|V] — 2¢)! set of words. Simple sets will be the basic building blocks with

which we design codebooks and low-complexity encoders/de-
ways of selecting a codebook and an encoder. As an examplggers.

for the rate 4:5 block code discussed above, therel@dres Let Z c {0, 1}" denote a set of-bit words. LetZ =
3.5568 x 10'* ways to select a codebook and an encoder! Tth%’ 21, ..., zr_1) denote aword irg. We say that coordinate
a brute-force search is out of the question for even relativelyy < ; < - — 1/ is fixed or constant irg, if for all Z € 2,

low-rate block codes. eitherz; = 0 or z; = 1. We say that coordinatel < i < r—1,
Currently, such a task is performed in a laborioad;hoG  is dependent ir€ if it is not fixed and a coordinatg < i exists
and human-centric fashion, and becomes nearly impossible §och that for allz € 2 eitherz; = zj Of z; = z;. In other
very high-rate codes. For examples of various human-gengjords, we say that coordinatel < i < » — 1, is dependent in
ated block encoders/decoders, see Eggenberger and Pate'i@]facoordinatej < 7 exists such that coordinatés a one-bit
Marcuset al. [7], and Galbraith [8]. Constructing low-com-pggglean function of the coordinage We say that coordinate
plexity encoder/decoders for very high rate codes is of immer§e§ i < r— 1, is potentially free inZ, if it is neither fixed nor
economical valge, as the_se codes may be implemented in MakHendent inZ. We say that a set of-bit words 2 containing
market magnetic recording systems. Moreover, low hardwaggactlys potentially free coordinates is simple if it contains ex-
complexity leads to reduced power consumption. actly 2° words. Potentially free coordinates of a simple set are
As our main contribution, we propose efficient heuristic comsy|leq free—these coordinates may assume any binary value in-
puter algorithms to select a codebook and to construct a loyspendent of other free coordinates. Intuitively, a setof-bit
com.ple?dty encoder{decoder. We now summarize this paper ajgrds is simple if it contains free coordinates, anf — s)
outline its organization. fixed or dependent coordinates. The reader can check that any
* In Section Il, we introduce the notion of a simple sefingle codeword (with- > 1) or a set of two codewords (with
which contain®*® words such that coordinates of the set » > 2) always constitutes a simple set.
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Constraint_Tree(Z, If, Ip, R)
Step 1: For every i € Ip such that coordinate 1 is fixed in Z
- delete i from Ip and move i to If;
- if i-th coordinate is 0, then set R; to 0, else to 1;
Step 2: For every i € Ip such that coordinate i is dependent in Z
- find leftmost j < 1 such that coordinate 1 is a function of coordinate j;
- delete 1 from Ip and move i to If;
- if i- and j-th coordinates are equal, then set R; to qj, else to dj;
Step 3: If| 2 | = 2 le |, then:
- for every iin Ip, set Ry = qj;
- return {(Z,R)};
Step 4: For every i € Ip, compute W;i(Z) (or Wi(Z)) as the number of words
in Z such that coordinate i takes value 1 (or 0);
Find the most constrained coordinate
3 = arg min;¢, {min{W;(Z), Wj(2)}}
The ties in “arg min” are broken by selecting the smallest coordinate.
Step 5: Partition Z into two disjoint sets of words and recurse
-set Zo ={Z=1(20,21,...,2g-1) € 2| Z'j*=0};
-set 2y ={Z=(z0,21,...,2q1) € 2| 7= 1}
- Ly = Constraint_Tree(Z, I, Ip,R);
- Ly = Constraint_Tree(Z4, If, Ip, R);
Step 6: return [y U Ly;

Fig. 1. The Constraint-Tree algorithm, a binary tree-based recursive partitioning algorithm, for decomposing an arbitrarpise@tatis into disjoint simple
sets.

As an example, the following set of seven-bit words consti2. Finding Simple Sets of Words

tutes a simple set. . : . L
P InFig. 1, we present a binary-tree based recursive partitioning

algorithm to decompose an arbitrary set of words into disjoint

0123456 simple sets of words.

0011000 The algorithm is initially invoked with the following inputs.
01 11100 e Zis an arbitrary set of-bit words.

101 0 0 0 1 e Anindex setlr C {0, 1, ..., r — 1} that contains the

1 11 01 0 1 coordinates that are known to be either fixed or dependent.

Because, initially, none of the coordinates are known to be
fixed or dependent, we sét = ¢ as the empty set.
An index setlp C {0, 1, ..., » — 1} that contains the

To be precise, coordinates 2 and 5 are fixed, the coordinates
3 and 6 are dependent on the coordinate 0, the coordinate 4.
is dependent on the coordinate 1, and the coordinates 0 and 1

are free. Finally, there are two free coordinates and four words. ](c:oordlm_?te“s that ar(:[eltﬁer glxled, dep?ndlent, or potentially

Note that if we were to delete any one of the four codewords, Aree: tm Ila})z/'t\;]vet selp = ‘E > 6 7I _t k} f the al

the resulting set would not be simple. However, if we were to nr-uple atmay con "’En sym _0 S taken from .e.a—
phabeto, 1, ag, ..., a,_1, ag, - --, G,._1. Because, ini-

delete any two or three of the four codewords, then the resulting
set would be simple.

A simple set ofr-bit words Z can be compactly represented
in symbolic notation as a-tuple of symbols taken from the
alphabet0, 1, ag, ..., ar_1, @0, ..., @&r-_1. The entries in the
r-tuple are determined using the following rules.

R.1) Ifthe coordinate is fixed in Z, and takes value O or 1,

thenith value in the -tuple is setto 0 or 1, respectively.

R.2) If the coordinatei is free in Z, thenith value in the

tially, no r-tuple based compact representation is known
for Z, R is uninitialized. For0 < ¢ < (r — 1), theth
value inR is denoted agz;.

As outputs, the algorithm produces a list of simple subsets
of Z such that each simple set comes packaged with its
r-tuple—based symbolic representation.

Although the algorithm is fairly self-explanatory, we briefly
explain various steps for completeness.

r-tuple is set tas;. * Step 1 removes fixed coordinatesihfrom I, whereas
R.3) Ifthe coordinate is dependent itZ, then find the left- Step 2 removes dependent coordinateg iiiom . _

most; < i such that coordinatéis a 1-bit Boolean ~ * In Step 3, we know from Steps 1 and 2 that the coordi-

function of coordinatej. Now, setith value in the nates in/p> are neither fixed nor dependent.i Hence,

r-tuple toa; if coordinatesi andj are always equal by definition, the coordinates ify- are potentially free in

or toa;, otherwise. Z. Thus, to check whethef is a simple set, it suffices

to check thaf 2| = 2//7I. If, indeed, Z is a simple set,
then the algorithm returns the simple s&talong with

its r-tuple—based symbolic representation. In this case, the
(ao, a1, 1, Gg, a1, 0, ag). coordinates i p are truly free, andz satisfies the rules

By applying these rules, we may compactly write the set of
four seven-bit words exhibited above as
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R.1, R.2, andR.3. Steps 4, 5, and 6 are executed, only if (1,0,1,0,1)
Z is not a simple set.

* In Step 4, we know thag is not simple. Hence, it must be
that| 2| < 2!/1. We now want to spli into two subsets
such that each subset may be a simple set. The question
is as follows: How should we partition a not-simple set?
We compute the most constrained coordindtel > as the
coordinate that has the most lop-sided distribution of zeros
and ones. In Step 5, we partiticghinto two subset£,; and
Z, such thap is 0 in the former and 1 in the latter set. This

(1,0,a2,1,a4)

step makes coordinatefixed in Z, and Z;. Finally, we (a0,1,2,0,1)
recursively apply the algorithm to bot#, and Z;.
Splitting Z on the most constrained bit is the main
heuristic idea that makes the algorithm work. Intuitively,
we recursively fix the most constrained coordinates, until (ao,1,a2,1,a4)

we find a simple set. We made this choice because, after
all, we are trying to design codebooks and low-complexityig- 2. The binary tree produced by the Constraint-Tree algorithm for the

. . 0, 2) RLL constraint. The number above each internal node shows the most
encoders/decoders foonstrainedsystems. Thus, if we constrained coordinate at that node; this coordinate is constrained (fixed) to

think of fixed or dependent coordinates as “constrain@galong the top branch and to 1 along the bottom branch. Each leaf node
coordinates” and the potentially free coordinates as “upenstitutes a simple set of codewords and its canonical symbolic representation
: ; » : in tuple-based notation is shown. The reader can verify tha0, 1, 0, 1)
CO_nTStrame_d Coordlr_]ates' then we "_’u’e recurswely det%trresponds to the first codeword in tHeéew’ column of Table I. Furthermore,
mining which coordinates to constrain. Also, observe thae simple set(1, 0, a., 1, as) corresponds to codewords 2-5 in the
as the recursion progresse®; and Z; may be further “New’ column of Table I, the simple sdiag, 1, a2, 0, 1) corresponds to
. : - : odewords 6-9 in theNew" column of Table I, and, finally, the simple set
Spllt, howevel_" they may be Sp_llt on different coordinate o, 1, az, 1, as) corresponds to codewords 10-17 in tideW’ column of
We may think about each simple subset as a leaf notigie |.
in the binary tree, where the path from the root to the leaf

captures the “constrained coordinates” in the leaf and the L ) .
leaf defines the “unconstrained coordinates.” Thus. ot'S thread of recursion is also stopped. The final binary tree

heuristic systematically moves constrained coordinz‘;ltesF%(r)Oduced by the algorithm is shown in Fig. 2.

the top levels of the binary tree, while implicitly moving

the unconstrained coordinates toward the leaves.
Observe that in Step 5 we are guaranteed that there ar@quipped with the notion of a simple set, and an algorithm

no fixed coordinates idp; hence, we have thaZ| > for finding simple sets, we now return to the main problem of

| 20| > 1 and|Z| > |2;| > 1. Consequently, the recur-interest, that is, designing codebooks and low-complexity en-

sion is guaranteed to terminate. In the worst case, we withders/decoders for a block code.

end up with decomposition & into individual words.

I1l. CODEBOOK AND ENCODER'DECODERDESIGN

A. Algorithm for Codebook Design

C. Example Given alisty C {0, 1}4 of ¢-bit codewords satisfying some

constraint, we apply the Constraint-Tree algorithmptoThis

We now briefly work through the rate 4:5 code for the (Q;e|qs 4 list of simple sets gf. We write this list as follows:
2) RLL constraint. The algorithm starts with the 17 5-bit code-

words in the New” column of Table I. The codewords are not {(y R z))}
assumed to be in any particular order. The algorithm discovers v
that this set is not simple and splits this set along the most cqphere

£

=1

strained coordinate 1 into two subsets, namely, the first five andy denotes the number of simple sets,

the last 12 codewords in theNéw' column of Table I. Now, denotes théth simple set, and

while recursing, the algorithm discovers that the coordinates OR(Y.?)  denotes a compagttuple—based symbolic repre-
and 1 are fixed in the first five codewords, and that these code- sentation of); using the alphabe®, 1, aq, ...,

words do not con;titute a simple set gither. It splits this setalong (g1, @0y -+ -y Tg1.

the most constrained coordinate 3 into the first codeword ap§ construction, we are guaranteed that

2-5 codewords in theNew’ column of Table |. The algorithm

discovers that these sets are both simple, and hence, this thread ¢ o

of recursion is stopped. Continuing along the thread of recursion Y= U Yi and thaty; N ; = ¢ whenever # j.
associated with the last 12 codewords in theev’ column of =1

Table |, the algorithm discovers that this set is not simple. It Forl < ¢ < £, letn; = |);| denote the number of codewords
splits this set along the most constrained coordinate 3 into 6i9)Y;, and lets; = log,(n;) denote the number of free coor-
and 10-17 codewords in th&lew’ column of Table I. Finally, dinates in);. We assume that the simple sets have been sorted
the algorithm discovers that these sets are both simple. Thinsthe descending order of their cardinality; thatrig,> ny >
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- >y Becauser:1 n; > 2P, there is a uniqué > 1 such prefix-free code exists that satisfies (4); see, Cover and Thomas

that [9, Th. 5.11.2]. Furthermore, such a code can be found using
% b1 the Huffman algorithm [10], [9] or using arithmetic coding
Z”i > P > an [11]. Forl <4 < K, let
i=1 i=1 L) = (Lo(Vi), Li(Yi)s - -5 Ly —1(Vi)) 5)

If £ = 1, thenn; > 27, and we define the codebogkto be denote d;-tuple of bits that represents the prefix-free code for
any simple subset gp; defined by fixing exactlys; — p of the ).

free coordinates of’; (note that the codebook has cardinality Now, for1 <4 < k, we define a simple set; corresponding
27). In this case, trivially, the decoder and the encoder can i&); in a compact symbolic fashion agéuple

implemented with circuits of size 0 af@d(q — p), respectively. X, = RED = (Lo(Y), L1(Y%y), .., Li,—1(V),

Hence, from now on, we assume that> 1, and define the

. . S ALaly e e Op1) . 6
codeboolC to be the union of the largestsimple sets ) iy (it ) “p 1)_ ) (©)
X In other words, the simple séf, consists of; fixed coordinates
C = U Y, 1) ands; free coordinates, and no dependent coordinates. Note that
= R(X:7) satisfies the ruleR.1, R.2, andR.3 of a symbolic rep-

resentation. By construction, far< ¢ < k, we have that
k || = 2% =n; = Vi,
Z n; = 2P, (2) asdesired. Furthermore, because the @gdes L();) is prefix
i=1 free, we have that
&; N X; = ¢ wheneveti # j.
Bo—op _ kz_:l . 3) Now, it follows from (2) that
t=1

We claim that the codebook again has cardinaitythat is
To see this, we argue as follows. Let

k
Clearly,h < ni. Now, becaus@” > n; > --- > ng_; and = U Ai-
all of the n; are powers of 2, it follows that;_; divides the =1
right-hand side of (3). Thusy,_; dividesh. In particular,h >

ni_1 > ni. Because alsh < n,, it follows thath = n,;, and set of datawordst.
so we have (2). As an example, for the rate 4 : 5 code for tlie 2) RLL con-

As an example, for the rate 4:5 code for the (0, 2) RLE!aINt we can write the dyadic distributidhas
constraint, the 16-word codebook can be constructed as a POh) =3, PQh)=3, PQk)=1,
union of the three simple se¥1 = (ao, 1, a2, 1, as), and a prefix-free code for this distribution as
yg = (ao, ].7 as, 0, 1), andyg = (1, 0, as, ].7 a4), and by . . .
discarding the smallest simple $2t = (1, 0, 1, 0, 1). L(yl_) =), L% =0, _1)’ L(Ys) = (0,0 ()
Now, using (5)—(7), the three simple sets of datawords can be

In other words{X;}*_, represents a disjoint partitioning of the

B. Simple Sets of Datawords written as
We know from (1) that the codeboak can be written as X1 =(1, a1, az, az), X =(0, 1, ay, a3),
a disjoint union of simple subsets 9f. We first partition the X3 =(0, 0, ag, a3).
set of p-bit datawords intok, & > 1, disjoint, simple sets
A1, Ao, ..., A% such that C. Algorithm for Constructing the Decoder
|| = Vil 1<i<k. In our framework, it is more natural to first construct the de-

In other words, we would like to have exactly one simple set §pderD: C — X' We define the decoder in a piecemeal fashion
datawords for every simple set of codewords. We now descriB defining it over each simple set of codewords. Let
our partitioning scheme. Y = (Yo, Y15 -+ » Yg—1)

Define be a giveny-bit codeword irY; we now determine g-bit data-

L=p-s, 1<i<k (4) word
We now seek a prefix-free code (or an instantaneous code) of DY) =X = (zo, &1, ..o, 2p1) €X

lengthsiy, Is, ..., Ix bits for each simple sé¥, Vs, ..., Vk,
respectively. To see that such a code exists, define a distribut%snfonows'
P Y- ' » Determine the index < ¢ < k such that” € ;. We can

fm ver the simpl . . . .
of masses overthe s p:f sets X2, - lyk as now determine the firgt; coordinates ofX as
N = "t _9si—p _ oL
P = o = 2 =274, 20 = Lo(V)),
By construction,P(};) > 0 for everyl < ¢ < k&, and z1 =L (Y)),

Ele P(Y;) = 1. Thus, P is a legitimate distribution. Fur-
thermore,P is a dyadic distribution; that is, the mass assigned
to each simple set is a power of 2. For such a distribution, a 21,1 =Ly, _1(V), (8)
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TABLE Il
FOR THE (0, 2) RLL CONSTRAINT, WE DISPLAY THE SEQUENCE OFSTEPSEXECUTED BY THE ALGORITHM FOR PERMUTING THE FREE COORDINATES. UNUSED
FREE COORDINATES OF THEMATRIX C ARE SHOWN INSIDE A BOX, AND UNFILLED FREE COORDINATES OF THEMATRIX D ARE DENOTED BY A[J

Codewords = C Datawords = D
Step 1 ( 1 1 )y — (1 O O 0
all free coordinates  ( 1 0 1) — (0 1 0O 0 all free coordinates

unused (1 0 1 ) — (0 0o O 0O unfilled

Steps 3.a-3.e ( 1 a2 1 ) — (1 0 O a
use az ([0] 17 a2 O 1) — (0 1 0 a) fill az

(1 0 a 1 ) — (0 0 O a)

Steps 3.a-8.e ( 1T a2 1 a) — (0 O a ay)
use a4 ([ao] 7 @@ O 1) — (0 1 0O a) fill a4

(1 0 a2 1 a) — (0 0 as ap

Step 3.f (a0 1 a 1 a) — (1 a a ap)
use ag (ap 1 a O 1) — (0 1 a a) fill ap

(1 0 a 1 a) — (0 0 a ap)

where(Lo(Y;), Li(Y)), ..., Li,_1(Vi)) areasin (5).  Let RY>% andR‘X? denote the- andp-tuple based symbolic
o Let f(:,1) < f(4,2) < --- < f(4, s;) denote the free representations @F; and X, respectively. We define grtuple
coordinates in;. Observe that we still need to determineg?¥ =X>% as follows:

the lasts; = p—1; coordinates ofX . Letg(z‘, 1), g(i, L+ . LV, fo<j<il—1,
1), ..., g(¢, p — 1) denote a permutation of the num- R; = . . (10)
bers:l;, I; + 1, ..., p — 1. Note that we may simply use fG,gti, -+t Tl <j<p—1

g(é, j) = j,forl; < j < p— 1,10 obtain a legal decoder. gpserye thar(* X9 andR(X- ) agree in all of their fixed co-
However, by judiciously selecting the permutatiprwe . yinates. The-tuple R~ uses a larger alphabet, namely,
can generally obtain a lower complexity decoder. We wi& 1, ag, ..., ag_1, @o, - -, Gy_1, thanR™?, which uses the
specify the specific low-complexity permutation used i'&lphabet), 1, a(é, . apet, 62, e Tyt Hence R(Y —X.1)
this paper in Section I1I-D. We now determine the last yqeg not satisfy the ruld®.1, R.2, andR.3 for a valid symbolic
coordinates ofX” by directly mapping the; free coordi- ,nje_pased representation. It is intended to symbolically cap-
nates ofY” to them as ture equations (8) and (9). We now symbolically write the de-
coderD: ); — A& in a compact fashion as
Tg(i, L) =Yf,1)s .9 Yo X,9)
Ty, Li+1) = Y6, 2)s R5>Y = R . (11)
We will extensively use this notation in the following section
and in Tables Ill, IV, and VI.
Lg(i,p—1) = Yf(i, ) ©) As an example, for the rate 4: 5 code for the (0, 2) RLL con-
straint, in the notation of (10) and (11), we can write the three
Intuitively, we are doing a fixed-rate two-part coding. The firs§imple sets of datawords as follows.
[, coordinates ofX code the index of the simple se}/;. The
lasts; coordinates ofX code the actual codewoid in ;. Y = (1

It is easy to show that the decodBrconstructed above is, in “* — (I aja000) %02 %000,3)
fact, one-to-one and onto. Hence, it has a well-defined invers&; (0 1 Af(2,9(2,2)-1)  Of(2, g(2,3)-1))
which we use as the desired encoflett’ — C. The inverse is Xy = (0 0 Gres o5 -1y @3 of3.3)_1 )
easy to compute: reverse the “codeword-to-dataword” assign- f39@ 1) 06,9, 8-1)
ments to “dataword-to-codeword” assignments.

It follows from our construction that if the codewokd s in
the simple sed;, for somel < i < k, then the corresponding
datawordD(Y') = X must be ink;. Thus, we can think of the
decoder as mapping

The permutatioy (in general and for this example) will be de-
termined in the next section.

D. Algorithm for Permuting the Free Coordinates

To complete the construction of the decoder and the corre-
D: Y, — X, 1<i<k. sponding encoder, we still need to specify the permutatioh
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TABLE IV

595

DECODER FOR THE(O, 4/4) PRML QNSTRAINT

Codewords Datawords
(a0 a9 1 1 a4 as 1 a7 ag) — (1 1 a a ag a a7 aj)
(a0 a1 1 1 a4 as 0 a7 1) — (1 0 1 a5 ay a4 ar ay)
(a0 a3 1 0 as 1 1 a7 ag) — (1 0 0 a a as a7 aj)
(' a3 0 1 a as 1 a7 ag) — (0 1 1 a5 a3 a4 a7 @)
(a0 a1t 1 0 a4« 1 0 a 1) — (O 1 0 1 a a a7 @)
(' &4 01 a as 0 a7 1) — (0 1 0 0 a5 a4 a7 a1)
(1 a 0 0 a 1 1 a7 ag) — (0 0 1 1 ag a4 a7 @)
(0 1 0 a3 1 as ag 1 a) — (0 0 1 O ag az as ag)
(acoo &4 1 1T 1 a5 0 1 0) — (0 0 0 1 1 a5 a @)
(a0 1 1 0 1t 0 a 1 ag) — (0 0 0 1 0 ag ay ag)
(1 @ 0 0 a4 1 0 a7z 1) — (0 0 0 0 1 a4 a7 @)
(a0 az 1 0 1 1 0 1 0) — (00 0 0 0 1 a ar)
(ac 1 1. 0 0 o0 1 1 ag) — (00 0 0 0 O a ag)
(1 a4 0 17 1 a 0 1 0) excess
(0o 1 0 1 t a 1 0 ag) excess
(1 1T 0 0 1 0 a 1 ag) excess
(0 1.0 1 1 a 0 0 1) excess
(1 1.0 0 0 0 1 1 ag) excess
(1 ¢ 0 0 1 1 0 1 0) excess
(o v 0 0 1 1 1 0 ag) excess
(ec 1 1. 0 0 0 o0 1 1) excess
(o 1.0 0 1 1 0 0 1) excess

the free coordinates of each simple set of datawords in (9). No-
tice that for everyl < ¢ < k, every permutation of the; num-
bersi;, I;+1, ..., p—1is acceptable; however, we would like

to exploit this freedom in the choice of the permutation to share
logic across the simple sets and, hence, obtain a lower com-

algorithm that typically leads to a 20%—30% reduction in the
complexity of the resulting encoders/decoders.

Arrange thek simple sets of codewords); }*_, as ak x q
matrix C whose columns denote theoordinate$, 1, ..., g—

1 and whose rows denote the symbolic representatiRifis”)

of the simple sets. Similarly, arrange thesimple sets of data-
words {X;}%_, as ak x p matrix D whose columns denote
the p coordinated), 1, ..., p — 1 and whose rows denote the
symbolic representation8Y %) of the simple sets of data-
words as a function of the symbolic representatiBfis *) of the
corresponding simple sets of codewords. The reader may peek
ahead to Tables lll, IV, or VI to intuitively understand such a
matrix-based symbolic representation. In such a representation,
for everyl < i < k, the problem is to determine the ldsto-
ordinates ofRY =X in (10).

Step 1) Initially, all free coordinates of all rows & are
marked as unfilled, and all free coordinates of all
rows of C are marked as unused. All fixed coordi-
nates of all rows oD are marked filled, and all fixed
coordinates of all rows of® are marked as used.

Step 2) If for some row oD, say,i, it happens that there is
exactly one unfilled free coordinate, say,then it

must happen that the corresponding rom®tas
exactly one unused free coordinate, sgy,Now,
assignj’ to j. Precisely, seg(i, j) = 7'. In theith
row of D, markj as filled. In theith row of C, mark
j' as used.

plexity decoder and encoder. We now present a simple heuristicStep 3) Iterate the following steps while there is at least one
unfilled free coordinate in some row @©J.

a) Find the column, say;", of D that has the max-

imum number of unfilled free coordinates. In
case of a tie, select the largest coordinate.

b) For0 < j < ¢ — 1, computed;: the number

of rows of D such that the coordinatg* has
been filled with the free coordinatg that is,

f(L’ g(i’ J*) - l7 + 1) = J

c) Foro < j < ¢ — 1, computee;: the number of

rows of C for which the coordinatg is unused
and the corresponding row @ is unfilled in
coordinatej*.

d) Compute

41 = argmax {d; + e},
0<j<q-1

where ties in 4rg max” are broken by selecting
the largest coordinate.

e) For every row ofD, say,, such thatj* is un-

filled and the coordinat¢’ is unused in the cor-
responding row o, then assign™ to 5* in that
row. Precisely, sej(¢, j*) = ¢ +1; — 1, where
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(0,1,0,a3,1,as,a6,1,as)

0 (1,a1,0,0,a4,1,0,a7,1)
(1,a1,0,0,a4,1,1,a7,a8)
° (1,a1,0,1,a4,as5,0,a7,1)
(1,a1,0,1,04,as5,1,a7,a3)
o (ao,1,1,0,0,0,1,1,a8)

(a01] r] Ioll 101061] ,a&)
° {a0,a1,1,0,1,1,0,1,0)
k (a0,a1,1,0,a4,1,0,a7,1)
(a0,a1,1,0,a4,1,1,a7,a3)

[ (a01a1x]11111a5101110)

(as,a1,1,1,a4,a5,0,a7,1)

{a0,a1,1,1,a4,05,1,07,a8)

Fig. 3. Binary tree produced by the Constraint-Tree algorithm for the (0, 4/4) PRML constraint. The number above each internal node shows theamest cons
coordinate at that node; this coordinate is constrained (fixed) to 0 along the top branch and to 1 along the bottom branch. Each leaf node congléwses a s
of codewords and its canonical symbolic representation in tuple-based notation is shown. To avoid clutter, the simple sets of codewords whitklélatede
are not shown.

i’ is such thatf (4, i') = j. In theith row of D, subsequences of the channel output code bit sequence. In
markj* as filled. In theith row of C, mark; as particular, in this paper, we consider (0, 4/4) and (0, 3/6) PRML
used. constraints.
f) Repeat Step 2).
As an example, for the rate 4: 5 code for the (0, 2) RLL corA. (0, G/I) = (0, 4/4)
straint, we show the sequence of steps executed by the algorith
for permuting the free coordinates in Table Ill. The reader ¢
check that the last three rows of Table 1l correspond to the m
ping from the New’ column of Table | to the Datawords’
column in Table I.

Mhe capacity of this constraint is 0.961366, which is greater
{?Han8/9 = 0.8888, and hence, it is natural to seek a rate 8:9
@Bde for this constraint. In fact, a block code with rate 8:9
is known; see, Eggenberger and Patel [6]—referred to as EP
hereafter. These authors found a set of 279 9-bit codewords by
starting from all 9-bit words and eliminating all words that have
more than four consecutive symbols “0” anywhere in the word,
In this section, we illustrate the methods developed imore than two consecutive symbols “0” at the beginning or the
Sections Il and Il on two constrained systems that are use&nd of the word, or more than two consecutive symbols “0” at
in magnetic recording systems employing a detection schethe beginning or the end in even or odd subwords. These 279
known as partial response maximum likelihood (PRML). Farodewords can be freely concatenated without violating the con-
more discussion on PRML channels, we refer the interestslaint and, hence, constitute a block code.
reader to [2] and [3] and to references therein. We consider théNe applied the Constraint-Tree algorithm to the above set of
(0, G/I) constraints that have been used in PRML channe79 nine-bit codewords [6, Fig. 4]. The resulting binary tree is
where the parameter 0 symbolizes that no minimum runlengthown in Fig. 3. As a result of the algorithm, we found 22 simple
of zeros is demanded in the channel output code bit sequerssts that are displayed in the left column of Table IV using the
the parametefs represents the “global” constraint that maxeompact tuple-based symbolic notation. Using (1), we define the
imum runlengths of zeros in the channel output code hibdeboolkC as the union of the largest 13 of these simple sets.
sequence are no more th&h and the parametdrrepresents Finally, we applied the ideas in Section Ill to design a mapping
the “interleaved” constraint that maximum runlengths of zerdsom these 13 nine-bit simple sets of codewords to their cor-
are no more thaid in either the even index or the odd indexesponding eight-bit simple sets of datawords. This mapping,

IV. EXAMPLES
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TABLE V from these 16 nine-bit simple sets of codewords to their cor-
COMPLEXITIES OF VARIOUS ENCODERSDECODERS FOR THHO, 4/4) PRML responding eight-bit simple sets of datawords. This mapping
CONSTRAINT o . . S
namely, the decoder, is displayed in Table VI using notation in
Eggenberger- New Lexicographical (10) and (11)

Patel In Table VII, we compare the hardware complexities of the

EA 201 246 1345 . . . . .
ENCODER GTTES 39 - 26 encoders/decoders in EP, in Table VI, and in a lexicographical
DECODER AREA 161 271 1518 assignment. It can be seen from Table VII that our encoder/de-
GATES 33 58 310 coder is comparable to those in EP, and is far superior to its

lexicographical counterparts, which serves as a baseline.

namely, the decoder, is displayed in Table IV using notation in
(10) and (11). While reading Table IV, we should think of the
datawords as a function of the corresponding codewords. Remark 5.1 (Logic Synthesis)n this paper, we have

In Table V, we compare the hardware complexities Gbcused on algorithms for generating “dataword-to-codeword”
the encoders/decoders in EP, in Table IV, and in a lexicand corresponding “codeword-to-dataword” assignments.
graphical assignment. The last assignment is obtained fagving generated these assignments, we did not actually gen-
lexicographically ordering the nine-bit codewords and deletingate the corresponding logic equations; rather, we employed
the last 23 nine-bit codewords, and then assigning to eagle Berkeley SIS logic synthesis program [4]. Now, we outline
nine-bit codeword an eight-bit dataword corresponding to theconceptual method for generating such logic equations for the
codeword’s rank in the lexicographically ordered list of th@ecoder; such a method is useful for analysis and discussion.
remaining 256 codewords. ThRAREA” and “GATES” forthe Let Y = (yo, 1, ..., y4—1) denote ag-bit word, and let

encoder/decoder in EP were obtained by inputting their logic = (z¢, 1, ..., z, 1) denote a-bit dataword.

V. DISCUSSION

equations in the Berkeley SIS logic synthesis program (and byD.l) Forl < i < k, letM;(Y) denote the indicator function

using SA-12E cell library for CMOS 6SF technology), whereas

the numbers for our encoder/decoder and the lexicographical
encoder/decoder were obtained by inputting their respective
“codewords-to-datawords” (decoder) and “datawords-to-code-
words” (encoder) assignments in SIS. It can be seen from

Table V that our encoder/decoder is comparable to those in EPD.Z)

and is far superior to its lexicographical counterparts, which
serves as a baseline.

B. (0, G/I) = (0, 3/6)

The capacity of this constraint is 0.944539, which is greater
than8/9 = 0.8888, and hence, it is natural to seek a rate 8:9
code for this constraint. In fact, two block codes with rate 8:9
are known; see, Eggenberger and Patel [6]. These authors fo
a set of 272 nine-bit codewords by starting from all nine-b
words and eliminating all words that have more than three con-

nd

for the simple set of codewor@g such that\/;(Y) =

1if Y € Y, and is zero otherwise. Observe that the
binary tree generated by the Constraint-Tree algorithm
yields a natural decision tree for computing these indi-
cator functions.

We can now comput& = D(Y") as follows. Foi0 <

j < p-—1, write

z= (MA RS TED) v (M AR D)

Ve (M A RYTEVY, (12)

where Vv and A represent binary-inpubrR and AND
gates, respectively.

nd. . .
Elmllarly, we can generate logic equations for the encoder as
ollow:

secutive symbols “0” anywhere in the word, more than two con- E-1) Forl < ¢ <, let N;(X) denote the indicator func-

secutive symbols “0” at the beginning of the word, more than
one symbol “0” at the end of the word, and more than three
consecutive symbols “0” anywhere in the even or odd subwords.
(Another block code with 272 nine-bit words can be found simi-

larly, the only difference being that the words have no more thanE-2

one consecutive symbol “0” at the beginning and no more than
two consecutive symbols “0” at the end.) In this paper, we only
use the former block code; the complexity of the latter code is
nearly the same. These 272 codewords can be freely concate-
nated without violating the constraint and, hence, constitute a
block code.

We applied the algorithm in Fig. 1 to the above set of 272
nine-bit codewords [6, Fig. 4]. As a result, we found 24 simple
sets that are displayed in the left column of Table VI using the
compact tuple-based symbolic notation. Using (1), we define the
codeboolC as the union of the largest 16 of these simple sets.
Finally, we applied the ideas in Section Il to design a mapping

tion for the simple set of datawordk;. Observe that
the binary-tree associated with the prefix-free code in
(5) yields a natural decision tree for computing these
indicator functions.

) We can now comput® = £(X) as follows. For0 <

7 < q—1,write

y; = (Nl AR;X_>Y,1)) v (N2 AR;XeY, 2))

Vo (N AR (13)

where v and A represent binary-inpubrR and AND
gates, respectivelyg X —Y>%) symbolically captures
the encode€: &; — ) in the same fashion that
R(Y=X.9) symbolically captures the decod@r ); —

A; in (10) and (11). We leave the precise definition of
R(X=Y3%) to the reader as an exercise.
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TABLE VI
DECODER FOR THE(O, 3/6) PRML GNSTRAINT

Codewords Datawords
(a0 a3 1 1 as a5 a6 1 ag) — (1 1 as a1 a as ag ag)
(a0 a1 1 0 1 @a a 1V ag) — (1 0 1 a1 a as ag ag)
(1 aig 0 a3 1 a5 as 1 ag) — (1 0 0 a1 a3 as ag ag)
(a0 1 a a 1t a a 0 1) — (01 1 a2 a as a3 ag)
(a0 s 1 0 0 1 a ' ag) — (01 0 1 a a ag as)
(0 1 0 a3 1 a a 1 ag) — (0 1 0 0 a3 as ag as)
{ae 0 1 a3 a¢ 1 a 0 1) — (0 0 1 1 a a4 a3 ag)
(agc @ 1 0 0 0 1 1 ag) — (0 0 1 0 1 a ag ay)
(1 a 0 1 0 a 1 1 @) — (00 1 0 0 a5 ag )
(1 1 a2 a3 0 1 a 0 1) — (0 0 0 1 1 a2 a3 ag)
(1 & 0 1 0 as 0 1 1) — (00 0 1 0 1 as ai)
(0 1 0 1 0 as 1 1 ag) — (00 0 1 0 0 ag as)
(.o 1 0 0 0 1 1 1 ag) — (0 0 0 0 1 1 ag ao)
(0 1 1 a3 0 1 a O 1) — (0 0 0 0 1 0 a3 ag)
(a6 1 1 a3 0 0 1 0 1) — (00 0 0 0 1 a3 ao
(1 0 0 1 1 as ag 0 1) — (0 0 0 0 O O as ag)
(a0 0 1 1 1 0 a 0 1) excess
(a0 0 1 1 0 0 1 0 1) excess
(e 1 0 1 0 0 1 0 1) excess
{1 0 0 0 1 1 a 0 1) excess
(0 1 0 a O 1 1 0 1) excess
(1.0 0 1 0 1 a 0 1) excess
(1 o 0o 1 0o o0 1 0 1) excess
(1 i 0 0 0 1 0 1 1) excess
TABLE VI and uses no more binary-inpoR gates than
COMPLEXITIES OF VARIOUS ENCODERSDECODERS FOR THHO, 3/6) PRML
CONSTRAINT p—1
Eggenberger- New Lexicographical Z(k —fi= 1) (15)
Patel 3=0
ENCODER AREA 292 ke 1408 Proof: The first term in (14) is the number ef\D gates
GATES 64 59 281 . . . .
DECODER AREA 358 36 o5 required in (12), and the second term in (14) is the number of
GATES 52 76 219 AND gates required to compute the indicator functidfis 1 <
i < k. Equation (15) is the number ar gates required in
12). O
For0 < j < p—1, leta; denote the number of different Iiterals( Itis also possible to compute similar upper bounds on the cir-
from the alphabeto, a1, ..., a,—1 that appear in the set cuit complexity of the encoder; we omit the precise results for
‘ brevity. The following three remarks point out practical impli-
{RJ(.YHX”), 1<i< k} , cations of the above result.

Remark 5.2 (Less Simple Sets are Bettérlie fewer the
For example, in Table Vigg = 0, 0 = 0, a2 = 1, a3 = 2, number of ;imple sets, the fewer the number of .binary—input
s =2,a5="50a5=3 anda; = 4. For0 < j < p—1, let3; AND ggtes in (14) and the fewer the number of binary-inprit
denote the number of simple sets (numbered 1, 2, ..., k) g?t(_as 'rl‘ (15?[- ":ﬁ”?e’ asa ru:e OIhthumb’ltt_he smallc(jar th/((ajnun(;ber
(Y—X, 1) ; of simple sets, the less complex the resulting encoders/decoders.
Z‘:C:h Eﬁ]: 12 /32taI:<e130?/;Lue: 07 ;Sr:e)g?gspf'3I,n/3:a£|g,w’For example, the (0, 4/4) PRML constraint has 13 simple sets,
andg, = 0. whereas the (0, 3/6) PRML constraint has 16 simple sets. It

Proposition: If k& > 1, the decoder can be constructed usinggan be seen from Tables V and VI that our encoders/decoders
a circuit that uses no more binary-inpHD gates than or the (0, 4/4) PRML constraint are simpler than are our en-
coders/decoders for the (0, 3/6) PRML constraint.

p—1 Remark 5.3 (Zeros are Better Than One#)for some: and

k .
Z a; + Z (logy (27 /n;) — 1) (14) J.the termR]('YHX’Z) is zero, then the corresponding term can
7=0 i=1 be deleted from (12). This saves a binary-inpatgate. Thus,



MODHA AND MARCUS: LOW-COMPLEXITY ENCODERS/DECODERS FOR CONSTRAINED BLOCK CODES 599

we prefer the ternR]('YHX’i) to be zero and not one. In otherlexicographical assignments to be generally more complex—a

words, by increasing the number of zeros, we incréa4e,, ;  fact thatis born out by Tables II, V, and VII.

and, hence, decrease (15). Observe that in Tables IV and VRemark 5.6 (Merging Two Simple Setdet Z; and 2, be

there are more zeros than ones in the prefix-part of the datawordait simple sets. We say thaf; and Z; are mergeable, if
matrix. This is by design. We now exhibit complexities of théZ1| = |22[, and ther-tuple—based symbolic representations
encoders and decoders for the two PRML constraints where @feZ1 and Z» agree on all free coordinates, but disagree on at
have exchanged a zero by a one and vice versa in the prefix-p@@st one fixed or dependent coordinate. However, if the simple
of the datawords matrix in Tables IV and VI. sets disagree on a dependent coordinate, then we require that the
corresponding literals i€, and 2> should be complements of
each other. Itis easy to see thafif and 2, are mergeable, then

(0,4/4) (0, 3/6) Z,U 2, has exactly one more free coordinate. Treatfhg) 2>
ENCODER | AREA 246 291 as one simple set will lead to a strictly smaller number of simple
setst and, hence, perhaps to simpler encoders/decoders (see Re-
GATES 51 61 mark 5.2). As an example, consider two simple sets
DECODER AREA 339 464 (40,0,1,1,0,0,1,0,1)
GATES 70 94 (a0,1,0,1,0,0,1,0,1)

, that arise in Table IV. These two sets are mergeable; the merged
By comparing the (0, 4/4) column above to théeWw’ column simple set can be written compactly as

in Table V and by comparing the (0, 3/6) column above to the

“New” columnin Table VII, it follows that the complexity of the (ao, a1, @1, 1,0, 0, 1,0, 1).

encoders remains essentially the same, but the decoders become

20-30% more complex when there are more ones than zero&inding efficient algorithms for merging simple sets is currently
Remark 5.4 (Coordinate Permutation Algorithm Helpg)he an open problem.

algorithm for permuting the free coordinates essentially at- Remark 5.7 (Computational ComplexityyVe now crudely

tempts to keep the ternRJ(,YHX’i) in (12) and the term analyze the worst-case complexity of the Constraint-Tree algo-

R§X~Y7i) in (13) constant as a function of The net effect is "ithm in Fig. 1. For brevity, writg)| = n. Also, initially, we

that some of thenp gates in (12) and (13) can be eliminateNOW that|Zp| = g. In Step 1, we would like to eliminate fixed
by combining terms. In other words, for the decoder, we c&9ordinates. To check whether a coordinate is fixed requires
decrease the ter@?‘l a; in (14). We now exhibit complex- O(n) computation in the worst case. Initially, there areo-

ities of encoders/decoders for the two PRML constraints [3ydinates; hence, in the worst case, Step 1 may reqiize)
using the trivial permutation(s, 5) = j in (9). computation. In Step 2, we would like to eliminate dependent

coordinates. To check whether a given coordinaite depen-
dent on a some coordinaje< ¢ requiresO(gn) computation
(0,4/4) (0, 3/6) in the worst case. Initially, there agecoordinates; hence, in
ENCODER AREA 348 355 _the Worst_case, Step 2 may requidég®n) computation. Step 3
is essentially free. In Step 4, we compute the most constrained
GATES 69 73 coordinate; this require@(gn) computation. In Step 5, we par-
DECODER AREA 311 441 tition the set of .codevv.ords into two subset_s, this requirés)
computation. Finally, in Step 5, we recursively apply the algo-
GATES 71 93 rithm to each of the two subsets. Due to recursion, in the worst
caselog, n| passes through the set of codewords. Putting it all
By comparing the (0, 4/4) column above to tidew’ columnin  together, the Constraint-Tree algorithm has a worst-case compu-
Table V, it follows that without the algorithm for permuting thelational complexity 0fO(qn log, n).
coordinates, the encoder becomes 40% more complex and thBemark 5.8 (“Not-So” Simple Sets)#e now extend the no-
decoder becomes 30% more complex. Similarly, by comparifign of simple sets tal-simple sets forl > 1. In our new no-
the (0, 3/6) column above to thé&lew’ column in Table VII, tion, 1-simple sets will correspond to the simple sets defined in
it follows that without the algorithm for permuting the coordi-Section II. LetZ c {0, 1}" denote a set of-bit words. Let
nates, both the encoder and the decoder become 20% more cdr (20, 21, - - ., z-—1) denote aword ir£. As before, we say
plex. that coordinate, 0 < ¢ < » — 1, is fixed or constant irZ, if
Remark 5.5 (Lexicographical Assignments as Treaty forall Z € Z eitherz; = 0 or z; = 1. We say that coordinate
now contrast the structure discovered by the Constraint-Tred < ¢ < r — 1 is d-dependent irg for somed > 1, ifitis
algorithm to that discovered by lexicographical codes. Obseret fixed andl < ¢ < d coordinateg; < j» < --- < ji < @
that if in Step 5 of Fig. 1 we partition the s&ton the smallest exists such that coordinatés at-bit Boolean function of these
available coordinate (instead of the most constrained coordisoordinates. We say that coordinaté < ¢ < » — 1, is d-free
nate), then we obtain a lexicographical tree. Such a tree hiasZ for somed > 1, if itis neither fixed nord-dependent ir£.
a much larger number of simple sets than does the one fouNd say that a set of-bit words Z containing exactly d-free
by the Constraint-Tree algorithm, and hence, we expect tbeordinates igl-simpleif it contains exacth2® words.
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It is easy to modify the algorithm in Fig. 1 to findlsimple respect tof?, is the smallest number of gates in @ncircuit
sets by writing Step 2) as a sequencede$ubsteps, where computing the function [12], [13], and it is written &s,(-).
the first substep eliminates one-dependent coordinates, th&he codebook is a subset oy C {0, 1}? such thaiC| =
second substep eliminates two-dependent coordinates, an@sdsiven a codebook, the encode€ is a one-to-one mapping
on. Findingd-simple sets might lead to even lower hardwarfom &’ = {0, 1}* ontoC. We write the corresponding decoder
complexity codes, because we might be able to decomp@s(€). The problem that we are interested in is to compute an
a set of codewords into feweksimple sets for somé > 1. optimal codebook’* such that
However, in the worst case, Step 2) will requié22’ ¢*+1n)
computation, where@?* represents the number of one-output C* = argmin {min {Ea(&) + EQ(D(g))}} 7
d-input Boolean functions. Hence, it follows from the discus- c €
sion in Remark 5.7 that the modified algorithm for finding
d-simple sets will have a worst-case computational complexi{yherearg min is over all subset§ of ) such tha{C| = 27, and
of 0(22°‘ ¢“nlog, n). min is over all one-to-one Boolean functiofishat map{0, 1}?
Remark 5.9 (Finite-State Codes) finite-state encoder con- ONtoC. Also, we would like to compute the corresponding op-
sists of a finite set of state€ and a collection of transitions timal encodex™ such that
127, J from statel to stateJ with input blockx and output
block . Such a transition is called an outgoing transition from E* = argmin {Zq(€) + Za(D(E))},
statel. The idea is that at statk a p-bit input user block: is €

encoded to g-bit output constrained block and the encoder wherearg min is over all one-to-one Boolean functiofighat

passes to staté (we assume that for each stdtep andq are map{0, 1} ontoC*

constant over all outgoing transitions, but those constants are a%\/e b’elieve that fiﬁding such optimal codebooks and encoders

lowed to change form one state to another). Each state must h@"@omputationally hard [14], and hence, in this paper, we have
D . .y M R . ’ ! . ! .

exactly2” outgoing transitions, one to gcgommodgtg qabit focused on the heuristic “art” of constructing low-complexity

user block. Note that a block encoder is simply a finite-state ecoders and decoders

coder with only one state.

Now, suppose that we are given afinite-state encoder as above
except that each transition has only an output label but no input } .
label and each state has at least (but not necessarily eszCtIy% The authors are grateful to M. Blaum for introducing the au-
outgoing transitions. LeD; denote the set of outgoing transi-NOrs to the heuristic of “mapping-by-gated-partitioning,” to L.
tions, each represented as a ffair /). A true finite-state en- 11on forintroducing the Berkeley SIS program, and to C. Cox
coder is then obtained from a data-to-codeword assignment fftSharing his implementation of the SA-12E cell library for
gives a definition for each stateof a one-to-one mapping; US€ With SIS.
from the set of alk? binary p-bit blocks intoO;. The fr then
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