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Abstract— Recently, we [1] proposed a smple-to-implement heuristic, m, {a1,az,...,an}, b, @andg in Problem 1.1. Now, apply the
namely, BIT-FILLING, for constructing high rate and high girth LDPC algorithm for Problem 1.2 with parameters, {(11,&2, . .}, b,

codes. In the present work, we extend BIT-FILLING, and demonstrate that . . .
the extended algorithm produces better codes, that is, codes with higher andN. Denote the reSU|t|ng7’ x N parlty check matrix a#l y.

rate/girth and good bit error rate performance. We demonstrate the posi- L€t n denote the largesV such thatG/(H ) > g. Then, I,

tive effect of girth on bit error rate performance. constitutes an answer to Problem I.1.
It turns out, however, that Problem 1.2 leads us to an exten-
I. INTRODUCTION sion of the BT-FILLING algorithm that yields codes with better

Low density parity-check codes (LDPC) were introduced bgit error rat(_a performance, and, somewhat surprisin_gly, leads to
Gallager [2]. Recently, it has been shown that LDPC codes ¢ ﬁttgr solutions of Problem I..1. The extended algorithm has es-
perform very close to the Shannon capacity limit when their aS€ntially the same computational complexity as before, that is,

sociated Tanner graphs possess certain desirable properties,@é’g,ng_) (a simpler version can be implemented usingm?)
for example, [3], [4]. operations). As a benchmark, our algorithm finds better or com-

A LDPC code can be described by specifyingritsx n bi- parable rates to some of the highest rate codes found by MacKay
nary parity check matrix4. The name “low density” refers [6]-
to the fact that the matri¥{ is very sparse. We say that the
length of the LDPC code is: and itsrateis (n — m)/n. Given Il. THE MAIN IDEA
a parity check matrix/, we can define its associated Tanner The basic design principle for the extended version remains
graphG(H) = (V, E) as a bipartite graph with, + n vertices  the same as that for the original version-where the idea was to
V={L2,...,m,m+1,...,m+n}. Thefirstm vertices cor- pyt the bits in the graph one-by-one while always maintaining
respond tan parity check equations, and are referred to as thge prescribed girth constraint. The central new idea in this ver-
check nodes. The lastn vertices are referred to as thi nodes.  sjon is that the girth constraint varies throughout the execution
Forl <i <mandl < j < n, there is an edg€i,m + j)  of the algorithm. The algorithm starts out by insisting on a large
in Eiff H;; = 1. The length of the smallest cycle in a graphyirth constraintg until it can no longer add more bits without
is known as itgjirth. The importance of large girth stems fromyjp|ating the girth constraint. At that point, the girth constraint
the fact that when decoding LDPC codes using the sum-prodygtiecreased (bg) and the algorithm continues. The algorithm
decoding algorithm, the number of independent iterations of thgogresses in this fashion until either (a) all the needed bits,
algorithm is proportional to the girth of the Tanner graph corrgiamely, vV, are put into the graph or (b) the girth constraint falls
sponding to the code [2, Lemma C.1]. Furthermore, it is knowge|ow a specified minimum value, say, Observe that in case
that minimum distance increases with girth [5]. For pointers @) the algorithm would find a solution to Problem 1.2, while
various approaches to constructing LDPC codes, see [1].  in case (b), if we had se¥ = co andg = g, it would find a
Recently, we considered the following problem, and proposeg|ution to Problem I.1. -

a heuristic algorithm, namely,IB-FILLING , for it. We now outline the modified algorithm.

The algorithm in itself makes no assumptions about the rela-
tive ordering ofu1, as, . . .. However, as discussed in Section IlI-
C, in practice, it turns out better to assume that< a, < ...,
that is, allocating bits with low degrees first, and then progres-
sively moving to higher degree bits leads to codes with better
performance.

Now, suppose that we have already constructed a mafrix

In this paper, we consider the following slightly differentwith n columnsn > 0, that satisfies all the constraints, that is,
problem. the weight of thek-th column is exactly, for k = 1,2,...,n,

each row has weight at mostand the associated Tanner graph
Problem I.2 Supposethat we are given positiveintegersm, N, G = G(H) has girth atleasy’ > g. We now show how to add
b, and {ay, as, ... ,an}. Wewould liketo construct am x N the(n + 1)-th column tof7. We think of the new column to be
parity check matrix H with the largest possible girth G(/) @dded as a sdf, which has size at most, ,, and is initially

such that H hasexactly a; onesin the j-th column, 1 < j <n, €MPY. The sel/; is a set of check nodes and, hence, is a sub-
and at most b onesin each row. set of{1,2,--- ,m}. Further suppose we have already added

1 check nodes) < i < a,1,to U;. The following procedure
Suppose we have an algorithm for solving Problem 1.2, thesttempts to add thg + 1)-th check node t&/;. It may fail, and,
it can be easily leveraged to solve Problem I.1. Fix parametérsthat case, the whole procedure stops.

J. Campello and D. S. Modha are with the IBM Almaden Research Center, esdn Figure 1, we pre;ent t_he algorithm based O!‘] the outline
Harry Road, San Jose, CA 95120. E-maflsampello,dmodhp@us.ibm.com sketched above. Each iteration of the outd “ - - while” loop

Problem |.1 Suppose that we are given positive integers m, b,
{a1,a2,...}, and g; where g is required to be even. \\e would
liketo construct am x n parity check matrix H with the lar gest
possiblerate (that is, largest n) such that H hasexactly a ; ones
in the j-th column, 1 < j < n, at most b ones in each row, and
G(H) hasgirth g.

0-7803-7206-9/01/$17.00 © 2001 IEEE
985



Inputs:m, N, b, {a1,az,...,an}, G, andg

1 setn=0,A={1,2,...,m},andU, = ¢,g' =g
2: force {1,2,...,m}, setdegc) = 0 andN. = ¢
3: do{

4 Ve € Uy, setH,. , = 1 and increment d€g) by 1

5: seti = 0,U; = ¢, andU = ¢

6: do {

7: computefy = A\ U

8: if (Fo # 0) {

9: choose:* from Fy according to the heuristic in [1, Section 11.B]
10: Ve € Uy, updateN, = M. U {c¢*} and updateV,- = N« UT;
11: updatd/; = Uy U{c*},U = U U V(y2)-1(c*), andA

12: i=i+1

13: 1 else{

14: g =g -2

15: recalculatd/ = Ui <<y /2)-1U;

16: }

17:  } while ((i < a,) and ¢’ > g))
180 n=n+1 -
19: } while ((n < N) and ¢’ > g))

Outputsin, ¢’, H, = H

Fig. 1. The BT-FILLING Algorithm.

in lines 3-19 attempts to add a column to the parity check maede inU; to some check node ity;. Thus, adding a check
trix. If an iteration succeeds, then, in the beginning of the neribde inU; to U; will create a cycle of lengt2; or smaller.
iteration, line 4 updates the matrX. Each iteration of the inner Hence, to satisfy the girth constraint, we should avoid adding to
“do --- while” loop in lines 6-17 attempts to add a check nodeheck nodes in the following sét,, to U, :
to the set;.

To describe the procedure, it helps to think of the Tanner U= U U;. 2)
graphG; G hasm check nodes and bit nodes. The process 1<5<(g'/2)—1
of adding thgn + 1)-th column ofH is like adding then + 1)-
th bit node toG. In this context{/; can be thought of as the set
of check nodes that have been already connected t(m_thel)- A={cef{1,2,...,m}: dedc) < b}
th bit node that is being added. The process of adding a check
nodec* to U; is like adding an edge from the: + 1)-th bit to
c*-th check node. This new edge must not create any Cyc|esqﬁn0te set of check nodes that are connected to fewer than the
length(g’ — 2) or smaller; we now describe a test to enforce thiaximum number of bits nodes allowed. Then, the set of fea-

Let dedc) denote the degree of the check nedéet

constraint. sible check nodes that can be added@towithout violating the
For a check nodé < ¢ < m, let V. denote the set of all 9irth or the check-degree constraint is
check nodes that share a bit node with it. In other words, Fy— A\U
0= .

is the set of all check nodes that are exactly two distinct edges
away frome. Forj > 2, define

If Iy is empty, the current girth is decreasedy'iffalls belowg
U; = U Ne. (1) the procedure stops. For the important issue of how to select a
ceUj_1 check node fron#, please see [1, Section I1.B]. We now briefly

discuss an efficient implementation of (2).

Intuitively, there is a path of length from every check node in  Observe that, as check nodes are addedtoit is compu-

U, to some check node iti;. Now adding a check node to tationally more efficient to incrementally updat&in line 10

U, will create a path of length from c* to every check node in than recomputing it afresh using (1)—(2). Specifically, if we have

U,. So, ifc* is in Us, then we are guaranteed a cycle of lengthdded a check nodeto U, then we set; (¢) = {¢} and, for

4. Hence, to avoid cycles of lengthwe should avoid the check 2 < j < (¢’/2) — 1, compute

nodes inl/5. Continuing in this fashion, there is a path of length

2 from every check node it ; to some check node iii;_;, and, Uj(c) = U N 3)

hence, there is a path of length at mdgt- 2 from every check ¢'eUj_1(c)
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and compute -ir

U E e
Vig'/2)-1(c) = Uj(c). 4) I : -
1<j<(g'/2)—1 B —4— Bit-Filling

Finally, updatd/ usingU = UUV|, /2)—1(c). The only time we 3t
have to recalculat& from scratch is when the girth constraint
is decreased, which happens at m@st- g)/2 times.

z
I1l. RESULTS AND DISCUSSION 50
A. Constructing High Rate Codes g

As with the original BT-FILLING algorithm, we can use the
extended algorithm to generate codes with high rate and a given |
girth. As pointed out in the Section Il, the idea is to 8= oo
andg = g¢. In words, we let the algorithm put as many bits as
it can without violating the girth constraint. This procedure is
suitable for generating Gallager (regular) codes. In [1] we com-
pared the rates of the codes constructed usimgmLLING with " ‘ ‘ ‘
those collected by MacKay in [6]. Amongst these codes, he sin-  ° > R e s
gles out9 codes as “the following numbers give the highest rate
codes | have made with column weigltsind4.” In the fol- Fig. 2. A comparison of three LDPC codes with parameters= 222, n =

. 1998,a1 = as = ... = a, = 4,b = 36, andg = 6.
lowing table, we compare these codes to those generated by our’ ' ~ ** " g

-7+

=3

algorithm.
B. Maximizing the Girth
a m n
BIT-FILLING All the Gallager codes listed in [6] have girththat is, avoid
MacKay | I cycles of length 4. As shown above, for virtually all of the high
3 60 492 435 439 rate codes our algorithm matches the girth, and, in most cases,
3 62 495 483 508 is even able to generate higher rate codes. More interestingly,
390 998 1087 1120 for codes with lower rates, our algorithm is able to improve the
3 100 900 1339 1353 girth parameter—sometimes considerably. For example, in the
3 111 999 1636 1717 following table we show some of the codes listed in [6] whose
4 222 1998 2752 2967 girth we are able to improve.
4 282 4376 4821 4867
4 300 4096 5499 5499
4 444 3584 12360 12370 =
a m N g g
MacKay  BIT-FILLING
The I and Il columns refer, respectively, to using the original or 3 408 816 10 6 8
the extended version of thelBFILLING algorithm. Also, for 3 504 1008 {82,22} 6 8
all our codes, we set = 200 andg = g = 6. Itis evident that 4 544 816 18 6 8
in 8 out of9 cases our algorithm yields higher rate codes, and in 3272 408 22 6 10
1 case, while not better, it yields a code with virtually identical 3 544 816 {82,22} 6 10
3 1280 1920 22 6 12

rate.

In Figure 2, we compare the performance of two codes, say,
A and B, in [6] with parameters: = 222, n = 1998, a = 4,
b = 36, andg = 6 to a code with the same parameters gener-
ated by the extendediB-FILLING algorithm. The latter was ob- C. Irregular Graphs
tained by deleting the excess columns of the code corresponding
to the sixth row in the above table. The comparison was madeln @ recent work, Richardson, Shokrollahi, and Urbanke [4]
in terms of bit error rate as a function of the signal-to-noise ratftave shown that the performance of LDPC codes can be im-
(SNR) on a simulated binary-input AWGN channel. It can peroved by using irregular constructions with a carefully chosen
seen that these three codes have virtually identical performanfeé-degree sequence, that is, by using an optimized distribution
To Summarize’ on identical parametersy the-BILLING codes of the bit'degrees. B-FILLING can be used to easily construct
perform on par with some of the best known codes. HowevédDPC codes with large girth having a prescribed bit-degree dis-
BIT-FILLING offers more flexibility in the code design paramelribution. Suppose that we want to construct a code with bit-
ters. For example, one may choose to trade-off the bit error r&t@gree distribution given by
performance against the code rate.
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| degree] fraction of bits | restart with a different seed for the pseudorandom number gen-
dq ni/N erator.
do no /N Finally, we generated a code using theBILLING algorithm
. with the same parameters as those for the randomly constructed
: codes. In the Br-FILLING algorithm, we seff = 2m + 2. Sim-
dy ne /N ulation results comparing the three randomly constructed codes
and the code constructed usingrB-ILLING are given in Fig-
whered; < dy < ... <d,andN = >7/_, n;. That means that yre 3. As can be seen, for low values of SNR, the four codes
for a code of lengthV, there would be:; bit nodes with degree are equivalent. But, as the SNR increases, the randomly con-
di, 1 <i<r. LetN; = Zﬁzl n;. Then, to use Br-FILLING,  structed codes start to suffer performance degradation, whereas
we set the bitt-filling code maintains good performance. From this, we
conclude that at least for high SNR itis important to avoid cycles
of small weight.

dy for 0<j<N;
do for N1<j§N2

aj =
d. for N,_1<j<N.=N -1 ;
f & -6~ Random A
) —+ Random B
fOI’ a” 1 S j S N. % i gsfgmgc
The ordering of the bit degrees is important. In the assign- -2r 5 g

ment above, the first bits to be inserted into the graph have the
lowest degree. SincelB-FILLING starts with a large girth con-
straintg, it means that the subgraph formed by considering only
the bits that have low degree will have a high girth. Another con-
sequence is that there will be no cycles of low weight (where the
weight of the cycle is given by the sum of the degree of its bit
nodes). It was pointed out to us (JC) by Thomas Richardson
that avoiding cycles of small weight may be more important for 5t
performance than simply increasing the girth.

As an example, we constructed four irregular LDPC codes
with the same degree distribution, three of them using a random- -or
ized construction and one using theTH-ILLING algorithm.
The four codes have parity-check matrices with paraméess

_3b

log10(bit error rate)

7 I I

1000 andm = 300, and they all have the same bit degree distri- 3 35 4 W5 5 55 6
bution. The degree distribution, shown below, was obtained by SR (®)
using the optimization procedure in [7]. Fig. 3. A comparison of four irregular LDPC codes with the same degree dis-

tribution and with parametens. = 300, N = 1000, andg = 6. For the code
generated by the B-FILLING algorithm, we s€§ = 2m + 2.

| degree| franction of bits |

2 246,/1000

3 295,/1000 D. Impact of Girth

5 8/1000 To underscore the positive effects of increasing girth, we com-
8 336/1000 pared several regular and irregular codes of the same size but
9 115/1000 with increasing girths.

The randomized construction was performed as follows. W1 Regular Codes
start with an empty matrix and a random assignment of degrees )
to columns of the matrix so as to satisfy the bit degree distribu- W& constructed regular codes with = 2000, N' = 3502,
tion. Then we randomly traverse the entries of the matrix afd = 3:1 <7 =< N.b =6, andg = g € {6,8,10,12}. The ex-
put al in that entry if all of the following conditions are met perimental results comparing these codes are given in Figure 4.

. The degree constraint for the corresponding check has Iﬁﬁcan be seen, quite substantial performance improvements can
been met be obtained from increasing the girth for regular LDPC codes.

n;e:he degree constraint for the corresponding bit has not besﬁz Irregular Codes
« The resulting matrix does not contain cycles of length four We also performed the experiment with irregular LDPC codes
in its associated Tanner graph. of same size but with increasing girths. All four codes had
We continue until either (a) the desired distribution has been ak- = 700, N = 1000, and the same optimized bit degree distri-
located or (b) all the entries have been traversed. In case (@)tion obtained from [7]. The four codes differed in their girths
we declare “success”, and in case (b) we declare a “failure” amdhich were6, 8,10, and 12, respectivaly. The results of this

988



FE 4

22 oo
S o

-2

-4

log10(bit error rate)

-10 | | |

-1 3 4

SNR (dB)

Fig. 4. A comparison of fouregular LDPC codes with different girths. All the Fig.
codes are regular with parameters= 2000, N = 3502, a; = 3,1 < j <
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5. A comparison of fouirregular LDPC codes with different girths.

All of the codes are irregular with parameters = 700, N = 1000, and

g =g = {6,8,10, 12}. All four codes use the same optimized bit-degree

sequence obtained from [7].

experiment are given in Figure 5. As can be seen, while the re-
lationship between girth and perfomance is not as direct as
regular codes, there is still a general trend of improvement with

increasing girth. (5]
E. Effectof g [6]
[7]

Observe that essentially all values @flarger than2m are
equivalent in that they lead to the same code. Furthemore, if we
setg = g = 2m + 2, then we are essentially demanding a cycle
free graph. We note that the extendedrEILLING algorithm
seems to be mildly affected by the choicegofin other words,
settingg = 2m + 2 does not always lead to the best codes; in
fact, sometimes a smallgrleads to better codes. For example,
in Section IlI-B, we experimented with various values jor

F. Computational Complexity

The computational complexity of the extended B-ILLING
algorithm in Figure 1 is the same as that for the originat-B
FILLING. That is, the complexity of the algorithm &(m?),
and if the first-order heuristic in [1, Section II.B] is used the
complexity is onlyO(m?). To see this, note that the only extra
work performed by the extended algorithm is the recalculation
of the set/ performed in line 15. This recalculation can be done
in O(m) time, and since it can only occ(§— ¢) /2 times during
the execution of the algorithm, it is clear that it does not affect
the overall running time.
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