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Minimum Complexity Regression Estimation
with Weakly Dependent Observations

Dharmendra S. Modha, Member, IEEE, and Elias Masry, Fellow, IEEE

Abstract— The minimum complexity regression estimation
framework, due to Barron, is a general data-driven methodology
for estimating a regression function from a given list of
parametric models using independent and identically distributed
(i.i.d.) observations. We extend Barron’s regression estimation
framework to m-dependent observations and to strongly mixing
observations. In particular, we propose abstract minimum
complexity regression estimators for dependent observations,
which may be adapted to a particular list of parametric models,
and establish upper bounds on the statistical risks of the
proposed estimators in terms of certain deterministic indices
of resolvability. Assuming that the regression function satisfies
a certain Fourier-transform-type representation, we examine
minimum complexity regression estimators adapted to a list
of parametric models based on neural networks and, by using
the upper bounds for the abstract estimators, we establish
rates of convergence for the statistical risks of these estimators.
Also, as a key tool, we extend the classical Bernstein inequality
from i.i.d. random variables to m-dependent processes and to
strongly mixing processes.

Index Terms— Minimum .complexity regression estimation,
mixing processes, neural networks, rates of convergence,
Bernstein inequality.

I. INTRODUCTION

ET {X;, Y;}32__, be a bivariate stationary random

process, such that X takes values in R? and Y; takes
values in IR. Define the regression function, namely, the
conditional mean of Y7 given X, by

f1(z) = Ei|X: =], zeR%

In general, the regression function f* can only be assumed
to satisfy weak smoothness conditions. In other words, f*, in
general, is not a member of a finite-dimensional parametric
family of functions. Thus any- model depending only on
some finite set of parameters will be generically inadequate
to approximate f*. In contrast, in this paper, we consider a

list of parametric models of increasing dimensionality which

approximate f* more and more accurately as their dimension
7 increases.
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and given a suitable list of parametric models of increasing
dimensionality, we are interested in estimating the regression
function f*, in a data-driven fashion, so as to achieve the
smallest statistical risk.

Statistical risk in estimating f* using a parametric model has
two components: approximation error (“bias”) and estimation
error (“variance”). Generally speaking, a model with a larger
dimension has a smaller bias but a larger variance, while a
model with a smaller dimension has a smaller variance but a
larger bias. Consequently, to minimize the statistical risk in
estimating f* from a list of parametric models of increasing
dimensionality, a tradeoff between the bias and the variance
must be found. The tradeoff can be achieved by judiciously
selecting the dimension of the model used to estimate f*.
Minimum complexity regression estimation framework (also
called complexity regularization) is a data-driven methodology
for selecting the model dimension so as to achieve such a
tradeoff among (possibly) nonlinearly parametrized models,
see Barron [3], Barron and Cover [6], and Rissanen [24].
It is closely related to Vapnik’s method of structural risk
minimization [29]. For related work see Farago and Lugosi
[13], Lugosi and Zeger [18], [19], and McCaffrey and Gallant
[21].

In this paper, we extend the minimum complexity re-
gression estimation framework from independent and iden-
tically distributed (i.i.d.) observations to more general cases
of m-dependent [14] observations and strongly mixing [27]
observations. Previously, White and Wooldridge [31] and
White {30] considered cross-validated regression estimators
for strongly mixing processes and established convergence,
without rates, of their estimators. In contrast, we consider
minimum complexity regression estimators and obtain rates
of convergence.

In Section III, we propose abstract minimum complexity
regression estimators, which may be adapted to a particular list
of parametric models. The proposed estimators are obtained
by minimizing a certain complexity regularized empirical loss
(see (23) and (24)). We then establish, in Theorem 3.1, upper
bounds on the statistical risks of the proposed estimators in
terms of certain deterministic indices of resolvability—which
are, in turn, relatively easier to upper-bound for a particular
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list of parametric models of interest. The proof of Theorem 3.1
uses ideas from Barron [3] and McCaffrey and Gallant [21];
the proof also relies on certain Bernstein-type inequalities for
dependent observations which are derived in Section IV. The
main difference between the results of Section III and those of
[3] for i.i.d. observations is that for dependent observations,
the “effective number of observations” are found to be less
than the number of observations IN; in other words, we find
different tradeoffs between the bias and the variance. Also,
unlike Barron, we do not restrict the parameter space of the
models to be countable.

In Section II, we apply the abstract ideas of Section HI
(namely, Theorem 3.1) to neural networks. Specifically,
assuming that the observations {X;, V;}X, are either m-
dependent or strongly mixing, that X and Y7 are bounded, and
that f* admits a certain Fourier-transform-type representation,
we examine minimum complexity regression estimators based
on a list of parametric models constructed from neural
networks (see (6)—(9)). Furthermore, in Theorem 2.1, we
establish rates of convergence, independent of the dimension
d, for the statistical risks of these estimators based on neural
networks. Theorem 2.1 extends previous results of Barron [5],
for minimum complexity regression estimators based on neural
networks, from i.i.d. observations to dependent observations.

In Section IV, we extend the classical Bemstein inequality
[9], [28] to m-dependent processes and to strongly mixing pro-
cesses; these extensions are used in the proof of Theorem 3.1.
Previously, Bosq [7] established a Bernstein-type inequality
for uniformly mixing processes, a class of processes smaller
than strongly mixing processes. Also, Carbon [8, Proposition
1] and White and Wooldridge [31, Theorem 3.3] established
exponential inequalities for strongly mixing processes. How-
ever, inequalities of Carbon and White and Wooldridge are
of a different form than the classical Bernstein inequality
in that they contain a lesser power of (; as compared to
our Theorem 4.3. Consequently, their inequalities lead to a
weaker upper bound on the model variance, and hence do not
permit as good a tradeoff between the bias and the variance
(or, equivalently, as good a rate of convergence) as that
obtained here. The inequalities of Section IV (and the related
Hoeffding inequality for strongly mixing processes in Modha
[22]) should also be of independent interest. For example:
i) they may be useful in establishing a rate of convergence
for the uniform strong law of large numbers for strongly
mixing processes (see Pollard {23] and Vapnik [29] for the
i.i.d. case); 11) they may furnish the exponential bounds (on
the tail probabilities) required to invoke a certain chaining
argument while establishing functional central limit theorems
for strongly mixing processes (see Andrews and Pollard [17)
and, in a related setting, they may help avoid the detour to
independent blocks in Arcones and Yu [2], Doukhan, Massart,
and Rio [12], and Yu [33]; and finally, iii) they may help
avoid the detour to Bradley’s strong approximation theorem
in certain estimation-theoretic proofs, for example, see Masry

_[20]. A more detailed analysis is needed to ascertain whether
using our inequalities, in the above cited contexts, leads to
more refined results and/or to simpler proofs. Furthermore,
our inequalities require an exponential decay for the strong
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mixing coefficient whereas an algebraic. decay was sufficient
in [1], [2], [12], [20], and [33].
In the Appendix, we gather some simple but useful results.

II. REGRESSION ESTIMATION USING NEURAL” NETWORKS

A. Two Notions of Dependence

Let {Z; = (X;, Y;)}2_ . be a stationary random process.
on a probability space (Q2, F, P). For —co < i < oo, let F°
and F°¢ __ denote the o-algebras of -events generated by the
random variables {Z;, j > i} and {Z;, j < i}, respectively.

Definition 2.1: For m > 0, {Z;}32__. is called m-
dependent [141, if F° _ and Fg2,, are independent.

Set N(m) = | N/(m+1)], where N denotes the number of
observations. N (™) arises from the Bernstein inequality for m-
dependent processes (Theorem 4.2) and is called the “effective
number of observations” for m-dependent processes.

Definition 2.2: {Z;}32 is called strongly mixing [27], if

1T=—00

sup |P[AB]-— P{A}P[B]| = a(j) — 0
A€FL _,BeF .

as j - oo.

a(g) is called the strong mixing coefficient.

Assumption 2.1 Exponentially Strongly Mixing: Assume

that the strong mixing coefficient satisfies

o(j) <@exp(-cj”), j=1
for some @ > 0, 8 > 0, and ¢ > 0, where the constants 3 and
c are assumed to be known.

Assumption 2.1 is satisfied by a large class of processes,
for example, certain linear processes (which includes certain
ARMA processes) satisfy the assumption with 5 = 1 [32],
and also certain aperiodic, Harris-recurrent Markov processes
(which includes certain bilinear processes,.nonlinear ARX
processes, and ARCH processes [11]) satisfy the assumption
[10, Theorem 1j. As a trivial example, 1.1.d. random variables
satisfy the assumption with § = oc.

Set
‘ 1/(8+1)7 1
N~ | N H%} ] )

where IV denotes the number of observations and |[u] ({u])
denotes the greatest (least) integer less (greater) than or equal -
to u. N arises from the Bernstein inequality for strongly
mixing processes (Theorem 4.3) and is called the “effective
number of observations” for strongly mixing processes.

N and N(®) play the same role in our analysis as that
played by the number of observations N in the i.i.d. case.

B. A Class of Target Regression Functions

Assumption 2.2 Compactness: Assume that Y7 takes values
in a known fixed interval [a, a + b], for some a € IR and for
some b > 0. .

Assumption 2.2 is introduced here with the hindsight that
the minimum complexity regression estimation framework
developed in Section III requires it; in particular, it is necessary
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to enable us to use the exponential inequalities derived in The-
orems 4.2 and 4.3. Assumption 2.2 implies that the regression
function f* also takes values in the interval [a, a + b].

For w = (wy, -+, wq) and z = (21, -+, 24) in R, let

d
w-xr = E WLy
i=1

denote the usuval inner product on R? and let

d

llwlls = fwil

=1

denote a norm on R?. The class of regression functions of
interest is characterized by the following assumption.
Assumption 2.3 Barron [4]: Assume that
a) X takes values in Bx = [—1, 1]¢, and that
b) there exists a complex-valued function f on R? such
that for z € By, we have

| F@=rO+ [ =)
and that
[, ol fwldo < ¢ < oo

for some known C’ > 0. Set C = max {1, C'}.

Part b) of Assumption 2.3 implies that the regression func-
tion f* has an inverse Fourier-transform-type representation
on the set Bx. Specifically, f* has an extension f*¢ outside the
compact set By, such that the extended function f*¢ possesses
a uniformly continuous gradient whose Fourier transform is
absolutely integrable [4]. Assumption 2.3 characterizes a class
of functions for which neural networks can provide rates of
approximation independent of the dimension d.

C. Neural Networks

In this subsection, we use various results of Barron [5] to
construct a list of parametric models based on neural networks,
which is specifically designed to well approximate the class
of functions characterized by Assumption 2.3.

We assume that ¢: R — [0, 1] is a Lipschitz continuous
sigmoidal function such that its tails approach the tails of the
unit step function at least polynomially fast.

Assumption 2.4 [5]: Assume that

a) ¢(u) — 1 as v — oo and ¢(u) — 0 as u — —o0.

b) |¢(u)] < 1and |p(u)—¢(v)| < Di|lu—wv| forall u, v €

R and for some D} > 0. Set D; = max {1, D}

) |p(w) — Lgusoy| < Dy/|ulPe for u € R, u # 0, and for

some D3 > 0 and D) > 0. Set Dy = max {1, Dj}.

Fix n > 1. We now proceed to define a neural networks
with n “hidden units.” Let

Yo =n(d+2)+1 @

represent the number of real-valued parameters parameter-
izing such a network. For 0 < ¢ < n, let ¢; € R; for

2135

1 <i<m,leta € R? and let b; € R. We define a
~y,-dimensional parameter vector

I/:(CL]_,CLQ,“',(Z”; b17b2a"'7bn; Co, Clv”'acn)'

Now, define a neural networks with n hidden units fn,o)
R? — R parameterized by v as

Jn, () = clip <co + Z cip(a; - o+ bi)), zeR? (3)
i=1

where
clip(t) = aljrca} + tlia<e<assy + (@ +0)lianncsy

In (3), “clip” serves to restrict the range of f(,, ,) to [a, a+b]
without disturbing the capacity of f,, ,) to approximate f*.
Let 79 = max {1, (b+ 3)/(2¢) — 1} and let the rate at which -
the hidden unit weights, namely, a; and b;, are allowed to
grow as a function of n be

T = To 9(2D3+1)/ Dy D%/D3n(D3+1)/(2D3) 4)

where Dq, D,, and D3 are as in Assumption 2.4. We now
define a compact subset of IR"™, namely,

S, = {1/: co € [a, a+b], Z lei] < C,
=1

max
1<i<n

Al < < .

“aznl = Tn, fg%xn Ibzl > Tn} )
Assumptions 2.3 and 2.4 and the choices (3)~(5) are made,
with hindsight, to fulfill the hypothesis of [5, Corollary 1].

D. Minimum Complexity Regression Estimators
and Rates of Convergence

We now construct the advertised minimum complexity
regression estimators and establish upper bounds on their
statistical risks. This subsection uses the abstract minimum
complexity regression estimators to be presented in Section
1I-B (see Example 3.1). '

Let x(N) be as in Theorem 2.1. For each fixed 1 < n <
k(N), compute the least squares estimator with n hidden units
as

. N
ﬁ(’m N) = arg min {:]-17_ Z [Yz - f(n,u)(Xi)]2} (6)

veS, i—1

where f(,, ,) is as in (3). Write

Fa, N = Fon, o(n, N))- @)

Given the sequence of least squares estimators, namely,
{fn. ~}i<n<k(n), how should one formulate an estimator
for f* that achieves the smallest statistical risk? In particular,
for a very small n, fn ~ has a small variance but a large
bias; on the other hand, for a very large n, fn, ~ has a small
bias but a large variance. A tradeoff between the bias and the
variance can be achieved by selecting the number of hidden
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units (that is, the model dimension) in a data-driven fashion.
Specifically, compute

N
1 .
A= argmin { — Y; — fu, n(XD))?
- srgmin { § 20 (0]

+ A

Ln(s(N)) + 2In (n +1) } ®
N

where
L,(¢) =[n(d + 2) + 1]In (8r,.¢e/¢)

is as in (18), and )\, N, k(N), and e(N) are as in Theorem
2.1. The first term on the right-hand side of (8) is known as
the “empirical loss” of fn ~, while the second term is known
as the “complexity” of fm ~- Equation (8) allows 7 to take a
- larger value, only if the resulting increase in the complexity is
offset by a matching decrease in the empirical loss.

Finally, define the minimum complexity regression estimator
for f* as

In = fan. )
In other words, fN is the element corresponding to 7 in the
sequence { fn N}lgns,guv). We now establish rates of con-
vergence for the statistical risk (measured by mean integrated
squared error) of fN.

Theorem 2.1 Rates of Convergence: Suppose that Assump-
tions 2.2, 2.3, and 2.4 hold.

Condition (m): Suppose that {X;, YV;}52__ is m-de-
pendent. Then, let N = N(™), let x(N) > {\/N(m)-l, and
for some Dy > 1/2 let &(N) = (N(™))=Da,

Condition (c:): Suppose that {X;, Y;}52___ is strongly
mixing and that Assumption 2.1 holds. Then, let N = N{®),
let x(V) > ’-\/N(a)-l, and for some Dy > 1/2 let e(N) =
(N(@)=Ps,

Then, either under Condition (m) or under Condition (c),
and for A > 56?/3 and N > 2

E | [fn(z) - f* (@) dPx(z) < ]/IOgNw (10)
R .

where Px denotes the marginal distribution of X; and the
constant K car be read from (13) and (14).

Proof: For any two measurable functions g;, go: R —
IR, define the integrated squared error between them as

o ge) = [ [n(e) ~ w(@) dPx(). (D

" To establish Theorem 2.1, we proceed in two steps as follows.
1) Define the index of resolvability corresponding to fN as

Ba(r) = s { i (fn o, £
Y L, (e(N}) —i—_21n(n +1) }
N

(12)
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We first establish, in Lemma 2.1, an upper bound on

the overall statistical risk Er( fn, f *)] of the estimator

fN in terms of the index of resolvability Ry (f*), by

invoking Theorem 3.1. The proof of Theorem 3.1 can

~be found, in an abstract setting, in Section III-C; it

uses techniques from Barron [3] and McCaffrey . and

Gallant {21] and also uses the Bernstein inequalities for

dependent processes derived in Section IV.

2) We next establish, in Lemma 2.2, an upper bound on the
index of resolvability Ry (f*) using ideas in [5].

Lemma 2.1. A Bound on Statistical Risk: Suppose that As-

sumption 2.2 holds. Let A > 56%/3 and N > 2. Then, either

under Condition (m) or under Condition (e) of Theorem 2.1,

Blr(fx, £ + PEDD)N)

< T Ry(£7) -7

1,
- 46A
(1-nN
where 1 and & are as in Theorem 3.1.
Proof: Tt follows from Example 3.1 that all the hypothe-
ses of Theorem 3.1 hold, and hence the lemma follows by
setting § = (4D1C)e(N). O
Lemma 2.2 A Bound on the Index of Resolvability:. Suppose
that Assumptions 2.3 and 2.4 hold. Then, either under Condi-
tion (m) or under Condition (o) of Theorem 2.1,

RN(f*)SKg ¢10%N ’

where the constant Ky is as in (14).

13)

Proof-
Rn(f }z . {5221 [r(fen, vy 1) |
oy L) + 2l (n+ 1) }
i , .
(a) 2 '
< min ac A __—n(d +_2) +1
1<n< l}/ﬁN‘ " N
4tne 2In(n+1)
1 p Qi ek
ey N
2
(b) 2
< min {4—q— A n(dj— 3)
1§ns[\/ﬂ " N

1<n< [\/ﬂ
) + 2T
! e (B uina)



MODHA AND MASRY: MINIMUM COMPLEXITY REGRESSION ESTIMATION

(e) —
< min {—[—(—?1 + nTKSlnN}
1<n< [\/ﬂ

NG InN
Ry (f*)< Ky

i (14)
where (a) follows from Barron [5, Corollary 1], (18), and

since K(N) > [\/: .I (b) follows from (4) by setting K; =

8erg2(2Ds+1)/Ds DL/ P anq by settlng Ky = (D3 +1)/(2D3)
and also since e(N ) = (N)™Ps; (c) follows since n <
[\/=W < N and by setting K5 = 402 Ky=Xd+3),Ks =
(Ko +D4)/2 (d) follows by setting Kg = 2 max { K4 K5, A}
and K; = max{(Kl)l/K5 4}; (e) follows by setting Kg =
4KgIn K7; (f) follows by selecting

= {\/W/lnj\ﬂ
and by setting Ky = (K3+2K3). Also, since N > 2, we have

S[W]s[\/ﬂ 0

Theorem 2.1 now follows from Lemmas 2.1 and 2.2, if

E. Discussion

Remark 2.1: The minimum complexity regression estima-
tors for dependent observations in Section II-D differ from the
corresponding estimator of Barron [5] for i.i.d. observations, in
that, in our case, the effective number of observations N and
not the actual number of observations N appears in the second
term on the right-hand side in (8). Correspondingly, the rate
of convergence obtained in Theorem 2.1 for dependent obser-
vations is O ((In N/N)'/2), whereas the rate of convergence
obtained in [5] for i.i.d. observations was O ((In N/N)! )1/2).
Consequently, for m-dependent observations, since N =
N = |N/(m + 1)], the rate obtained in our case is
identical to that obtained by Barron. However, for strongly
mixing observations, since N = N(® ~ NO/(B+1)  the

rate obtained in our case is slower than that obtained by

him. Technically, the decrease in the rate in the strongly
mixing case is due to the corresponding decrease in the rate
of decay in the upper bound in the Bernstein inequality for
strongly mixing processes (compare Theorems 4.1 and 4.3). In
a similar context, while analyzing their regression estimators
for strongly mixing processes, White and Wooldridge [31]
found that models with smaller dimensions are required, to
achieve weak consistency, in the mixing case as compared
with the independent case.

Remark 2.2: Notice that if we set 7n = 0 (under Condition
(m)) or B = co (under Condition {«)) in Theorem 2.1, then
we recover the ii.d. result of Barron [5] as a special case.
However, observe that in (6) we compute the least squares
estimator by minimization over the entire parameter space,
whereas Barron computed his ‘estimator by minimization over
a certain finite grid of parameters.
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Remark 2.3: For strongly mixing observations, we now
compare the rate of convergence obtained in Theorem 2.1 to
that achieved by the classical nonparametric kernel estimator.

Suppose that Assumptions 2.1, 2.2, 2.3, and 2.4 hold; then
we have from Theorem 2.1 (under Condition («)) and from
(1) that

£ * 2 fog N
E/]R.d [fn(z) = [ (2)] dPX(x):O(\/N‘ﬂ%T))

(15)

Noticeably, the exponent of N in the rate of convergence
does not depend on the dimension d. While formulating
the minimum complexity regression estimator fN we only
assumed (see Assumption 2.3) that

[ Nl fdw < € < o
]Rd

It may be possible to achieve a faster rate of convergence for
f~ under Assumption 2.3 with

[ il do <o, s> 1
R4

but no method of proof is currently available.

Now, on the other hand, suppose that the regression function
f* has continuous and bounded partial derivatives of total
order s and suppose that the strong mixing coefficient decays
algebraically, that is, () = o(1/42), j > 1. Let fy denote
a nonrecursive kernel estimator {25], {26] which uses a kernel
of order s. Then, it is known that with an optimal choice of the
corresponding bandwidth parameter, we have for each z € IR?

5 1
Elfn(z) - f*(m)]z ~ N2s/(2s+d) (16)
The exponent of N in the rate of convergence depends on d,
and hence fN delivers progressively poorer performance as d
increases, that is, suffers from the curse of dimensionality.

Notice that the estimators f ~ and f ~ are formulated under
different assumptions and use different measures of perfor-
mance, respectively, mean integrated squared error and mean
squared error;! thus direct comparison of (15) with (16) is
not possible. However, since Assumption 2.3 implies that the
regression function f* has bounded and continuous partial
derivatives of total order 1, if we set s = 1 for fN, then
roughly fx outperforms fy if d > 2(1+2/ B) Finally, observe
that we require that the strong mixing coefficient decays
exponentially fast, a fairly stringent condition, when compared
to the algebraic decay permitted by the kernel estimator.

Remark 2.4:. For the sake of simplicity, while formulating
the estimator fN we required that the constant C' is known.
Using ideas in [5, eqgs. (31) and (32)], it is easy to extend our
estimators to cover the case when C is unknown.

To the best of our knowledge, although rates of convergence in the mean
integrated squared error sense are available for kernel density estimators,
no such rates are available for kernel regression estimators—even for i.i.d.
observations.
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Remark 2.5: While formulating the estimator fN we re-
quired that the set of parameters S, is compact. By introducing
a prior density (satisfying certain regularity conditions) on the
set of parameters and by proceeding essentially as in [5, p.
129], it is possible to eliminate the compactness assumption
and still obtain the same rate of convergence for the resulting

“estimator as that obtained in Theorem 2.1. However, we do not

pursue such an extension here, since i) the resulting estimator
must search over a wider domain; ii) the estimator once
again involves the level of discretization, namely e(N), in
its computation; and iii) a more elaborate abstract estimation
framework is required to accommodate a prior.

Remark 2.6: Recently, Homik et al. [17] and Yukich,
Stinchcombe, and White [34] have established generalized
approximation bounds analogous to [5, Corollary 1] in Sobolev
norms and in sup norm, respectively. It may be possible to use
their results (for example, [17, Theorems 2.1 and 2.3] and [34,
Theorems 2.1 and 2.2]) to substantially relax Assumption 2.4
and to relax Part b) of Assumption 2.3; however, since, unlike
them, we restrict our parameter space .5, to be compact, we are
unable to employ their results here. Even though it is possible
to dispose off the compactness assumption in our framework
(see Remark 2.5), a result analogous to {4, Theorem 3] is still
required before we may exploit the generalized approximation
bounds of Hornik et al. and of Yukich, Stinchcombe, and
White. »

1. MinsvoM COMPLEXITY
REGRESSION ESTIMATION FRAMEWORK

The principal result of this section, namely Theorem 3.1, is
derived in an abstract setting and under minimal structure on
the underlying space of parameters. This not only simplifies the
proof of the theorem, but also widens the scope of the result.
In particular, Theorem 3.1 is not limited to neural networks
(as used in Lemma 2.1 of Section II), but may also apply to
trigonometric series, polynomials, and wavelets.

Throughout this section, fix the number of observations
N > 1and let By C RR? denote the support of Xi.

A. Abstract Parameter Spaces and Abstract Complexities

For each integer n > 1, let -y,, denote a model dimension, for
example, see (2), and let .S,, denote a compact subset of R,
The set S, will serve as a collection of parameters associated
with the model dimension ~,, for example, see (5). For every
v € Sp, let f,,,) denote a real-valued function on Bx
parameterized by (n, v), for example, see (3). The following
condition is required to invoke the exponential inequalities in
Theorems 4.2 and 4.3. ;

Assumption 3.1: For each integer n > 1 and for every
v € Sy, assume that f(,, ,) takes values in [a, a + b].

To make possible the union bound argument required in
Lemma 3.2, we now introduce a certain finite subset of S,,.
Let p, denote a metric on R™. For e € (0, 1], let T,,(¢)
denote an (e, py,)-net of the set S,; in other words, for every
v1 € Sy, there exists a vo € T),(e) such that p,(v, 13) < e.
Assume that T;, () C Sp. Actual construction of T}, (e) is not
required here, it suffices that it exists and that an upper bound
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on its cardinality is known. Let L, (g) be such that
In #(To(2)) < Ln(e)

where # denotes the cardinality operator. In other words,
L,(e) is an upper bound on the natural log of the e-metric
entropy of the set S,, with respect to the metric p,,. In practice,
the upper bound L, (&) should be as tight as possible to obtain
the best possible estimators.

Example 3.1: Let notations be as in Section IL Let p,.
denote a metric on IR defined as in Barron {5, eq. (19)1.
It follows from [5, Lemma 2] by using (4) that for every
0 < e <1 and for every C > 1, there exists a (e, p, )-net of
Sp, namely T,,(e), such that

(17)

4Tn

In#(Ta(e)) < [n(d+2)+1]In = Ln(e) (18)

2

where we use the precision /2 on the right-hand side to ensure
that T,,(e) C S,.

We now introduce the following assumption to furnish the
continuity argument required in Lemma 3.2.

Assumption 3.2: For every n > 1, there exists a strictly
increasing function (in &) w,(-): (0, 1] — (0, oo} such that
for all € € (0, 1] and for all v; € S, and vy € Tp,(g) with
pu(v1, v2) < &, we have :

sup |f(n, Vl)(x) - f(n, V2)<x)[ < wn(&:)

zE€EBx

Assumption 3.2 implies that the function w,, is invertible; let
w, ! denote the inverse. Observe that the inverse @, (§) is -
defined for all 0 < § < wy,(1) < oo and takes values in
the range (0, 1]. Assumption 3.2 is equivalent to saying that
the class of parametric functions {f(,, ,): v € Sn} can be
covered in the supremum norm (over Bx) by the finite class
of functions {f(n,,y: v € Tn(w,*(8))}.

Example 3.1 Continued: It follows from [5, Lemma 1}, by
invoking Assumption 2.2.and Part b) of Assumption 2.4,
that Assumption 3.2 holds with w,(¢) = 4D;Ce. For all
0 <6 <wy(l)=4D:C, the inverse of =, can be written as

6

oot

6

(8) = 4D.C
Let ©, denote a collection of parameters of different

dimensions, with the index n less than or équal to k. Each

of the parameters comes: packaged with the index of its

dimension,; formally, we write

0 v € S,}.

It follows from (20) that every # € O, must be of the form

8 = (n, v) for some 1 < n < & and for some v € S,; then,
define

19)

(20)

Jo = fn,

and for every 0 < § < w,(1) define the “description
complexity” of the parameter ¢ as :

L(8, §) = 2In(n + 1) + Ly (w0 2(6))

ey

(22)
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where ,, is as in Assumption 3.2 and L,,(w,;1(6)) is obtained
from (17) by substituting ¢ = w;;1(§). In words, for each fixed
1 < n < k and for each fixed 0 < § < w,(1), we assign a
constant complexity, namely L, (wo;,1(8)), to each parameter
v € S,. Consequently, the right-hand side of (22) does not
depend on v, it only depends on n.

B. Abstract Estimators and Indices of Resolvability

For any natural number , for any real number 6, where
0 < § < minj<p<x @wn(l), and for any real number A, write

HN—argmln { E[Y fo(X @}

(23)

where O, is as in (20), fp is as in (21), L(8, 6) is as in (22),
and N is as in Theorem 3.1. Define the minimum complexity
regression estimator as

fn=1;, @4)

and define the index of resolvability corresponding to fN as

{r(fa, ) +AL—(%’Q} (25)

where (-, -) is as in (11).

Example 3.1 Continued: 1t follows from (20)-(22), and by
setting § = (4D1C)e(N) that for neural networks the abstract
estimator fy and the abstract index of resolvability Ry (f*)
may be written as in (9) and (12), respectively.

Theorem 3.1: Suppose Assumptions 2.2, 3.1, and 3.2 hold.

Ry (f") = min

Condition (m): Suppose that {X;, Y;}2__ is m-
dependent, then. let N =N and let & = 1.
Condition (a): Suppose that {X;, Y;}52_ _ is strongly

mixing and that Assumption 2.1 holds, then let N = N ()
and let & = (1 + 4e?@).

Then, either under Condition (m) or under Condition (c),
and for A > 5b% /3, N > 2, for all natural numbers &, and for
all 0 < ¢ < minj<p<p @wn(1)

6b6

Blr(F, 1) € Tt R(f7) + 7=

4G\
(1-mN

(26)

where 7 = b%/(\ — 2b%/3).

The proof can be found in Section III-C.

Theorem 3.1 has the same structure as the corresponding
result in Barron [3] except for the additional term (666)/(1 —
n)—which arises since we do not restrict the parameter space
©, to be countable.

The smaller the parameter 6, generally speaking, the larger
the complexity L(-, §), and hence larger the corresponding
index of resolvability. Thus to obtain tighter bounds on the
index, we should select § to be as large as possible. Specifi-
cally, although the choice § = O (1 /W) is always available,
for particular cases of interest a larger 6 may be viable, for
example, the choice § < (4D,C)/ VN works for neural
networks. '
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The index of resolvability was first introduced by Barron
and Cover [6] in the context of density estimation and uni-
versal data compression for i.i.d. observations, and later used
by Barron [3] in the context of regression estimation also for
i.i.d. observations. The significance of the index stems form
Theorem 3.1, where we establish that the statistical risk of the
minimum complexity regression estimator is bounded from
above by the index. Thus the consistency of the estimator
follows, if the index goes to zero as N — co. Moreover, if the
index tends to zero at a certain rate, then we can also conclude
the same for the statistical risk of the estimator. The rate at
which the index converges to zero depends on the tradeoff
between the complexity of the functions in {fs: § € O}
and the accuracy of their approximation to f*. Finally, the
index of resolvability is a deterministic quantity, and hence is
relatively easy to upper-bound in particular cases of interest,
for example, see Lemma 2.2.

C. Proof of Theorem 3.1

The proof relies heavily on the Bernstein inequality for
strongly mixing processes established in Theorem 4.3 of
Section IV and uses techniques of Barron [3] and McCaffrey
and Gallant [21]. For simplicity, we assume throughout that
Condition (c) holds; the result under Condition (m) follows
similarly by using Theorem 4.2.

For any measurable function g;: R? — ]R define

1 N 1 I
917 Zl Y 91 _N ;[Y—
(27)

Lemma 3.1: Suppose that Assumptions 2.2, 3.1, and 3.2
hold. Then, for all 0 < 8 < minj<p<x @wn(l), for all
§ € ©,(6), for all N > 2, for all A > 5b2/3, and for all
6 >0

(L(a, §)+1n 1/5)

P A=nr(fo, 1) 27n(fo, f)+A

A =

abe=LE9),

Proof: Fori =1,2,---,

U; = —{(Y; — fo(X2))?

and observe that {U;}, are identically distributed, E[U;] =
0, |Uy| < 2b% and E|Ui|? < 2b%r(fy, f*) [3]. 1t follows
from (27) and (28) that '

| &
]-V_Z = —n(fo

Since Condition () of Theorem 3.1 holds, we can now apply
the Craig-Bernstein inequality in Theorem 4.3 to (29) with
Z; = {X;, Y}, dp = 262, 3¢ = 1/ and 7 = L(f, 6) +

In1/8 to conclude that for § > 0 and for N = N > 2

N, we write

= (Yi= fX (X)) +7(fo, [*) (28)

)y +r(fo, 17)- (29)
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we have

P T(f@? f*)_fN(f%f*)

E|U |2
+ 252
2 —
A (1 3A)

Since E|U1|* < 2b%r(fp, f*), the lemma now follows from
Lemma A2, where we let & = (1 + 4e7?@) and n =
b?/(A—2b%/3). Also, observe that if A > 56%/3, then 7 < 1. O

Lemma 3.2: Suppose that Assumptions 2.2, 3.1, and 3.2
hold. Then, for all 0 < § < minj<p<x @n(1), for all N > 2,
for all 6 > 0, and for all A > 5b2/3

o (L(a, 5)_+1n1/5)
> ——

< Gbe~L®9),

P {(1 —n)r(fw, £1) = in(Fn, 1)

N (L(@N, 5)N +1n 1/5)

+ 665} < @&. (30)

Proof: Since fy takes values in ©,, a possibly uncount-
able set, we first establish a result analogous to (30), namely
(34), for a certain “projection” of 0 N, Damely g N, On a finite
set. We then establish (30) from (34) using a certain continuity
argument due to McCaffrey and Gallant [21].

Let S,, Th, pn, and w, be as in Section III-A. For
0< (5 < min1<n<,€ wn(l), define

O v):v € Tp(w

Since the set T, (w;; 1(§)) is finite by assumption and since %
is a natural number, it follows that the set Z,(6) is finite. For
every ¢ € (0, 1] and for every v € Sy, let m,(v, €) denote
the element of the finite set T),(¢e) that is.closest to v in the
metric py,; formally, let 7, (v, €) denote the lexicographically
smallest element of the set

2O 6D

{vi € Th(e) : pp(v, 11) < pu(v, 1n) forall vy € T)(e)}.

Using (20), we may write 0y in (23) as (&, #), where
P € S;; then define

Oy = 0n(8) =

(s (5, <03, (6). (32)

In words, 6‘N is a projection of fn € ©, onto the finite set
Z,. Write fn = J4,- Since 0y and 0, both have the same
dimension 7, it follows from (22) that

L8y, 6) = L(Bx, 6). (33)
Write
(L(é‘, §) + 1n1/5)

N

A(fo) = L =m)r(fo, f*) — A
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Since the random variable 0y € =, (6), we.can write
PLAGY) = v, 1)}
U (A(fm) =

0EE,(6)
= > P{{Afs) = #n(fo, 1)} Ny = 60}}
0€E.(6)

< D P{A(fs) >

9€2,.(8)

—P Pnv(fv, £ {0y = 6})

7 (fo, £*)}

where (a) follows since fy = fy on the set {éN = @} and
from the union of disjoint events bound; (b) follows from
Lemma 3.1; and (c) follows from (22). In other Words we
have shown that

P{a—nwdmfwszdmfw

(L(éN, §)+1In 1/5)
N

+A } <as (34)

where we have used (33).

Since {Y;}, are bounded (Assumption 2.2), fn and fy
are bounded (Assumption 3.1), and f ~ and fy are close in the
supremum norm (Assumption 3.2), we can show (after some
algebraic manipulations similar to [21, Lemma 27) that

P{(l_W)T(fN, f*)_fN(fANa )
> (L=m)r(fw, f*) = in(fw, [7) +6b6} =0. (35)

The lemma now follows by combining (34) and (35) using
Lemma AS. O
Define

f% = argmin {r(fg, r+A (36)

0EO,

L(9, 5)}
N
where fq is as in (21), (-, -) is as in (11), L(@, 6) is as in
(22), and A and N are as in Theorem 3.1: Write f3 = fg}«v.

Lemma 3.3: Suppose all hypotheses of Lemma 3.2 hold.
Then

P {(1 —n)r(fw, ) 2 in(fe 1)

| (L(H}“\,, 8) +1n1 /5)
N

>

_|_

+ 666} < &6.
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Proof: Note that 6 minimizes (23), and that fy = f;_
and fy = foz,. Thus it follows that

1 & . Lby, 8)
{N D (Vi = Jx(X)" +4 Hon. ) )}
1 ZN * L(6%,6)
S {N i=1 (Yl _fN(Xi))2+)\ —]% }

and hence the lemma follows from (27), Lemma 3.2, and
Lemma A2, ‘ O

Lemma 3.4: Suppose that Assumptions 2.2 and 3.1 hold.
Then, for all N > 2 and for all § > 0

p {fzv(fz*v, )= @ +mr(fy, )+ /\%} < aé.

Proof: The lemma follows by applying the Craig—
Bernstein inequality in Theorem 4.3 to the sum

N
S S~ S5 (X))~ (V= X2 = 1S3 1)
= i 1) = 1S3 1)

with Z; = {X;, i}, dy = 202, 3¢ = 1/A, and 7 = In1/6
and by simplifying as in Lemma 3.1. O

Combining Lemmas 3.3 and 3.4 using Lemma A5 and
ignoring the term —nAL(#%, §)/N using Lemma A2, we have
that

P {(1“W)T(fNa [ >04+mn) (r(f}(,, FH+A Le*%’ 6))
+A 21%1/5%1;5} < 2%8.

It now follows from (25) and (36) and by setting
6 = exp[—(Nt/2))] for t >0

that

P{W >t} < 2aexp {—]—2\%} 37

where
W= (1=n)r(fn. /%) = (L+ n) By (f*) — 606,

It is easy to see that |W| < oo and hence F|W| < oc.
Equation (26) now follows from (37) and Lemma A6. The
proof of Theorem 3.1 is now complete. ‘ O

IV. BERNSTEIN INEQALITIES FOR DEPENDENT PROCESSES

In this section, we extend the classical Bernstein inequality
for i.i.d. random variables to m-dependent processes and to
strongly mixing processes. The extended inequalities are used,
in this paper, in the proof of Theorem 3.1 of Section III; they
may also be of independent interest. '
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Theorem 4.1 i.i.d. Random Variables: Let an integer N >

1 be given. Let {U;}¥, be ii.d. random variables on the

probability space (€2, F, P) such that |U1| < dy as. and

E[U;] = 0. Then, the following probability inequalities hold.

a) Craig—Bernstein Inequality [9]: For all 7 € IR and for
all 0 < ¢ < 1/dy

N
1 T 3<1E|U1|2 -
P~ E U; > + <e .
{N £ 3GN T 2(1-Gd) [ =°

b) Bernstein Inequality [28, p. 855]: For all {3 > 0

_ N
2 (E|U1|2 + %)

Theorem 4.2 m-Dependent Processes: For a given integer
m > 0, let {Z;}2 be a stationary m-dependent [14]

N
1
P{N;Ui2<2}§exp

i=—00
process on the probability space (2, F, P). Let an integer
N > 1 be given. Let ¢/: R — R be some measurable
function. For each integer —oo < ¢ < oo, let U; = ¥(Z;).
Assume that |U;| < dy a.s. and that E[U;] = 0. Set N(m) —
[N/(m + 1)]. Then, for all N > (m + 1), the following
probability inequalities hold.
a) Craig—Bernstein Inequality: For all m € R and for all
0< (1 < 1/d1

N
1 T
P — U; >
{NZ LN

b) Bernstein Inequality: For all (; > 0

3G E|UL|? r
2(1—<1d1)} =e

GN e
| 2<E|U1|2 + 42—;1>

Proof: The proof is similar to the proof of Theorem 4.3
(see below) and is omitted. O

Remark 4.1: Observe that by setting m = 0 in Theorem
4.2 we recover Theorem 4.1.

Theorem 4.3 Strongly Mixing Processes: Let  {Z;}2_
be a stationary strongly mixing [27] process on the probability
space (2, F, P) with the mixing coefficient satisfying
Assumption 2.1, that is,

N
1
P{N;UiZ@}Sexp

a(j) <aexp(—cj®), j>1,a>0,8>0,¢>0. (38
Let an integer N > 1 be given. For each integer —oo <
i < oo, let U; = ¢(Z;), where % is some real-valued Borel

measurable function. Assume that [Uy| < d; as. and that

E[U;] = 0. Set
1@+t
N H%ﬁ} ] |
C

N = (39)
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Then, the following probaBility inequalities hold.

a) Craig—Bernstein Inequality: For all N (@) > 2, for all
7€ R, and for all 0 < {3 < 1/dy

T 3G E|UL 2
{ ZU1—341N<04>+ }

2(1 — ¢1dy)
<(1+4e7@)e ™. (40)

b) Bernstein Inequality: For all N(® > 2 and for all
42 > 0

1 N
P{N;Uiz@}

GN

(s + 22

Remark 4.2: Observe that by setting § = oo in Theorem
4.3 and by ignoring the multiplicative. constant (1 + 4e~%@)
we recover Theorem 4.1.

Proof: Write

< (144e™?

@) exp 41

N
Vy = Z Us.
=1

We now proceed by the method of blocks, and partition the
set {1, 2, ---, N} into kn blocks. Each block will contain
approximately Iy = | N/ky ] terms. Let Ay = (N —knin) <
kpy denote the remainder when we divide N by kpy. For
simplicity of notation, we will write k¥ = kyn, | = Iy, and
h = hy.

We now construct k blocks as follows. Define Zj, the number
of terms in the jth block, as

7. — I+1, ifj=1,2,---,h

771, fj=h+1,h+2 -,k

In other words, the first A blocks each contain [ + 1 terms,
while the last (k — &) blocks each contain [ terms. Then

k

>0
=1

h k
=> L+ >, L =h(+1)+(k=h)() = N. 42
g1 1

j=ht

For 7 =1, 2, ---, k, we define the jth block as
. : ;
Vin =Ui+ Ui+ + U, q =2 Uitk
=1
such that
k
Vv =) Vin.
=1

A typical block V; y contains [; terms such that any of its
two consecutive terms are separated by distance k.

For j = 1,2, -+, k, define p; = I;/N. It follows from
(42) that

k k
ij = (1/N) Z lj=
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_ Also, for notational convenience we define U +(2 Dk = U 2

We now proceed with a series of lemmas.
Lemma 4.1 Hoeffding [16]: For all vy € R

E [exp <fy %)} < g p;E {exp <,Y VJZ]N>}

The following lemma holds for stationary strongly mixing
processes.

Lemma 4.2: Suppose that (38) holds and that |Uy| < dy
a.s., then for all real numbers v > 0, for all integers ¢ > 2,
for all integers ¢’ > 1, and forall j = 1,2, ---, k

U(Z) ‘ (%)
o) )
Wg_‘ "}’qdl
< (4e a)exp(q-}— 7 ‘ck'[}).

Proof: In this proof; we use an argument similar to that
used by Bosq [7] in his proof of the Bernstein inequality for
uniformly mixing processes. However, we use a completely
different blocking scheme.

Ag (v) =

@ @
A<1 (,y Hexp( U )exp (WU )}
(q)
[T () o ()]
oJe e () Lol (5]
(@) =
He(2)
q
) , (q)
=B (v) + Al (v ) exp (
(b)
<4

q—1 (4)
U: U
i=1 q
< U(q )
exp

< 4et(a=Ddi/d grdi/d a(k) + A
= 4e79h/q alk) + Ag_l(v)evdl/q

L) e'ydx/q

Catg = e/ agh)

(%) 4ed279d1/d a(k)

—2— " kP
< (4e%@)edeah/d g—ck

where
(a) follows from adding and subtracting terms,
q= .
() 11 exo (103" /d')
is measurable with respect to o{U G (i—1)ks § o= 1,

2,---,q—1} and exp (ij(q)/q ) is measurable with
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respect to o{U;j 1 (,—1)x}. For each i, we have Uy =
¥(Zy), hence
o{Ujs-1p t=1,2,---,q—1}
ColZjGvpi=1,2--,q-1}
o{Uj(g-1)k }
C o{Zjt(g-1)k}-

Observe that the distance between the two o-algebras
above is (j 4 (¢ — 1)k) — (j + (¢ — 2)k) = k, hence (b)
now follows by bounding the covariance Bg/ () using
a mixing inequality in Hall and Heyde [15, Theorem
A.5] for the process {Z;}5° Also, note that || ||eo, P

denotes the usual essentiafgupremum on (Q, F, P).
() Let u = e"/% and v, = 4u%a(k), then we have

AZ () < qula(k) + uAl_ (7)) = v + udl_i (7). -

For ¢ = 2
A3 (V) =B3 ()
Bl U
_ E[evUﬁl)/q’]E[eijz)/q']|‘

Now, by proceeding as in step (b) above, we have
’ )y, s (2) 41

A8 () <41 oo, p 1177 o, p ()

=4e"12/9 o (k) = v,

It now follows from direct substitution that for g.2> 2

g—2 qg—2
Ag/('y) < Z W, ; = Z dula(k)
§=0 =0

=4(qg — Duia(k).

(d) follows since ¢ > 2, and since for all £ > 0 we have

thatlnz < x — 1. O

Forall j =1, 2, --- , k, we now establish a bound, uniform

over all indices j, on the moment generating function of
Vv /L.

Lemma 4.3: Suppose that (38) holds and that |U1| € dy as.
and E[U;] = 0. Let [y be as in (39). Then, for all [y > 2, for

all 0 <~y < (3l)/dy,and forall  =1,2,--, k
V; ZEU 2

E|:exp (m):l < (1+4€V25)6Xp _f_y__i .
& af1- 14
(30)

Proof: For j =1,2,.--, k, we have

ol (3)

. 7, v
(35 2
=1 J

=F
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(b)
<exp

_2(1 - (%)

+ (4e%@) exp (I; + vdy — ck?)

. 2 2

Dop |2 EIUs |d
2, (1 - 7—1—>

i 3L

+ (4e%@) exp (41; — ckP)

(d) 2E|UL|?
af1-14
L 3t )]

+ (4e%@) exp (41, — ck?)
(e) 2E|U|?
<exp B + (4e7%Q)
a(1- 2%
L 3l ]
@) V2 E|UL|?

<(1+4e™%a@)exp (43)

~yd1
a(1-22Y)

(a) follows from stationarity.

(b) E[Uj(l)] = 0, and Ujl)ﬂj satisfies the Bernstein mo-
ment condition with K; = dy/ (3Zj). Hence, the result
follows from Lemma A1 for all 0 < v < (3;)/d1. The
bound on the second term follows from Lemma 4.2,
and holds for all 7; > 2. But I; > [. Thus it suffices
that [ > 2.

(c) Since

where

- =2
EWUD 112 = (BIU;12)/T;

and by stationarity E|U;]> = E|Uy|*. Also, since
vd; < 3lj. _
(d Forall j=1,2,---,k, [; <l Thus we have

(1 —vd1/31;) > (1 — vdy /31).

(e) We require exp (4]; — ck®) < 1, which holds if 4/; <
ck?. But [; < ((N/k) + 1). Thus the bound holds if
4((NJk) + 1) < ckP, or if 4(N + k) < ckPtL. Since
(N + k) < 2N, the bound holds if 8N < ckP*L, or if
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{SN/c}l/(ﬁH) < k. Select

[y

Since | = Iy = | N/k], we have (39)—where we have
written N{®) for | = Iy.

() Equation (43) holds for all v such that 0 < v < SZJ- /dy.
To make the constraint uniform over all j, we require
that v satisfy 0 < ~ < 3l/di < 3l;/d;. Since
Y2 E|U1|?/(21(1—~d1/(31))) > 0, the lemma follows.[]

Let [ = N be as in (39). Then, combining Lemmas 4.1

and 4.3, we have for all 0 < v < (30)/dy and for all Iy > 2

(44)

2 2
E [exp (ﬁy—]-‘\/fj—v—ﬂ < (14 4e @) exp %
i)

(45)

We are now ready to established the Craig—Bernstein and the
Bernstein inequalities (40) and (41).

a) Craig—Bernstein Inequality: For all v and 7, we apply
Lemma A3 with W = exp(yVy/N) and with 7/ =
(tr —In(1+ 4e7%@)) € R, to conclude

P {exp (*—,YJX\/[N) > rIn(l4H4e7 ) {exp (—WXNH }

< e~THn (1+4e%q)

Now, for all 0 < v < (31)/d; and for all {5 > 2, it
follows from (45) and from Lemma A2 that

A7 o
P{exp ('YTN> > o7 In(l+4e 2°‘>(1+4e*2&)

,.)/ZEIUllZ

ydi
af1-20)

< (1+4e 2@)e .

- exp

Since logarithm is a strictly increasing function and
v > 0, we have :

R

7 /EL 2
l l|

: ydy
-5

Now, we set v = 3(il.. Thus for 0 < {3 < 1/dy, (40)
follows—where we have written N(®) for [ = [.

b) Bernstein Inequality: For all {5 > 0, and for all v > 0,
we have from Lemma A4 that

P {% Vy > QQ} < e R [exp <%>]

< (1+4e *@e .
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Now, for all 0 < «y < (31)/d; and for all Iy > 2, we have
from (45) that

Y2E\U|?

Moy

1
P{N Vy > Cz_} < (1—1—46_2&)6*5276)@
Now, by substituting

y = Cal
S -
.<E|U1[2 + %i>

simplifying, and noting that the selected value for ~ satisfies
v < (31)/dy, (41) follows—where we have written N (%) for
I = ln.

~ The proof of Theorem 4.3 is now complete. O

APPENDIX
Here, we state’ some useful, but simple, results without
proofs. v
Lemma Al Craig [9]: Let W be a random variable such
that E[W] = 0, and W satisfies the Bernstein moment
condition, that is, for some K; > 0

var (W)
2
for all k > 2. Then, for all 0 < ¢ < 1/K;

' CEW]? }
FElex Wil<exp| ———m—+— |-
exp (CW)] < exp | e 0
Remark Al: If |W| < 3K] as., then the Bernstein moment
condition holds [28, p. 855].
Lemma A2: Let W be a random variable and let
u1, vz, K1 € R be such that u; < ug, then

E|W* < kLK 2

Lemma A3: Let W be a nonnegative random variable and
let 7 € R, then

P{W > e " EW]} <e .

Lemma A4: Let W be a random variable and let u, ¢ > 0,
then

P{W > u} < e “E[W].

Lemma A5: Let {W;}L, be random variables and let
{uit{ i, {Ki}?_, be constants. If for each i = 1, 2, :-- , g,
P{Wz > uz} < K, then

P{iwi > quu} <3 K.
1=1 i=1

=1 ==

Lemma A6 Shorack and Wellner [28, p. 862]: Let W be a
random variable such that E|W/| < oo, then

EW] < /000 P{W > u}du.
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