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Memory-Universal Prediction of
Stationary Random Processes

Dharmendra S. Modhaviember, IEEE and Elias MasryFellow IEEE

Abstract—We consider the problem of one-step-ahead pre- where
diction of a real-valued, stationary, strongly mixing random _
process { X, }:2 The best mean-square predictor of X, is X(—p,—l) =(Xop, Xpi1, o, X))

it=—00
—1

its conditional mean given the entire infinite past{X;},=__.. In  this paper iven a sequence of observations
Given a sequence of observationst; X, --- Xy, we pro- Paper, g q

pose estimators for the conditional mean based on sequencesX1 X_2 e Xy (_jrawn _ fO”_“ the_ PTQCeSS{Xi}EZ—oo: we
of parametric models of increasing memory and of increasing are interested in estimating thiafinite memory predictor
dimension, for example, neural networks and Legendre polyno- function ..

mials. The proposed estimators select both the model memory and  \y/e say that the predictor function.. has afinite memory
the model dimension, in a data-driven fashion, by minimizing . . e
if for some integerg, 1 < ¢ < o,

certain complexity regularized least squares criteria. When the

underlying predictor function has a finite memory, we establish X — X almost surel 2
that the proposed estimators arememory-universalthe proposed Moo (_Oo’_l)) maq( (_q’_l)) y @)

estimators, which do not know the true memory, deliver the The condition (2) is satisfied, for example, by Markov pro-

same statistical performance (rates of integrated mean-squared cesses of ordeg, but is mathematically weaker than the

error) as that delivered by estimators that know the true memory. Mark v si \v the first-ord diti |
Furthermore, when the underlying predictor function does not arkov: property since only the Tirst-order conditional mo-

have a finite memory, we establish that the estimator based on Mments are involved in (2). Under (2), the problem of estimating
Legendre polynomials isconsistent Moo reduces to that of estimating the predictor functiag.

Index Terms—Bernstein inequality, complexity regularization, We WOUId_ like to estimate 'the' predictor functiom.,
least-squares loss, Legendre polynomials, Markov processesUsing an estimator, sayy, that is simultaneouslymemory-
memory-universal prediction, mixing processes, model selection, universal” and “consistent” as described below.
neural networks, time series prediction. 1) Suppose that the predictor function., has a finite

memory ¢, and that the estimatof.y does not know
|. INTRODUCTION g. We say thatiy is memory-universalif a) it is a
consistent estimator ofii..(=my); and b) it delivers
the same rate of convergence—in the integrated mean-
squared-error sense—as that delivered by an estimator,
say 7iq, vy, that knowsg.
2) Suppose that the predictor function,, does not have a
finite memory. We say that the (same) estimafox
is consistentif it converges tom., in the sense of
integrated mean-squared error.

Our notion of memory-universality is inspired by a similar
Xcoo,—1) = (7, Xoo, Xy) notion in the theory of universal coding, see, for example,
Ryabko [43] and [44]. Roughly speaking, memory-universal

namely, E[Xo|X(_oo, —1)], is the best mean-square predicestimators implicitl_y “discove_r” the true unknov_vn memayy
tor of Xy, (Masani and Wiener [31]). Geometrically, theAs animportant aside, we point out that our notion of memory-
conditional mearE[Xo|X(_., _1) is the L2 (nonlinear) pro- universality is distinct from the notion of “universal consis-

jection of X, onto the subspace generated by the infinite pd€hncy” traditionally considered in the nonparametric estimation
X(—oo,—1)- FOr1 < p < oo, write apredictor functionas literature where it means convergence under the weakest
’ possible regularity constraints on the underlying process, see,
mp(z) = E[Xo|X(—p, —1) = 7], z € R? (1) for example, Algoet [2], [3], Devroye, Qyfi, and Lugosi
[20], Morvai, Yakowitz, and Girfi [36], and Stone [48]. In
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TATISTICAL prediction of random processes has numer-
us practical applications such as financial asset pricing
[26], physical time series modeling [40], [54], stock price
prediction [54], signal processing [58], and predictive speech
coding [60]. Here, we consider the problem of one-step-
ahead prediction of a real-valued, bounded, stationary random
process{ X, }2 Probabilistically, the conditional mean of
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X, given the entire infinite past
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sequence of predictor functioqsn, },>1. Hence, we propose appear plausible: i) we may select the memory, say
the following two-step scheme for estimatimg,, with the to be a deterministic, increasing function of the number of
hope of attaining both memory-universality and consistencyobservationsV, and user,, ) as our estimator ofn.;

1) For each fixed memory > 1, formulate an estimator alternatively, i) we may select the memory, sgy;, in a
iy, ny OF m, by minimizing a certain complexity data-driven fa_shlon, and usey = M, Ny as our estimator
regularized least squares loss. of ma. In this paper, we pursue a data—dnvgn approach

2) Given the sequenceiy,, n)},>1, select a memory = to memory _selectlpn', which, aIthoug'h computationally more
5 by minimizing a certain complexity regularized leas€XPensive, is statistically more desirable than deterministic

squares loss, and ugey = 7y, ) as the estimator of approaches as explained below. Suppose that the predictor
’ function m., has a finite—but unknown—memory, then

any deterministic, increasing memaopy, will asymptotically

Let us consider the first step for a fixedemory p. In “overestimate” the true memory, and hence, in general, the
general, the predictor functiom, is not a member of any : . ¥ c€, In general,
corresponding estimatafy,, vy of m, will not deliver a

finite-dimensional parametric family of functions, hence weé . .
P y ’ rfate of convergence for the statistical risk comparable to that

estimate m, using a sequence of parametric families o elivered byri, .. In other words, althoughi, .. v, may

functions such as neural networks and Legendre polynomi qs. : 2 5) .
L . L € consistent, it will not be memory-universal.
Statistical risk (measured by a certain integrated mean-square ; o .
. Lot : ; n this paper, we select the memopy;, in a data-driven
error) in estimatingm,, using a parametric model has tw . S . , .
I Lo L ashion, by minimizing a certain complexity regularized least
additive components: approximation error and estimation er-

G I Ki del with a | di . hsguares loss. As the main contribution of this paper, as-
ror. ©>enerally speaking, a modet with a larger dimension guming that the underlying random process is bounded and

ahs_lm aller ac;j)plroxl|tr;11at|on elrlror dPUt a !argt—;r esnmauc;ln errcf[<=5xponentially strongly mixing, we establish that the estimator
whiie a model with & smaller dilmension nas a smater esj =~ M, Ny IS memory-universal if the predictor function

mation error but a larger approximation error. Consequent(q)ZO; has a finite memory (Theorems 3.2 and 4.2, and Corollary
to minimize the statistical risk in estimating,, from a list 1), and is consistent even if the predictor function,,

of parametric moglels,. a tradeoff between the approximati(a es not have a finite memory (Theorems 4.3 and 5.2, and
error and the estimation error must be found. The tradeqdl, 41y 6 3). These results are distinct from the case when the

can be achieved by judiciously selecting the dimension gf,jeriyving memory is known, and require novel formulation
the model used to estimaie,. Assuming that the underly- and analysis which have no counterpart in [34].

ing process is exponentially strongly mixing, a data-driven pyeyiously, complexity regularization has been used, in
scheme—which minimizes a certain complexity regularizeg, j; 4. setting, to construct smoothness-universal or norm-
least squares loss—for selecting the model dimension Wasyersal estimators of a regression or density function (Barron
developed, in a slightly different context, in our previousi g1 [11], Yang and Barron [61], and Barron, Bagand
work [34], which built on the results of Barron [8], [10], massart [12]). In this paper, we use complexity regularization
McCaffrey and Gallant [32], and Vapnik [51] for independen, construct memory-universal and consistent estimators of the
and identically distributed (i.i.d.) observations and the resu'ﬁ%ossibly) infinite memory predictor function.

of White [55] and White and Wooldridge [S57] for strongly " por a further discussion of the relevant literature, see
mixing observations. For other related work, in an i.i.d. settingyemark 6.1.
see Barron, Bir§, and Massart [12], Barron and Cover [13], Thjs paper is organized as follows. In Section II, we present
Farago and Lugosi [23], Lugosi and Nobel [28], Lugosi angome notation and our basic assumptions. In Section IlI, we
Zeger [29], [30], and Yang and Barron [61]. For a genergbnstruct an estimatah,y, for m.., based on neural networks.
review of the methodology employed to estimate a functioRssuming that the predictor function.. has a finite memory,
from a sequence of parametric families of functions, sgfe establish memory-universality @f (compare Theorems
Vapnik [52]. 3.1 and 3.2). In Section IV, we construct an estimatox,
Using the results of the first step as a building block, Igbr .., based on Legendre polynomials. Assuming that the
us now consider the second step which is the central concgfadictor functionm., has a finite memory, we establish
of this paper. The statistical risk in estimating the predictehemory-universality ofi. (compare Theorems 4.1 and 4.2).
function m., using the estimatori, ) has two additive Furthermore, even if the predictor functiam., does not have
components: the approximation error between, and m, a finite memory, we establish consistencysdfy (Theorem
and the statistical risk in estimating:, using 7, yy. It 4.3). In Section V, which is the conceptual and technical
follows from L? martingale convergence theorem that theackbone of this paper, we present a scheme for constructing
approximation error betweem., and m, is a decreasing the estimatori, using a sequence of abstract parametric
function in the memoryp. On the other hand, since:, is families of functions. The estimators considered in Sections Il
a multivariate function fromR? to IR, the statistical risk in and IV are obtained by simply adapting the estimation scheme
estimatingm,, is, generally speaking, an increasing functiopresented in Section V to neural networks and Legendre poly-
in the memoryp. A tradeoff between the approximation erronomials, respectively. Furthermore, in Section V, we establish
betweenm., and m, and the statistical risk in estimatingabstract upper bounds, in terms of a certain deterministic
m,, can be achieved by judiciously selecting the mempry index of resolvability, on the statistical risk in estimating.,
Two conceptually distinct approaches for memory selectiarsing m (Theorem 5.2). Theorem 5.2 plays a key role in

Moo
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establishing the memory-universality and consistency results[—1, 1] — IR that are square-integrable with respect to
stated in Sections Il and IV. A discussion of our results i#;, ). For1 < p; < ps < oo, letg; € LQ(P(LPI)) and let
presented in Section VI, and the proofs of the main results afec LQ(P(LPZ)); then, define arntegrated squared distance
collected in Section VII. between the functiong; and g, as

7)(927 gl) :T(glv .92)
Il. PRELIMINARIES

_ _ 2
Let {X;}2°___ be a stationary random process on a prob- = /[_1 . [91(#) =g2(x, )" AP1, ) (%, ) (5)
ability space(Q, F, P). For —co < i < oo, let Fj; ) T ,
and F(_., ;) denote thes-algebras of events generated py/here the dummy variables andy take values if—1, 1]

(X;,j >4} and {X,,j < i}, respectively. The process@"d[~1; 1]==21), respectively.
{Xi}Z_ is calledstrongly mixing[42], if lIl. PREDICTOR ESTIMATION USING NEURAL NETWORKS

sup |P[AB] — P[A]P[B]| = a(j) — 0
ACF(_ ooy BEF .00 A. Neural Networks

asj — oo. (3) Wg now present a sequence of par.ametric families of
functions based on neural networks using some results of

a(j) is called the strong mixing coefficient. Barron [10]. We assume that: R — [0, 1] is a Lipschitz
Assumption 2.1. Exponentially Strongly Mixing Propertycontinuous sigmoidal function such that its tails approach the
Assume that the strong mixing coefficient satisfies tails of the unit step function at least polynomially fast.

Assumption 3.1. [10]:Assume that

a) ¢(u) — 1 asu — oo andp(u) — 0 asu — —oo.

for somew > 0, 3 > 0, andc¢ > 0, where the constan{s and b) |¢(w)| <1 and|p(u)—¢(v)| < Dj|lu—v| for all u, v € R

c are assumed to be known. and for someD] > 0. SetD; = max {1, D}}.
Assumption 2.1 is satisfied—witl¥ = 1—by important  ¢) |p(u) — 1iusoy| < Dy/|u|P* for u € R, u # 0, and for

classes of processes such as certain linear (Withers [59]) and someD3 > 0 and D} > 0. SetDs = max {1, Dj}.

certain aperiodic, Harris-recurrent Markov processes (Athreyariyx 5, > 1 andp > 1. We now proceed to define a neural

and Pantula [4, Theorem A] and Davydov [19, Theorem 1hetwork with dimension (or “hidden units?) and memory (or
The former class includes certain Gaussian and non-Gaussigfe delays” or “lags”) p. Let

ARMA processes, while the latter class includes certain bilin-

a(j) <aexp(—cj”), j=>1

ear, nonlinear ARX, and ARCH processes (Doukhan [21] and 1P, n) =n(p+2)+1 (6)
Auestad and Tjgstheim [5]). represent the number of real-valued parameters parameterizing
For —oo <i < j < oo, let X(; ) = (Xi; Xiy1, -+, Xj)  such a neural network. Fdi < ¢ < n, let ¢; € IR; for

andX(_o jy = (--+, X;_1, X;). Define theeffective number ;| < i<, leta; € R?; and leth; € R. Let
of observationscontained in the sequence of observations

{X(i—p, i) izpy1, Where0 < p < N, drawn from a process v=(ay, -, ap; br, -+, by co, -+, Cn)
satisfying Assumption 2.1, by represent ay(p, n)-dimensional parameter vector. Define a
N = [(N — S(N — 1/(8+1) -1 4) Neural network with dimension and memory parameterized
b= LV = p)I{8N = p) e}/ F0 417 @O0

where |u| ([u]) denotes the greatest (least) integer less n
(greater) than or equal te. The concept of effective number f,, (. ,))(z) = clip <c0 + Z cidla; -+ bi)>, z € RP
of observations stems from the Craig—Bernstein inequality for i=1
the observationg X ;_,, i)}ﬁ\;p 41 (see Lemma 7.1); also, see (7)
[34] where

In thet_sequel, we will also need the following compactness clip (t) = —Lprcmy +tlc1<e<ty + Lnc
assumption.

Assupmption 2.2. Compactnesassume thatX,, takes val- The function “clip” is used in (7) with the hindsight that the
ues in[=1, 1]. abstract estimation framework developed in Section V requires

We point out that Gaussian ARMA processes clearly ddat the range of, (n,,) be[-1, 1] (see Assumption 5.1).
not satisfy the compactness condition in Assumption 2 befine
However, certain non-Gaussian ARMA, bilinear, nonlinear 7, = 22Ps+1)/ D3 Dé/Dgn(Derl)/(?Ds) (8)
ARX, and ARCH processes could have compact support, anﬂ i ) i
hence could satisfy Assumption 2.2 where Dy, D5, and D3 are as in Assumption 3.1, and define

e i o ¥(p,n)

Let P; ;, and P, ; denote the marginal distributichs & COMPAact subset dR 7", namely,
of X, 5 and X(_., ;), respectively. Forl < p < oo, let " ®)
LQ(P(LP)) denote the space of all Borel measurable functions Stp,n) = V€0 € (-1, 1], Z |ci| < CV,

=1
LStrictly speaking, we assume that the sample sphisethe canonical sam-

ple spac[=_[-1, 1]. Then,P_, ;) is the restriction of the underlying max ||ai|ly < 7, max |b;] < Tn} (9)
probability measureP to the s-algebra of events? __. 1<i<n 1<i<n
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Inputs: Natural numbers p, where p < N &y, where p < k| < N, and ko(p);
kalp)

n=1>»

real numbers A and {L, )}
ot ka(p).
sets { Sy}

n=1 >
. i e - ka(p)
parametric functions {{/(p,(n,,u))}VES(,,,,,)}

n=1 -
Estimation Scheme:
1. (least-squares estimation) For each dimension 1 < n < ka(p), compute

N
) 1 i )
v(p,n) = arg min { Nk E [Xi - f(,,,(n’,,))(l\'u_lh,-‘1))]‘)} .

VES(pm) =k 1

2. (dimension selection criterion) Compute

N
n mi -————-—-1 ¢ - Lipny+2In(n + 1)
n, = arg min Xi — foiniotpm(Xiizpiz 2422 .
’ 1gn,gk.2(p){zv-kl i:%;d[ (r.(n2(p ) (X(i-p,i=1))] N

Outputs: Write é(p) = (fip, ¥(p, 71p)), and define the estimator parameterized by H(p) as mp Ny = f(p‘é(p))'

Fig. 1. Scheme for computing the estimatdr, ).

where the constan®®) is made concrete in the next subsec- For a detailed discussion of Assumption 3.3, we refer the

tion and|| - ||; denotes thé! norm. interested reader to Barron [9]. Also, see Horeikal. [25]
and Yukich, Stinchcombe, and White [62].
B. Estimation Schemes and Memory-Universality For the sake of brevity and simplicity, we assume that the

constantC, is known. If, in fact,C, is unknown, it may be
possible to modify our estimators using the ideas in Barron [10,
egs. (31) and (32)]. Specifically, we can replace the indéx
Moo(X (oo, —1)) = Mq(X(—q,—1)) almost surely Section V by a multi-indeXn, C), which is like inserting an
additional minimization step (between steps 1 and 2) in Fig. 1.
Under Assumption 3.2, the problem of estimating the pre- Suppose that the memoxy in Assumption 3.2 isknown
dictor functionm., reduces to that of estimating the predictom this case, by using the knowledge of the memegrywe
functionm,. We assume that, satisfies the following Fourier construct an estimatori,, ) by invoking the estimation
transform-type representation due to Barron [9]. scheme presented in Fig. 1 with the following specific input
Forw = (wy, -+, wg) andz = (z1, -~ -, xg) in RY, let values:

q o letky =¢q, p=gq, andks(q) = ka(q, N) > {\/Nq];
i=1

let A > 20/3; for 1 < n < ko(q), let
denote the usual inner product @ and let

Assumption 3.2. Finite Memoryf-or some integer;, 1 <
q < oo, assume that

Ligny = [n(g+2)+1] In (32TnCDICq(Nq)D4)

. whereD, > 1/2, 7, is as in (8),D; is as in Assumption
]y = Z ] 3.1, andC; is as in Assumption 3.3;
gt ¢ « for 1 < n < k2(q), let S, ) be obtained from (9) by
- substitutingp = ¢ and C@ = C;
denote thel! norm onIRY. « for 1 < n < ka(q) and forv € Sig ), let fig (n, 1)) be
Assumption 3.3. Bounded Spectral Nomssume that there obtained from (7).
exists a complex-valued functiom, on IR such that for The input values presented above are selected, with hindsight,
z € [-1,1]?, we have to establish Theorem 3.1.
‘ Throughout this section, we assume that the least squares
mg(x) —mg(0) = / (e = Dymng(w) dw estimation step in Fig. 1 delivers the global minimum. From a
R strict mathematical perspective, finding the global minimum of
and that a nonlinear least squares regression problem is computation-
ally hard, see, for example, Farago and Lugosi [23] and Jones
/ [Jwlly Irieg (w)] dw < Cf < o0 [27]. In practice, however, the backpropagation algorithms
R described in Back and Tsoi [7] and in Wan [53] started from a
for someC; > 0. SetC, = max {1, C}}. number of initial weights usually yield reasonably acceptable



MODHA AND MASRY: MEMORY-UNIVERSAL PREDICTION OF STATIONARY RANDOM PROCESSES 121

Inputs: Natural numbers ki, where £y < N, and {kg(p)}ll;‘:l;
kz(P)}kx .

n=1 Jp=1

real numbers A and {{L(p,ﬂ)}

k2 ‘1
sets {{S(P,ﬂ)}nz(ll)) ::17
k2 y
(P)}z_l.

parametric functions {{{f(p,(n v))}veS . tnet
Estimation Scheme:

1. For each memory 1 < p < ky, compute the parameter O(p) = (np, ’(p, np)) and the estimator m, n)
by using the estimation scheme in Figure 1.

2. (memory selection criterion) Compute p =

N .
. 1 Lp,a,) +2In(n, 4+ 1)+ 2In(p + 1)
Xi = fop ooy (X(impri-1))* + A——E :
{35 s =

Output: Write the estimator parameterized by the memory p as my = Mm; N)-

Fig. 2. Scheme for computing the estimatdry .

results. Furthermore, various specialized hardwares are nowheorem 3.2. Memory is Unknown: Suppose that As-
available to considerably speed up training of neural networlssymptions 2.1, 2.2, and 3.1-3.3 hold. Then, far > ¢
see, for example, Mearst al. [33] and Sackinger and Grafand for Ny, > 2

[45]. 1/2)(8/(8+1
Theorem 3.1. Memory is Known: Suppose that Assump- El[r(fux, my)] = O In N\ /2 (8/(6+1))
tions 2.1, 2.2, 3.1, and 3.3 hold. Then, for &l}, > 2 P N

In N

Elr(myq, vy, mq)] = O<T andr is as in (5).

The proof uses abstract upper bounds presented in Section
where IV, is obtained from (4)3 is as in Assumption 2.1, V (namely, Corollary 5.1), and can be found n Section VII-C,
; . Remark 3.1. Memory-UniversalityComparing Theorems
and r is as in (5). : .
. .1 and 3.2, we find that the integrated mean-squared error
The proof uses abstract upper bounds presented in Section . ~ . .
In estimatingm,—when the memory; is unknown—has the

V (namely, Theorem 5.1), and is briefly outlined in Section .
VILC. same rate of convergence, in terms of upper bounds, as the

Now, suppose that the memory in Assumption 3.2 is corresponding error in estimating,—wheng is known.

unknown In this case, without the knowledge of the memory, The depgndence of our estimators on the parameter
. . . L iscussed in Remark 6.7.
¢, We construct an estimateh - by invoking the estimation

- . . e By combining results of Barron [10, p. 129] and Barron,
\s/;rueerge presented in Fig. 2 with the following specific Iangirg'e, and Massart [12, Proposition 6] with the generalized

L . approximation results of Hornikt al.[25] and Yukich, Stinch-

* let by = k() = o(NV) be a function increasing too  compe and White [62], it is possible to relax Assumption
as N — oo, for example,k; = log N; for 1 <p < ki, 31 and the compactness restriction on the set of parameters
let kx(p) = ka(p, N) 2 [/Ni. |; S(p,n)- We do not pursue these extensions here, since our

* letA>20/3;for 1 < p < kyand forl < n < ko(p), 1€t principal focus is on memory-universal prediction of stationary

random processes and not on the richness of the class of

parametric functions employed to achieve this goal.

As an important aside, observe that in Theorems 3.1 and
3.2 the exponents a¥ in the respective rates of convergence
do not depend on the memowy, that is, neural networks
mitigate the curse of dimensionality in estimating the predictor
functionm, which satisfies Assumption 3.3. This fact was first
observed by Barron [10] in the context of regression estimation
for i.i.d. observations.

>(1/2) (8/(8+1)) where Ny, is obtained from (4)3 is as in Assumption 2.1,

Ly ny = [n(p+2)+1] In(327,eD1C; (Nkl)D“)

whereD, > 1/2, 7, is as in (8),D; is as in Assumption
3.1, andC, is as in Assumption 3.3;

e for 1 < p <k andforl < n < ka(p), let Sy, ) be
obtained from (9) by substituting

o® =y (10)

o for 1 < p < kg, for 1 <n < ko(g), and fory € Sg, ),
let fip, (n,)) be as in (7). IV. PREDICTORESTIMATION USING LEGENDREPOLYNOMIALS

The input values presented above are selected, with hindsighffo prevent a notational overload, in this section, we recycle
to establish the following result. the notations used in Section Ill.
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A. Legendre Polynomials scheme presented in Fig. 1 (see Section IIl) with the following

Let {¢(};5; denote the normalized Legendre polynomiSPECIfiC input values:

als [49] which are orthogonal with respect to the Lebesgue® l€tki = ¢, p =g, andka(q) = ka(q, N) > [(N)*/4];
measure on—1, 1], where ¢(") is a polynomial of degree * let A > 20/3; for 1 < n < ka(qg), let

(1—1). Let N={1,2,3,---}. Forp > 1, we now define a _ g (q+4)/2\/7 Dy

tensor product Legendre polynomial §a1l, 1]7, indexed by Ligmy =n" In (2 n(2n = D1(N)"™)

a multi-integerj = (jl, J2, 000, Jp) € IN?P, as where D, > 1;

) (o) Gn) s for 1 < n < ka(q), let S, ) be obtained from (14);
P(p.g) (@) = V(@) (@) e @ (), (A1)« for 1 < n < ka(g) and forv e S(q,n) et fig, (n,0)) bE
wherez = (z1, 29, -+, ) € RP. obtained from (13).
Fix p > 1 andn > 1 Let Note that the estimataf, ) makes no use of the smooth-
- - ness order. The input values presented above are selected,
v(p, n) = n?. (12) Wwith hindsight, to establish the following result.

Theorem 4.1. Memory is Known: Suppose that Assump-
Letl1 =(1,1,---,1) € N? andn = (n, n, ---, n) € IN?. tions 2.1, 2.2, 4.1, and 4.2 hold. Then, for al, > 2
We adopt the convention that the inequalities between multi-
integers are to be interpreted component-wise.IFgrj < n, E[r(1ig, ny, mq)] = 0<M
let a; € R. Let v = (aq, ---, an) represent ay(p, n)- ’ N
dimensional parameter vector. Define a tensor product L&rare N is obtained from (4)3 is as in Assumption 2.1,
gendre polynomial with dimension (or the largest coordinatgz, , isq

. ) as in (5).
wise degree)n — 1) and memory (or time delayg) param-  the proof uses abstract upper bounds presented in Section
eterized byy as

V (namely, Theorem 5.1), and is briefly outlined in Section

) (25/(25+4)) (8/(8+1))

VII-D.
o . ) P Now, suppose that the memoxy in Assumption 3.2 is
fw, (n,v)(x) = clip ; %%w.5)() | ve R (13) unknown In this case, without the knowledge of the memory
= ¢, We construct an estimateih - by invoking the estimation
where scheme presented in Fig. 2 (see Section Ill) with the following
specific input values:
clip(t) = —Lyrco1y Htht1<e<ny + 1<y * let ky = k1(N) = o(N) be a function increasing teo

. : i ) as N — oo, for examplek; = log N; for 1 < p < kq,
ande(, 5 () is as in (11). We restrict attention to a compact | ka(p) = ka(p, N) > [(Nu)M71;
- ? = ’1 1

subset ofIR™*™), namely, o let A >20/3; for 1 < p < k; and forl < n < ka(p), let
n Lip. ny = 2P In (20972 /(20 — 1)P (N, )P
Sp,n) = V- Z an- < 2P 3, (14) ) ( )
=1 where D, > 1;
e for1 < p <k andforl < n < ka(p), Sip,ny bE as
B. Estimation Schemes and Memory-Universality in (14);

for 1 <p <k, forl <n < ka(p), and fory € Sg, ),

let f(,, (n,)) be as in (13).

Note that the estimataf:,r makes no use of the smoothness
order s. The input values presented above are selected, with

Assumption 4.1 DifferentiabilityFor some  unknown hindsight, to establish the following result.
smoothness ordes > 1, assume that all partial derivatives 1neorem 4.2. Memory Is Unknown: Suppose  that  As-
of total orders of the functionm, exist, are measurable,SUMPtons 2.1, 2.2, 3.2, 4.1, and 4.2 hold. Then, fpr= ¢
and are square-integrable. and for Ny, > 2

In this section, we approximate the predictor functiap o N\ 25/ (2s+0) (8/(5+1))
using Legendre polynomials. We note that various other fam-  E[r(y, mq)] = O(T)
ilies of approximants such as trigonometric series, splines,
neural networks, or wavelets would suffice as well. where N, is obtained from (4)/ is as in Assumption 2.1,

In the sequel, we need the following technical condition. and r is as in (5).

Assumption 4.2:Assume that the marginal distribution of The proof uses abstract upper bounds presented in Sec-
X(1,q), namely, Py 4, has a uniformly bounded probabilitytion V (namely Corollary 5.1), and can be found in Section
density. VII-D.

Suppose that the memorky in Assumption 3.2 isknown Observe that Remark 3.1, when properly translated, contin-
In this case, by using the knowledge of the memgrywe ues to hold in the current context as well. The dependence of
construct an estimatofi,, n)y by invoking the estimation our estimators on the paramefers discussed in Remark 6.7.

In this subsection, we suppose that Assumption 3.2 holds,.
that is, the predictor functiomn., has a finite memory;.
We assume thatn, satisfies the following differentiability
condition.
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By modifying our estimators using the ideas in Barron [11harameters associated with the model dimensign ») (for
it is possible to eliminate the logarithmic factor in Theoremexample, see (9) and (14)). By introducing a prior density on
4.1 and 4.2. However, for the sake of simplicity, and also sintiee setS, ) as in Barron [10, p. 129], it is possible to relax
the resulting estimators are computationally more expensitke compactness assumption.

we do not pursue that direction here. For everyv € S, n), let f, (n,.)) denote a real-valued
function on[—1, 1]? parameterized byn, ) (for example,
C. Consistent Estimation ofi. see (7) and (13)). The following condition is required to be

&ble to invoke the Craig—Bernstein inequalities in Lemma 7.1.

In this subsection, unlike the previous one, we do n Assumption 5.1-For each integem > 1 and for ever
assume that the predictor functien., has a finite memory. P - 9 = . y
¥ € Sip,ny, assume thaf, . takes values if—1, 1J.

Nonetheless, we continue to estimate the predictor function— ™! e V)

: . . . . Owing to the “clip” function in (7) and (13), Assump-
moo USING the estimatoriy constructed in the PrEVIOUS tion 5.1 is satisfied for both neural networks and Legendre
subsection. To establish consistencyraf,, we require the polync;mials 9
following technical condition. ' . )

Assumption 4.3:For each memory < p < oo, assume Let p(f’ﬁg) d(inote a metric oﬂl?  the FO{; € 1]’triet
that the marginal distribution ok, ,, namely,?; ), has a (n,n)(€) denote ar(e, p(,, ))-net of the setSy, ,; in other
; ’ words, for everyy; € S, n) there exists an € T, n)(e)

uniformly bounded probability density.
Theorem 4.3. ConsistencyBuppose that Assumptions 2.15uCh thalp, (11, 12) < e. Assume thallfy, »(€) C Sy, n)-
Let L, »)(e) be such that

2.2, and 4.3 hold. Then,

<
Alim E[r(min, mso)] =0 (15) In #(T(p,n)(€)) < Lip, ny(€) (16)
_ _ - whereln = log, and# denotes the cardinality operator.
wherer is as in (5). Example 5.1. Neural Networkd:et notations be as in Sec-

The proof uses abstract upper bounds presented in Sgen Ill. Let g, ) denote a metric ofR”**™ defined as in
tion V (namely, Theorem 5.2), and can be found in Secti®arron [10, eq. (19)], but by replacinfjthere byp. It follows
vii-b. ~ from [10, Lemma 2] by using (8) that for evefy< ¢ < 1 and

To obtain a rate of convergence f@[r(riy, mo)] IN - for every C®) > 1, there exists de, g, »))-N€t Of S, ),
Theorem 4.3, we first need to obtain a rate of convergence fﬁ{me|y'T(p »(€), such that
the “approximation errort(m,,, m.,) under Assumption 2.1. ’

To the best of our knowledge, no such results are currently, (7, < +2)+1]1 =L, (). (17
g #(Lp,n)(e) < [n(p+2) +1]In oz = Lo y(e). (A7)

Since the same estimataiy is considered in Theorems Example 5.2. Legendre Polynomialset notations be as

4.2 and 43, we have that if the pl’ediCtOI’ functi@f},o has in Section V. Letg(p n) be s|mp|y thell metric on]R"/(p:n).

a finite memory, thenny delivers memory-universality, andThe hypersphereS(, ) is contained in the hypercube
even if the predictor function does not have a finite memory. op/2 _ . 9p/2 + 5]n’P which has V0|umq2(2p/2 + 5)]"P-

v delivers consistency. Also, observe that in Theorem 4F‘?Urthermore, the Se{t_Qp/Q _e, or/2 4 5]np can be covered

no smoothness assumptions are imposed on the predi%r(sma”) hypercubes (with respect to the metig ,)) with
function me,. side length(2e/+/nP). Since by assumptiof < ¢ < 1, there

V. ABSTRACT ESTIMATION FRAMEWORK exists a(e, o, n))-net of S, ), Namely,7(, »)(e), such that

2(p+2)/2\/7?
(Tip,my(€)) < n* In 2 = Lp,n)(e). (18)

4rae

In this section, given a sequence of abstract parametric
families of functions, we propose an estimator, gay, for the In #
predictor functionn,, and upper-bound the integrated mean- i ) i
squared error of the estimator in terms of certain indices of ASSUMPtion 5.2:For everyn > 1, there exists a strictly
resolvability. The benefit of abstraction is that we are able {g¢¢aSINg function (i) @, n)(-): (0, 1] — (0, oo) such that
capture the statistics behind the proposed estimation schem®PJp@ll € € (0, 1] and for allvy € S¢, ) andrvy € Ty, n)(e)
the most general case, in a clean, economical fashion, with§(it" 2w, ») (1, v2) < e, we have
worrying about the cumbersome details of the specific cases gy, [ftw, . 00) (@) = S, (0, 02) (@)] S W,y (£)-
of interest. ze[—1,1)p

Throughout this section, fix the number of observ::xtionpsSsumption 5.2 implies that the functiom,, ) is invert-
: P

> . ) .
Nz ible; let w(_pln) denote the inverse. Observe that the inverse
A. Parameter Spaces and Complexities w(—pln)(é) is defined for all0 < ¢ < w(, (1) < oc and

The development in this subsection closely follows that ii@kes values in the rang@, 1].
[34, Subsec. 3.A]. Assumption 5.2 says that the class of parametric functions

Throughout this subsection, fix a memdng p < co. For _
each integer. > 1, lety(p, n) denote a model dimension (for (2, 7) =S, (n,0)) ¥V € Sip,m) }
example, see (6) and (12)), and I€¢, ,,) denote a compact can be covered in the supremum norm oyet, 1}” by a
subset of R7@ ™. The setS(,, ») Will serve as a collection of finite class of functions. In other words, we limit attention to
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classes of parametric functions where upper bounds on tred for every0 < 6 < w(, (1) define the “description
sup-norm covering numbers df(p, ») are available; also, complexity” of the parametef as

see [8], [32], and [34]. This class is sufficient to demonstrate ) B -1

our main contribution on memory-universal prediction of Lv@,6)=2In(n+1)+ L(P:")(w(n n)(é)) (23)
stationary random processes. We note in passing that m ﬁerewm » is as in Assumption 5.2 anfl,, n)(w(—pln)(é))

eneral classes of parametric functions have been considered, = . L
g P Ic Tunct M 19CIS Gbtained from (16) by substituting= w_ ' .(§).

for instance, by Barron, Bigy and Massart [12], Lugosi and (p, n)
Nobel [28], and Lugosi and Zeger [29], [30] in the context of i
function estimation in an i.i.d. setting. B. An Abstract Scheme for Computifig,,, )
Example 5.1 (continued)it follows from [10, Lemma 1], In this subsection, as a building block for the estimation

by invoking Assumption 2.2 and Part b) of Assumption 3.kcheme presented in the next subsection, we outline a scheme
that Assumption 5.2 holds witky(, .y(¢) = 4D,C®e. For to construct the estimatofi(,, y). The estimation scheme

all 0 <6 < wp,n(l) = 4D;C®), the inverse ofw(, »y can presented in this subsection is conceptually the same as that
be written as presented in [34, eqgs. (25), (26)], but is different in details.

For any natural numbey, wherep < N, for any natural

—1 _
w(P,n)(é) - 5/(4D10(p))' (19) numberk;, wherep < k; < N, for any natural numbek,(p),
Example 5.2 (continued)Let v = (a1, -+, an) € for any real numbes, wheré
R"®™ and let 0<6<  min g m(l)
/ / / ( ) 1<n<ka(p) ’
=(a: --- V(P
Vo= (g an) € R and for any real numbek, write
be such thatgg, .)(v, ') < e. The following calcula- N
tion shows that Assumption 5.2 holds wilty, ,y(¢) = é(p): arg min { [(Xi—For o0 (Xiip im1))]?
,n ks i (p,®) (i—p,i—1)
(vV2n — 1)Pe. 600 0 | VR iz%l : :
su n, (&) — n, v (T L@,
ot V(@) = S o) (@] A -N(k )} (24)
a) n
Sxe[s—ulpl}l’ ) (aj — dj)pj(x) Where®, i, (p)) IS as in (21).f,¢) is as in (22),L<P>(Q, 6)
9=t is as in (23), andVy, is obtained from (4). Now, define the
n estimator parameterized {p) as
< | sup on(a)] (a;j — aj) . _
<we[—1,11p ; T e, N) = fip,dp))- (25)

< (1/271 — 1)1’0(]) N We may now interpret the estimation scheme presented in
; Vo =1 ’ Fig. 1 (see Section Ill) as a computationally convenient ver-
= ( 2n - 1) € sion of (24) and (25), which are analytically more convenient.

wherea) follows from (13). For all For the sake of simplicity, in Fig. 1, we writg,, ., instead of
the complete expressiah,,, ,,) (w(_pfn)(é)) and we implicitly
0<6S’(D(p7n)(1) I(\/27’L—1)p set§ = (5(N) — (Nq)_D4.
the inverse ofw(, ,, can be written as Define the p-index of resolvabilitycorresponding to the

estimators,, ny as

B P
w(p:,tn)(é) = 5/(\/2”—_1) . (20) Rip,wy(mp, k1)

Let k2(p) denote a natural number (for examplg(p) > _ L?)(g, 6)
[\/Ny] for neural networks andi(p) > [(N,)Y/?] for T 0conm ) {T(f(Pﬂ)’ mf’)"')‘N—kl} (26)
Legendre polynomials). Le®, ., denote a collection
of parameters of different dimensions, with the maximumwhere®, i, is as in (21),L®) (6, §) is as in (23),Ny, is
dimension less than or equal #g(p), such that each of the obtained from (4), ana(f(,, ), m;) is obtained from (5) by
parameters comes packaged with the index of its dimensigupstitutingg; = f(, ¢y and g2 = m,,.
formally, we write Remark 5.1: The index of resolvability was first introduced
by Barron and Cover [13] in the context of density estimation

B ) for i.i.d. observations, and by Barron [8] in the context of
Otp, ka(p)) = L_Jl {n, v)iv € Sip - (21)  regression estimation for i.i.d. observations.

2if we let 0 < 6 < @, ,)(1), thenw(pl‘n)(é) is well defined. Thus if

It follows from (21) that everyd € O, ,(,)) must be of

the formé = (n, v) for somel < n < ko(p) and for some ,
v € Sipny then, define 0<6< L, n)(1)

Tw,0) = T, (n,0)) (22) thenw(,', (8) is well defined for eacht < n < ka(p).
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Theorem 5.1:Let p be a natural number such that V.

125

Remark 5.2: Observe from the proofs of Theorems 5.1 and

Set k; = p. Suppose that Assumptions 2.1 and 2.2 hol&,2 that the bounds stated in the theorems continue to hold
and that Assumptions 5.1 and 5.2 hold. Then, for all naturaten when the parameteks, k2(p), andé are functions of

numberskz(p), for all real numbers

0<é6< min

1<n<ks(p) W(p,n) (1)

for all A > 20/3, and for all N, > 2

126

A _ A&
E[r(mq,} N)s mp)] < 77R(p7 N)(mp, p) + 7

— (27
to @D

wheren = 4/(A—8/3), ' = (1 —n), 1= (1+n)/(1—n),
andda = (1 + 4e%a).
The proof is briefly outlined in Section VII-B.

C. An Abstract Scheme for Computifigy

For any natural numbet;, wherek; < N, for any natural
numbers{k,(p)}*L, for any real numbes, where

p=L
0<é6< min { min @y (1)}

1<p<ks 1<n<kz(p)

and for any real numbek, write

N
1
p = arg min X, — 5o (X(i—p i)
P e {N— ko i:zklﬂ[ Jip, 6oy (Xti=p,i-n)]

0 L@ (f(p), ) +2In(p + 1) }

. (28)

whered(p) is as in (24) andL® (4(p), §) is obtained from

(23) by substituting = 8(p). Roughly speaking, the adaptive

N.

Remark 5.3:Observe that the index of resolvability (which
consists of an approximation error term and an estimation error
term) in Theorems 5.1 and 5.2 is multiplied by a constant
7 > 1. This implies that, for each fixed/, the upper bounds
established in Theorems 5.1 and 5.2 may not be the best
possible—in the sense of constant multipliers. In a concept
learning (or pattern recognition) setting, Lugosi and Zeger
[30] avoid the problem of constant multipliers larger than
1 by using a Vapnik—Chervonenkis framework. However, in
a mean-squared regression setting, a direct application of
their method of analysis leads to a slower overall rate of
convergence which is less desirable.

Corollary 5.1: Suppose all hypotheses of Theorem 5.2
hold. In addition, suppose that Assumption 3.2 holds and that
q < k1. Then

N _ _2In(g+1
Elr(n ma)] <TG,y (mg. ) +73 2D
126 4aA
— + — 30
no Ny 59

where R, ny(my, k1) is obtained from (26) by substituting
p =4

Proof: The corollary follows by applying Theorem 5.2
with p = ¢ (sinceq < k1) andm, = m, (since Assumption
3.2 holds). O

VI. DISCUSSION

memory p is an estimator of the memory of the underlying Remark 6.1. Related Work&e now discuss the relevant

predictor functionm,.,. We now write the estimatof.y as

(29)

N =G, N) = S, 6

literature to establish a broader context for our results.
» Suppose that the procedsY;}° is binary-valued.

i1=—00

In this case, estimating the predictor functien., is

We may now interpret the estimation scheme presented in
Fig. 2 (see Section Ill) as a computationally convenient ver-
sion of (28) and (29), which are analytically more convenient.
For the sake of simplicity, in Fig. 2, we writé(, 5 ) in-
stead of the complete expressiﬁ@}ﬁp)(w(_pfﬁp)(é)) and we
implicitly set § = §(IN) = (N, )~ P=.

Theorem 5.2:Let k; be a natural number such that <
N. Suppose that Assumptions 2.1 and 2.2 hold, and that
Assumptions 5.1 and 5.2 hold for eath< p < ky. Then,

for all natural numbergkz(p) ;‘)‘1:1, for all real numbers

0<6< min { min

1<p<kt "1<n<kz (p)
for all A > 20/3, for all N}, > 2, and for alll < p < k&

Elr(mn, meo)] <R, Ny (M, k1) +77(my, Moo)
2In(p+1) 126  4ai
Nkl 7 77/Nk1
wheren = 4/(A=8/3), 7' = (1—mn), n=(1+n)/(1-n),
& = (1+4e?@), and Ry, n)(my, k1) is as in (26).
The proof can be found in Section VII-B.

+7A

W(p, n)(l)} ¢

essentially the same as estimating the corresponding con-
ditional distribution ofX, given the entire infinite history
X(_o0,—1)- The latter problem, owing to its applications

in data compression, has received wide attention, for
example, see Algoet [2], Cover [18], Rissanen [37], [38],
and Ryabko [43], [44]. Our work fundamentally differs
from the existing body of work for binary-valued pro-
cesses in that, for binary-valued processes each element
of the sequencgm,, },> is finitely parameterized, while

for real-valued processes considered here the elements of
the sequence are not finitely parameterized.

Suppose that the proce$;}° ___ is real-valued, sta-
tionary, Gaussian ARMA. In this case, estimation of the
predictor functionm, has been widely studied, for ex-
ample, see Akaike [1], Bhansali [14], and Rissanen [39].
Our work fundamentally differs from the existing body of
work for Gaussian ARMA processes, in that, for Gaussian
ARMA processes each element of the sequepag} >,

is linear (in the observations) and finitely parameterized,
while for stationary random processes considered here the
elements of the sequence are neither linear nor finitely
parameterized.
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* Recently, supposing that the procegsks;};2__ is real- * ((d + 1)-Step-Ahead Prediction) If we set(y) = v,
valued, stationary, and ergodic, Algoet [2], [3], Morvai,  and assume thaf; takes values ii—1, 1], then we can
Yakowitz, and Gyrfi [36], and Morvai, Yakowitz, and estimate E[Yy| X (oo, —1)]-

Algoet [35] proposed several nonparametric estimatorse (Conditional Moments Estimation) If we sét(y) = 4,

of the predictor functionn.,, and established universal wheret > 1, and assume that; takes values if—1, 1],
consistency of their estimators. This is distinct from  then we can estimat&[(Yy)"| X (o, —1)].
memory-universality—which is the main focus of this < (Conditional Distribution Estimation) If we sep(y) =
paper. l{y<-}, Where z is a fixed real number, then we can

* Recently, supposing that the procgss;}s2__ is real- estimateP{Yy < 2| X(_oo, —1)}-
valued, stationary mixingale, Sin and White [47] proposed Remark 6.3. Consistent Estimation of., Using Neu-
model selection criteria with the goal of selecting thegl Networks: Observe that we did not establish a result
best (in the sense of the smallest approximation errqghalogous to Theorem 4.3 for the estimatar, based on

of two abstract parametric models of the predictor fungreural networks. Now consider the following relatively strong
tion® m.., and exemplified their model selection criteriagndition.

for ARMAX-GARCH and STAR models. Although we  Assumption 6.1:For eachp > 1, assume that there exists
consider a smaller class of processes, our estimatarscomplex-valued functioni, on IR? such that forz €
are applicable to sequences of parametric families Pil, 17, we have

functions, minimize the overall statistical risk (that is,

approximation erros- estimation error), and are memory- B o N
universal and consistent. my(x) — mp(0) = RP(G = Dyivp(w) dw
» Supposing that the procedsX;}s2__ is real-valued,

exponentially strongly mixing, and that the predictognd that

functionm,, has a finite memory (see (2)), Auestad and

Tjastheim [5], [6] (also see Tjgstheim [50]) and Cheng / ]|y (w)] dw < €', < o0

and Tong [17] proposed two-step schemes (based on the P

nonparametric kernel approach) to estimate the predictor

function m,, without the knowledge of the memoryfor some knownC;, > 0. SetC, = max{1, C}}. Suppose
g. However, no analytical results are yet available fdhat Assumptions 2.1, 2.2, and 6.1 hold, andret be as in
the estimators considered by Auestad and Tjostheifection Ill, where we replace (10) by®) = C,,. Then, it is
and although Cheng and Tong established the ordewssible to show, by proceeding as in the proof of Theorem
consistency of their scheme, they did not establish, like3, that

we do, rates of convergence for the statistical risk.

Remark 6.2. General Regression Estimation Problem: MN — Moo @SN — 00
Although so far we confined our attention to the simple and
intuitively appealing problem of one-step-ahead predictionhere convergence is in the sense of integrated mean-squared
of stationary random processes, our results easily extendetoor. However, owing to the stringent nature of Assumption
a larger class of estimation problems as shown below. L&tl, such a result appears unappealing.
{X;, Y;}2_ . be a stationary random process such thigt Remark 6.4. Compact Parameter Spacé&¢iroughout this
takes values in—1, 1] and ¥, takes values inlR. Let ¢y paper, we restricted attention to sequences of parametric
be a measurable function such thBf(Y5)|? < oo. For families with compact parameter spaces. This assumption is
1 < p < oo and ford > 0, define the regression function as sufficient to treat the examples presented here. However, if the
predictor functionm, is such that one must use a sequence
mp(z) = Ep(Ya)| X (—p, —1) = 7], r € IRP. of parametric families with noncompact parameter spaces to
obtain the best bounds on the approximation error, then the
Given a sequence of observatiofX,, Y;}f\;{d we are in- current framework may prove wanting. It may be possible to
terested in estimating the regression function,. If we extend our framework to more general sequences of parametric
suppose that the proce$X’;, Y;}52__ satisfies Assumption families along the directions considered, for instance, by
2.1, suppose that(Yy) takes values ifi-1, 1], and replaceX; Barron, Birge, and Massart [12], Lugosi and Nobel [28], and
in Figs. 1 and 2 (equivalently, in (24) and (28)) B¥Y,:), Lugosi and Zeger [29], [30].
then we can use the resultinfy as our estimator ofn. Remark 6.5. Order Consistency and Price of Memory-
Furthermore, all our results in Sections 11I-V continue to holdJniversality: In Theorems 3.1 and 3.2 (see also Theorems
Also, observe that by selecting various values for the functienl and 4.2), we established the memory-universality of the
1, we can obtain a number of interesting special cases estimator 2. However, it should be noted thaty is,
follows. roughly speaking,k; (=o(N)) times more expensive to
compute than the corresponding estimatay, ) that does

3Note that although, for the sake of coherence, we have paraphrased Pow the memoryg. It is currently unknown whether the
contribution of the literature dealing with Gaussian ARMA processes [1], [14

[39] and that of Sin and White [47] as estimating the predictor functiog, daptive memory converges tg In SOme sense, nevertheless,
they did not phrase their work as such. my does converge to the predictor functio,.
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Remark 6.6. Conditional Density and Conditional Quan- VII. DERIVATIONS
tiles: Assuming that the predictor functiom., has a finite
memory, we formulated memory-universal and consistent esti- A Sequence of Craig—Bernstein Inequalities

mators form.. . It may also be possible to apply our estimation To furnish the key technical tool required in the proof of

methodology and proof techniques along with the results L S .
Barron and Cover [13], Barron [8], Barron, Begand Massart %eorem 5.2, we now extend the Craig—Bernstein inequality

[12], and White [56] to establish memory-universality an [34, Theorem 4.3]. Sp_eqflcally, in proof of Theorem 5.2,
. . . i, we need to analyze empirical means of the form
consistency of suitable estimators of the conditional dens?f\f/
and of various conditional quantiles &fy given X_., _1). 1 N
Remark 6.7. Dependence of our Estimators @n The N, Z P(X(impi)) (33)
complexity term in (24) and (28) is motivated solely by Pl
the statistical risk bounds we are able to obtain and not %

other information-theoretic or Bayesian considerations. As.a ereN > p > 0 andy is a Borel measurable function

p+1 . . _ . _ . .
consequence, he complexty erm depends expiiy on (g7 1| 0K UG Cralg Dersten bpe nequaly. T
parametefs in Assumption 2.1. In practice, one may get 1, 9 PP q q

since important classes of processes satisfy Assumption g).%eacrm = 0 (the Craig—Bernstein inequality in [34, Theorem

with that value [59]. Note, however, that if the true underlying I]ecrgrrrr]??olmj(\sf to)-tg?afza%e:rnos)ie'n Inequality: Subpose
(3 is larger than the value of used in our estimators, then = P 9~ : quality: Supp

the resulting estimators will deliver a slower rate than th pat Assumption 2.1 holds. Let integers andp be such that

: . > p > 0. Let : R’ — IR be a Borel measurable
obtainable with the knowledge of the trye On the other function. For each—oo < i < oo, let U; = (X, ).

hand, if the value off used in our estimators is larger than th B
true underlying3, then we are unable to quantify the statisticasi?‘sssitr’]r?j) th?ﬂéﬁ' %rd;m%s'jnzd ]}:?gl[Uo] _]12 ' ;r?(tj ]]}g’r ZTI
performance of the resulting estimators. Unfortunately, unli <¢ <' 1/d ' p== T e

1

the parameters “smoothness,” “norm,” model dimension, or

model memory, it does not appear possible to seteat a N )

data-driven fashion using complexity regularization. Furthep 1 Z U, > T + 3CE|U|

more, we are currently unaware of any algorithm for testing | V =7 ;2= 7 3(Np = 2(1 = (dy)

the exponentially strongly mixing condition. < (1 +4e2@)e
Remark 6.8. Comparison with Nonparametric Prediction: = ’

We have from Theorem 3.1 that Proof: The proof closely follows the proof of [34, The-
) orem 4.3]; here we merely point out the main points of
E/[ 1 [112(q,3) (%) = mg(2)]” dF(1, () departure. Since in our cadé = (X(_, ;) the sigma-
—1.1]¢

algebras of events

(25/(240))(8/ (3+1))
- 0<IHNN ) . (3)

o{Ujt(a-1yra=1,2, -+, qg—1}

Now, suppose that the strong mixing coefficient decays alg@”—'d
braically, and that the predictor functian, has continuous o{U; .
and bounded partial derivatives of total orderLet i, n) =)
denote a nonparametric kernel estimator [15], [40], [41] whigh item b) in the proof of [34, Lemma 4.2], are now measurable
uses a kernel of ordey; then it is known that with an optimal with respect to
deterministic choice of the corresponding bandwidth parameter
U{X(j+(a—l)k—p,j+(a—l)k)7 a = 17 27 g — 1}
Elig, vy (@) — mg(@)]? ~ N™/CoF0) g e RY, . .
(32) and o{ X (4 (q—1)k—p, j+(q—1)k) }» respectively. Thus the dis-
Directly comparing (31) and (32), we find that rate of contance between the two sigma-algebras now becomes

vergence for our estimatofi,, vy decreases by the factor p NN N _ o
3/(3+1). However, the above comparison may be inherently Utlg=Dk-p) -G+ @-2k) =k-p.

unfair, since our estimatofu(,, y) selects the model dimen- consequently, in [34, Lemma 4.2], we now must apply the
sion in a data-driven fashion whereas the kernel estimajgfying inequality in Hall and Heyde [24, Theorem A.5] with
My, v) does not select its bandwidth parameter in a datgy _ p) instead ofa(k). In other words, throughout [34,
driven fashion. A fair comparison would involve a keme| emma 4.2], we should replace(k) by a(k — p), and should
estimator which selects its bandwidth parameter in a daapjace the constrairit > 0 by & > p. Also, throughout [34,
driven fashion (using, say, cross-validation). Unfortunatelyinegrem 4.3], we replack® by (k — p)? and replaceV by

to our knowledge, obtaining rates of convergence results fgr_p_ Finally, note that the “number of block#’ in [34, eq.
kernel estimators with data-driven bandwidth selection, '@4)] now becomes

the context of dependent observations, is currently an open
problem. k= [{8(N = p)/c}¥/B+D) 4 p]
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and hence the “block size” or the effective number of obset- < n < ky(p, V) by using the(N, p)-Craig—Bernstein
vations in [34, eq. (39)] now becomes inequality in Lemma 7.1. This would lead to the desired upper
bounds onE[r(my, mso)], if we select the memory as
Ny = (N = p)/k] i, el

_ VRSO
= | @ = [t = s ] 5= ag mm{L W, (n, 1)), )
1<p<hy —-p
which is exactly the prescribed value in (4). O ) L(p)(é(p% §) +21n(p+1) } 7
B. Proofs of Theorems 5.1 and 5.2 Ny

To establish a perspective for the method of analysis us\?vﬂere é(p) and L(P>(é(p), §) are as in (28). Since

in establishing Theorems 5.1 and 5.2, we recall a techniqﬂg(( . .
e p, (n,v)), N) in (37) depends on the predictor
used by Barron [8]. Let{.X;, Yi} be a sequence of function m, (see (35)), implementing (37) would require the

i.i.d. random variables. Define ;ﬁgoiegression function . ks )
f*(z) = E[Yo|Xo = 2]. Given N observations{X;, ¥}, %%Vg:eg\?;;;éhe sequence of predictofis,} ., —which
Barron proposed a certain estlmator, gay of f based_ onan  as a key technical insight, here, we analyze the empirical
abstract sequence of parametric models, and established u%?gcr:ess

bounds on the integrated mean-squared effef /-, f*)] by

analyzing N
N Z ([Xz - f(pm)(X(i—zmi—l))]2
D (Vi = fany(XOP = Vi = (X)) (34) i=kitl
i=1 —[Xi — ma, (Ximpy,i-1))T) (38)

for each parameter with dimensionl < n < N, using the . . .
classical Craig—Bernstein inequality. In [34], assuming that tfigr €ach parameter with memory1 < p < k; and dimension
process{X;, Y;}3°___ is exponentially strongly mixing, we 1 < 7 < ka(p, V), using the (V, k;)-Craig-Bemnstein

analyzed (34) uszﬁwao'?he Craig-Bernstein inequality establishBgduality, and, consequently, obtain upper bounds on

there. Elr(mu, my,)]. Note that the second sum in (38) has a
Proof of Theorem 5.1:Motivated by the above discus-fiNite memoryk,; and does not depend gn Next, by simple

sion, we can upper-bound the integrated mean-squared eRgbabilistic manipulations, we observe that (see Lemma 7.6)

Elr(mp, ~ b lyzi
G (m(p,l\)7 m,,)] by analyzing E[r(my, moo)] = E[r(in, ma )]+ r(mu,, Moo).  (39)

N
W((p, (n, v)),N) = Z (Xi = fop, (n, o) (Xip,i-))? Equation (39) combined with the upper bounds on
i=p+1 Elr(muw, my, )] leads to the desired upper bounds on

—[Xi = mp(Xip,i—1)]?) (35) E[r(sun, moo)]- In other words, instead of estimating..,
] ] we estimatemy, for a growing memoryk; (as N T o0).
for each parameter with a fixedmemoryl < p < N and Then py virtue of theL2-martingale convergence theorem,
dimensionl < n < ka2(p, N). With this insight, the theorem o gre automatically doing a good job in estimating, .
follows by proceeding essentially as in [34, Proof of Theorem 145 make the lengths of various equations manageable,
3.1] but by using the(N, p)-Craig—Bernstein inequality in throughout this proof, we writg = 4/(A—8/3), 7" = (1+1)
Lemma 7.1. . O 77/ — (1 _ 77), 7= 77///77/’ andé = (1 + 46_25).
Proof of Theorem 5.2:Here, we seek upper bounds on | o k; be a natural number such that < N. For each

the integrated mean-squared erigj(ivy, 1moo)]. TO MOt- fixed 1 < < ky, for each fixed—oo < i < oo, and for each
vate our method of proof, we first explain two approaches th@taq g < O p. ko (py)» WIitE

do not work. As a first try, motivated by (34) and (35), one

may attempt to directly analyze Vip.i.0) = [Xi = fip. o (Xticp, i_l))]2
N — [Xi — mu, (X(iiy,i-1))]® (40)
> (X = Fio, ) (Ximp, -0 L
=ptl f(f(p 8) mkl) =~ 1 Z ‘/(p i, 6)° (41)
—[Xi — Moo(X(Zoo,i—1))]?) (36) N =k i=ky+1

for each parameter with memory1 < p < ki(N) and e now proceed with a series of lemmas.
dimensionl < n < ky(p, N). But, since each term in the | emma 7.2:Let p and k; be natural numbers such that

second sum in (36) depends on an infinite past, no meaningfuk: ., <« N. Suppose that Assumptions 5.1, 5.2, 2.1, and
Craig-Bernstein inequalities appear possible for the empiricab hold. Then, for all

mean (36).
As a second try, one may attempt to analyze (35) for each 0<é6< min  we (1)
parametery with memory1l < p < k() and dimension T 1<n<ke(p) '
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for all & € O, k,(p)), for all A > 20/3, for all & > 0, and for each fixedl < p < k. Since the set§{p = p}};jlzl are
for all Ny, > 2 disjoint, we can then pass from (45) to (44) using a union
bound argument. However, we can establish (45) by invoking
P{U'T(f(p, 6y, Miy) > 7(fip, 6 M) Lemma 7.2 and by proceeding essentially as in [34, Lemma

3.2]. We omit the details. O

L9, §)+21 D +1n 1/8 Let 0*(p) be the element of the sk, ,(,)), which attains
A6, 0) + ;(p +1)+n 1/ } the p-index of resolvabilityR,, x, (1, k1) in (26); formally,
k1

we write
< abe—L7(8,8) =2 n(p+1)

(p)
6*(p) = arg min {7’(f(p, 8y, Mp) + A M} (46)

Proof: For —oc < ¢ < oo, write 8EO o1y (v Ni,
Up,i,0) = =Vip,i,0) T EVip, i, 0)] (42) Lemma 7.4:Suppose all hypotheses of Lemma 7.3 hold.
whereV,, ; ¢ is @s in (40), and observe thili, ; 4 }52_., Then, for eachl < p < ki, we have
are identically distributed. By invoking Assumptions 5.1 and
2.2, and by proceeding as in [8], we have that P{n’r(mN, M) 2 7 (fep, 0+ () M)
E[Vip,0,0)] = 7(f(p,0)5 M) N
T ’ L®) 6 (p), &) +2 1 1/6
ElUgp,0,9] =0 LA, )+N1n(p+ )t/ +125}
E|U(p, 0, 0)|2 S 87(f(p, 8)> mkl) ke N
and < @éb.
[Up,0,0)] < 8. Proof: Recall the definition of* in (40) and (41).
Also, it follows from (41) and (42) that LPGH). &) +2n(p+1
N i, mag) + A D) ])VJF CAR)
1 Z U klA
Nk, (. 4,6) . LPYO(p), &) +21In(p+1
Lizki41 = T(f(i),é(i)))’ Mg, ) + A (6) -Z)Vk ( )
= —=7(fip,0), M) +7(fip, 00 Mk, ). (43) R !
_ _ _ a) LP@(p), 5)+2In(p+1)
Since Assumption 2.1 holds and sing&, ; ¢)}52_. are S (S, 00y Mh) + A N
identically distributed, the lemma follows by applying the ) ) (g~ 61 I
(N, k1)-Craig-Bernstein inequality in Lemma 7.1 to (43)  <#(f,, gu())r M) +)\L (0*(p), §) +21n(p+1)
(with d; = 8, 3¢ = 1/A, and 7 = L®)(6, §)+2 In(p+1) ’ Ni,

+1n 1/6) just as the(lV, 0)-Craig—Bernstein inequality was (47)
applied in [34, Lemma 3.1] to (29) there. O

plf)emma [7.3:Let ko, be a r]1atu(ral ?mmber such that < V. where a) follows from (28); andb) follows from (24). The
Suppose that Assumptions 5.1 and 5.2 hold for eack lemma now follows from Lemma 7.3 and (47). O

. Lemma 7.5:Let p and k; be natural numbers such that
p < kq, and that Assumptions 2.1 and 2.2 hold. Then, for :
all A >120/3 for all 6 > 0, for all N, > 2, and for all p < k1 < N. Suppose that Assumptions 5.1, 2.1, and 2.2 hold.
H ’ v1 ’

- Then, for allA > 20/3, for all § > 0, and for allvg, > 2

0<§< mi i (1
= 1§2g1k1{1§%112(p) @D

A In1/6
P{T(f(lf%@*(p))7 ME,) 2 77//7’(10(1079*(10))’ M) + A : }

Ny,
P{n/T(va mkl) P f(va mkl) < ad.
LD @5, 8), 8 +2n(p+1) +1n1/8 Proof: Let V, ; 4+(,)) be obtained from (40) by substi-
+ A 6@, %), 8) N np+l)+inl/ + 126 tuting @ = 6*(p). Fori =k; +1, k; +2, ---, N, write
k1

<ab.  (44) Uti.p.0+@) = Vip.i,00 ) = EVip,i. 00 o))

Proof: Observe thaihy = f]; i and thatriy, ) = The lemma follows by applying théN, k;)-Craig—Bernstein
Fip.4(p))- ThUS, to establish (44), one can first establish  inequality in Lemma 7.1 to the sum

N
R o 1
P {77'7‘(7%, N M) 2 7 (p, ), Mk ) 5 2 Uireo
i=k1+1
\ L@ @(p, 6), &) +2In(p+1)+1n 1/8 N 125} = ([, 0+ ))> M) = T(f(p, 0+ (p))> M)
Ny with d; = 8, 3¢ = 1/, and+ = In 1/6 and by simplifying

< &be2 L) (45)  asin [34, Lemma 3.1]. O
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Lemma7.6:Let 0 < ¢
g € L*(Pq, ), then

< p’' < p” < oo and let
7’(9, mp//) —|— T(mp”v mp”’) = 7’(97 mp”’)-
Proof:

(g, My ) +r(myr, mypn)
= E[g(X 1, py) —mp (X1, pr)) P+ Elmpr (X1, )
- My (X(Lp’”))]2
= E[XO—Q(X(l,p'))]2 - E[XO_mP”(X(LP”))]Q
+ E[Xo—mp (X1, pn)I?
- E[Xo_mp’”(X(lyp’”))]Q
= Elg(X,p)) = mpn (X, pm)]
=7(g, myr). u
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The following upper bounds complete the proof of Theo-
rem 5.2

E[T(m]\r, moo)]
a:)E[T(mN, mp, )] + 7 (M s Moo)
25 2ln(p+1)
<7 R, vy(mp, k1) +7r(mp, my, ) + A .
2
! 77/Nk1 My, Moo
2s = _ . 2In(p+1
SR, Ny (myp, k1) +7r(myp, moo) + 1A %
12 i
77/ 7’]/Nkl

where a) follows by applying Lemma 7.6 (withy = my,
=p,p"” = ki, andp”’ = oc) on a realization-by-realization

Lemma 7.7: Suppose all hypotheses of Theorem 5.2 hoI%S,S b) follows from Lemma 7.7 for each < p < kl, and

Then, for eachl < p < k;, we have

Efr(io, ) <ﬁ(R<p, 3y (mips k) + (s ik, )

2In(p+1)

126 4G\
A\

Proof: Combining Lemmas 7.4 and 7.5, we have
P{U'T(mz\m muy ) 210" 7(Fp, 00 (r))r Mkt )

®) (g 5
VLOE .0 +2p+1) 21/ +125}

Ni,

Ny,
<24 (48)

Applying Lemma 7.6 withg = f, 4+()), P = p” = p, and
p"” = k1, we have

"(f. 62 Mia) = 7(fp, 62y M) + 7(mp, My ). (49)
Now, ignoring the term
—ANLP(6%(p), 6) + 2 In (p + 1)) /(Ny,)
we have from (26), (46), (48), and (49) that

P{U/T(mm my, ) 21" R, ny(my, k) + 7" (myp, my, )

pa 2eHD o5y gy 10 /6} < 238.
Nkl kl
By writing

W = 77/7’(7?71]\’7 mkl) d n//R(p, N)(mp, kl)

—1"r(myp, mi,) — 7' A2 In(p+ 1))/Ny, — 126
and fort > 0 settingé = exp (— Ny, t/(2))), we have that
Ny, t

2\ )7
It is easy to see thgdi¥| < oo, and henceE|W| < co. The
lemma now follows from (50) and [34, Lemma A.6]. [

P{W >t} < 2& exp {— (50)

foIIows by applying Lemma 7.6 (witly = m,, ' = p,
i3
p” = k1, andp”’ = ) and sincey > 1. O

C. Proofs of Theorems 3.1 and 3.2

First, in Lemma 7.8 below, we establish an upper bound on a
certain index of resolvability. We will then establish Theorem
3.1 (respectively, Theorem 3.2) by combining Lemma 7.8 and
Theorem 5.1 (respectively, Corollary 5.1).

Lemma 7.8 A Bound on Index of Resolvabilitguppose
that Assumptions 2.2 and 3.3 hold. Lgtbe a natural number
such thatk; > g¢. Then, for allks(q) > [\/Ny,], for all
§ = (Ny,)~P+, whereD, > 0, and for all Ny, > 2, we have

In ng ) 1/2

R((I’N)(mq, /{}3) = O< .

where R, n)(mq, k3) is obtained from (26) andVy, is
obtained from (4).
Proof: The proof follows by proceeding as in [34,
Lemma 2.2]. We omit the details. |
Proof of Theorem 3.1:Theorem 3.1 follows by combin-
ing Theorem 5.1 (fop = q) and Lemma 7.8 (foks = ¢) in
the manner of Theorem 3.2; we omit the details. O
Proof of Theorem 3.2t follows from our hypotheses
that Assumptions 2.1, 2.2, 3.2 hold, and from Example 5.1
that Assumptions 5.1 and 5.2 hold for dll < p < k.
Consequently, all hypotheses of Corollary 5.1 hold, and we
have for all0 < §(N) < (4D.Cy), for all A > 20/3, for
g < k1, and for all NV, > 2

Elr(riuy, mq)l = O(Rg, xy(myg, k1)) +O0(6(N))+O(NH)

/2

a) 1nNk1>1 < 1 )

2o +O[ ——
<Nk1 (Nkl)D4

b (I V) A ED)
N

where a) follows by applying Lemma 7.8 withks = k1,
k2(q) > [/Nk, |, and§(N) = (Ny,)~P4, where Dy > 0;
andb) follows if we let Dy > 1/2, and from (4) by simple
algebraic manipulations sindg = o(N). O
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D. Proofs of Theorems 4.1-4.3 bound M, > 0 on the probability density of the marginal

First, in Lemma 7.9 below, we establish an upper bound offfistribution P, o). Hence
certain index of resolvability. We will then establish Theorem
4.1 (respectively, Theorem 4.2) by combining Lemma 7.9 ang/g mm [ r(fq, (n,v)> Mq)]
Theorem 5.1 (respectively, Corollary 5.1).

Lemma 7.9 A Bound on the Index of Resolvabili8uppose — min / g, (oo (@) —m ()] APy, ()
that Assumptions 2.2, 4.1, and 4.2 hold. ligtbe a natural v&Sig,my | J1-1,1] o ! 4
number such thaks > ¢. Then, for allky(q) > [(Ny, )Y 7],

§ = (Ny,)~P+, whereD, > 0, and for all Ny, > 2, we have < Juin [Mq/ [fe, (n, o () — mg(@)] da:]
vES (@ m) [(-1,1]¢
In Ny, 2s/(25+q)
Req (s k) = 0 M5 <MY () (51)

je{1<i<n}ecIN?
where R, n)(mq, k3) is obtained from (26) andVy, is
obtained from (4). where
Proof:

b= [ mae)o,a (@) ds
Rg, ny(mg, k3) @) = f g, "D

2 min { min  [r(fig, (n, )5 Mq)] and the polynomialp(, ;) is obtained from (11). Now, ob-
Lsnshke(a) | ¥€Sam taining upper bounds on the tail term in (51) is a standard
L(q,n)(w(_qln)(5))+2 In(n+1) exercise in multivariate approximation theory. Specifically,
+ A ’ N, under Assumption 4.1, it can be shown that
b K/
S) min {K;S Z (b(q,j))2 < n—gls
1<n<ka(g) | jE{lﬁiﬁn}CC"\]q
Lig,ny (@l (6) +2 In(n+1) _
+ A N see, for example, Canuto and Quarteroni [16] or Sheu [46,
ks Theorem 4.2]. Finally, sef; = M, K7{; c) follows from
o) . K, nd Kond/? (18) by setting K, = 2(2+2/2 and also sinceky(q) >
< 1§n§1[?1{},}3)1/q1 n2s +)‘ng In (@ 2 (&) [(Ng)Y 15 d) follows by settings = (N, )~ P4 for some
“lam) Dy > 0; e) sincen < [(Ng,)/?], follows by setting
L 2Iln(n+1) K3 = Ky 2°U? and Ky = (D4 + 1); f) follows by setting
N, K; = max { K4\, 2\} and by setting{s = max {Ké/l”, 2}
QO K, 9) folloyvs by settingk'; = 2K;(max {In Kg,_l}); h) follows
< min {? by settingn = [(NVy, /(In Ny, )L/ 25197, which takes values
L<n<[(Nig)t/e] (1 in the set{1, 2, - -+, [(Ny, )Y/ 9]} for Ny, > 2. O
n? Proof of Theorem 4.1:Theorem 4.1 follows by combin-
A In Kon?2(2n — 1)9/2( N, YP4 roo A . y
* Ny, n Kon®(2n = 17 (Ns) ing Theorem 5.1 (fop = ¢) and Lemma 7.9 (foks = ¢) in
2In(n+1) the manner of Theorem 4.2; we omit the details. O
A Ny, Proof of Theorem 4.2t follows from our hypotheses
o) K that Assumptions 2.1, 2.2, and 3.2 hold, and from Example
< min {_215 +>\N In K3(Ny, )™ 5.1 that Assumptions 5.1 and 5.2 hold for all< p < k;.
LEnS[(Neg)t/e] (1 ks Consequently, all hypotheses of Corollary 5.1 hold, and we
e ln(2Nk3)} have for all0 < §(V) < /3, for all A > 20/3, for ¢ < ki,
Ni, and for all N, > 2
f) _ K nd
= Lnzltve {n— * Km b KGNks} Elr(rivy, mq)] = O(Rig, vy (my, k1) +O(8(N))+O(N )
2s/(25+q)
g) . K a) <ln Nk1> < 1 )
< =t N, =0 — +O| 5
S eneflt g {5+ " N
L) In Ny, \ 2/ b oI N (2/2o+a)(B/(A+L)
S(K1+2K7)<W> - N

wherea) follows from (21), (23), and (26), wher§, ) is where a) follows by applying Lemma 7.9 withkz = ki,
obtained from (14).f(,, (n,.)) is obtained from (13)L, ny kao(q) > [(Nkl)l/(q, andé§(N) = (Ny, )~ P4, where Dy > 0;
is obtained from (18), andw ql is obtained from (20)b) it and b) follows if we let D, > 1, and from (4) by simple
follows from Assumption 4.2 that there exists a finite unifornalgebraic manipulations sindg = o(V). O
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e

Proof of Theorem 4.3:Choose a smalf > 0. We know _ . .
by the L2. martingale convergence theorem thétn,,, moo.) M cnn @) ,,EIE(IFI}M[T(f ®. (n,v)), Mp)]
monotonically decreases thasp — oo. Hence, there exists

an integerp such that L Leg, ) (@, (6(N))) +2 In(n + 1) }
N,
T{mp, Moo S 5 2ﬁ (52)
i o) < 6/ + /24 0(1/N,)
where constany is as in the hypothesis of Theorem 5.2. 4 )
For j € IN?, define <7 dmin (@, .0 m5)]
(@, 7)
. —1 —
bp,5) = / mp(x) e, 5) (%) de (53) + A Lo (w@’ﬁ)(é(N))) T2+l
(1,17 K Ny,
where the polynomiap; j(z) is obtained from (11). Write + §/2+0(1/Ny,)
e) _
Vo = (b@,1)s s b)) G4 ST @) M)
- - L, m) (@ m(8(N))) +2In (7 + 1)
wherel = (1,1, ---, 1) e NP andn = (n, n, ---, n) € IN?. + 7A ARAAD) ~
It follows from Parseval's identity that ki
+ £/2+O(1/Ny,)
N2 (2 B f)
Y Ggar= [ m@res? 65 L
jelN 7P In [20+2)/27P/2(274-1)P/2( Ny, )P4]4+-2 In (R+1)
where the last inequality follows since the range rf Niy

is [-1, 1]. Since the polynomial systenw@j)}jelN; is + O(1/Ny,)
complete and orthonormal for the space of measurable, squarey In Ny,
integrable (with respect to the Lebesgue measure) functions o O<T)
[—1, 1]7, there exists a dimensiom such that '

(59)

) where a) follows by invoking Theorem 5.2 fop = p, for

n all 0 < §(N) < /3, for all A > 20/3, for all ky(p, N), for

/ _ [Z b@,3)¢@,3) (%) = mﬁ(x)] dx all N, > 2, and for all largeN such thatk;(N) > 7; b)
T = follows from (52) and by setting(N) = (Iy, )=+, where
<&/(2nMg) (56) Dy > 1; c) follows from (21), (23), and (26), wher§ ) is

_ _ . obtained from (14) /3, (z, ..)) is obtained from (13)L =)
wheren = (7, 7, ---, 1) € IN” and My denotes the uniform js gptained from (18), andv' is obtained from (20)i)

bound, which is finite by Assumption 4.3, on the probability,;|4s for all largeN such thatkl(N) > 5 andks (5, N) > 7;
density of the marginal distribution”; 3. Since clip is e) follows since we have from (14), (54), and (55), that

continuous, we have from (13) that vz € S, f) follows from (58) and from (18) and (20);
) andg) follows by simple algebraic manipulations.

/[_1 lﬁ[f(ﬁ(ﬁ,v;))(x) — mp(x)]” de Since we may choosé as small as desired, and since

’ B 9 Ny, — oo (sincek; = o(N)), the theorem follows from

” (59). O
S/[ L Zb(ﬁ,j)¢(ﬁ,j)($) —mp(z)| de. (57)
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