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Maximum Transition Run Codes for Generalized
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Abstract—A new twins constraint for maximum transition erate storage densities, the introduction of partial response max-
run (MTR) codes is introduced to eliminate quasi-catastrophic jmum-likelihood sequence detection (PRML) (see [4] and ref-
error propagation in sequence detectors for generalized partial orences therein) requires a different class of constrained codes.

response channels with spectral nulls both at dc and at the . .
Nyquist frequency. Two variants of the twins constraint that This class of codes, collectively known as PRML(I) codes,

depend on whether the generalized partial response detector facilitates timing recovery and gain control, and limits the path
trellis is unconstrained or j-constrained are studied. Deterministic memory length of the sequence detector, and therefore the de-
finite-sta;e_: transition diagrar_ns that present the twins constrai_nt coding delay, without significant degradation of detector per-
are Spec'f'te?j’ a?ﬁéhﬁocfﬁ:cﬂgynmﬁgaréeevﬁ&'asf} 0221'115;2?5“;?:3& formance. The most widely used code rates in the industry have
IS computead. .

MTR(jg) constraints is clarified. Code desién methodologies that been 8/9 [S5] and 16/17 [6]. Ir,] general, high code rates ar-ld smgll
are based on look-ahead Coding in combination with violation error burStS at the modulatlon deCOder Output are deSIl’able In
detection/substitution as well as on state splitting are used to order to minimize performance degradation due to rate loss and
obtain several specific constructions of high-rate MTR codes. error propagation at the modulation decoder.

Index Terms—Constrained coding, magnetic recording, max- ~ More recently, maximum transition run (MTR}, (k) codes
imum transition run codes, modulation coding, quasicatastrophic have been introduced by Moon and Brickner to provide
error propagation. coding gain for extended partial response channels [7]. The
maximum possible code rate for the original MFRE 2, k)
constraints was less than 8/9, leading to an unacceptable loss
] ) ) of performance due to the low code rate. Time-varying MTR

HE THEORETICAL foundation of coding for input-con- ; — 9 3 constraints permit the design of higher rate MTR

strained channels, also known as modulation coding, Wggdes at the expense of incorporating jheonstraint into the
established in Shannon’s classic study of discrete noisel@ssyy 16-state detector, i.e., by implementing a time-varying
channels [1]. Among the various methods for constructingeliis in the sequence detector. The rates of the codes that
efficient modulation codes that have been developed in thgye been designed to satisfy time-varying MTR constraints
past 50 years, the state-splitting algorithm of Adi¢ral. [2] 5e g/9 [8] and higher [9], [10]. These various classes of
provides a systematic and mathematically rigorous approgagh R codes increase the minimum Euclidean distance in the
to designing finite-state encoders and sliding-block decodesguence detector by eliminating the dominant error events and
for finite-type constrained systems. In practice, however, glfe therefore known as distance-enhancing codes. In general,
approaches to code construction including state splitting ag performance-enhancing features of the class of high-rate
others such as look-ahead coding require that the right choi§gg$r codes render them more attractive than conventional
be n_1ade during the code construc_tion _procedure in order(@ I) codes. Ultimately, the coding gain of an MTR code
obtain good codes. For an extensive discussion of the laigejetermined by the tradeoff among various factors such as
body of work on modulation coding, the reader is referred {gte loss, error propagation at the MTR decoder, and perfor-
[3]. mance-improving properties of the MTR code.

Peak detection systems employing runlength-limited (RLL) | this paper, we focus on MTR codes that also have con-
(d, k) constrained codes are predominant in digital magnetigaints to aid timing recovery and gain control, as well as
storage at low densities. RLIL(%) codes reduce the effectsyy |imit quasi-catastrophic error propagation in the sequence
of pulse interference and prevent the loss of clock synchrgetector. In particular, we develop a framework for analyzing
nization. Rate-2/3 RLL(1,7) and rate-1/2 RLL(2,7) codes hawg,asi-catastrophic error propagation in the context of MTR
been widely used in the digital recording industry [3]. At modeodes. For this purpose, we introduce an additional constraint

that applies to all classes of MTR codes. We refer to this new
class of constraints as the twins constraint. The definition of
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Fig. 1. Recording system model.

via deterministic finite-state transition diagrams allows thare usually RS-encoded, we follow convention and assume
computation of maximum possible code rates for the new clabst there are no constraints on these inputs; so the allowable
of MTR constraints that includes the twins constraint. input sequences are drawn from the Batf all possible binary
Conventional ¢z, I) codes and MTR codes have been dissequences. The modulation encoder generates binary sequences
cussed separately in the literature, but no connection has b¢ep} € X that satisfy a desired constraint, such as PRWL{)
made between them. We show thét (I) codes are intimately constraints [4]-[6], [12] or MTR constraints [7]-[9], [13]-[16].
related to MTR codes. Specifically, we demonstrate that préhe modulation encoder is followed by a precoder of the form
coded (7, I) constraints are a subclass of precoded MTR coi/(1 & D) (in the MTR case) oil /(1 & D?) (in the @G, I)
straints. This relationship allows an alternative code construmse). The output of the precoder is then mapped into two-level
tion methodology for ¢, I) codes that is based on employingchannel input sequencgs;} € Y, wherey; € {—1,+1} and
a different precoder, namely, the precoder used by MTR codé&s.denotes the set of all possible channel input sequences. In
Finally, we present constructions of several high-rate efficietite following the set of all bipolar sequences over the alphabet,
MTR codes having a variety of special properties. Two codet1, —1} is denotedB.
design methodologies are employed. The first one, look-ahead he generalized partial response channel characterized by the
coding in combination with violation detection/substitution, igolynomial I'(D) = 1 + Ele f:D?, whereL is the channel
a method that gives a great deal of freedom to the code desigm@mory andf;, : = 1, 2, ..., L, are real coefficients, models
and can lead to good codes if the code designer makes judicieughain of signal-processing functions in disk drives, including
choices. The second one involves the state-splitting algorithwiite  precompensation, write driver, magnetic read/write
and is based on the mathematical discipline of symbolic dprocess, preamplifier, automatic gain control, low-pass
namics. For an introduction into symbolic dynamics, the read@ltering, sampling, equalization, and noise whitening. In
is referred to the textbook [11]. particular, we will consider the important class of channel poly-
The paper is organized as follows. In Section 1l, we descrit®@mials of the form#'(D) = (1 — D)*(1+ D)™(1 — P(D)),
the recording system model, emphasizing modulation codingherer, m > 0, P(D) is an approximation of a predictor filter
generalized partial response shaping, and detection. In Saed1 — P(D) is assumed to have no roots on the unit circle
tion 1, we characterize the sequences that must be eliminafdd]. In this case, the output of the partial response channel is
in order to limit quasi-catastrophic error propagation when affD)F (D), and the noise at the input to the detector can be
MTR code is used on a generalized partial response channelapproximated by an additive white Gaussian noise (AWGN)
Section 1V, we make some general remarks about computiggurce, provided that the equalizer and the predictor filter are
capacity for constraints that simultaneously satisfy MTR cosufficiently long [17]. This class of generalized partial response
straints, facilitate timing recovery, and limit quasi-catastrophighannel polynomials is significant in practice and, when com-
error propagation. We also present tables of the capacitlised with sequence detection, gives rise to noise-predictive
of such constraints. In Section V, we establish a connectiomaximum-likelihood (NPML) systems [18], [19].
between the standard PRME(I) constraints and MTR  The Viterbi detector in Fig. 1 performs maximum-likelihood
constraints; in particular, we show how an¥,(I) constraint sequence detection on the generalized partial response trellis
can be regarded as a special kind of MTR constraint. &nd provides an estimate of the channel input sequéfigec
Section VI, we provide several constructions of specific MTR', whereY” is the set of possible output sequences of the Viterbi
codes using block coding and look-ahead coding techniquesditectory}” containsy”, and typically,Y is a proper subset af .
Section VII, we give constructions of specific MTR codes usinghe detector is followed by the inverse precoder of the fdréa (
the state-splitting technique. Finally, Section VIII contains &) (in the MTR case) orl( ¢ D?) (in the (@, I) case). Finally,
summary of the main results and conclusions. the modulation decoder delivers an estimate of the recorded bi-
nary sequencél;} € B.
Two types of detector trellises will be considered: uncon-
Il. CONSTRAINTS FORRECORDING CHANNELS strained trellis, which is the standa2d-state generalized par-
tial response trellis (heré?, = B) and constrained trellis, where
some edges or states are deleted from the standard trellis and the
The communications model of the recording system cotrellis may be time varying (her&, G B incorporates certain
sidered in this paper is shown in Fig. 1. This model catonstraints of the modulation code). As the precoder is invert-
also be regarded as the recording chain seen by an olitde, the set of all possible sequencEsat the output of the
Reed-Solomon (RS) encoder/decoder. The input sequencént@rse precoder will satisf‘ﬁ = B for unconstrained trellises
the modulation encoder is a binary sequence denéte} andX ¢ B for constrained trellises. In particul@ﬁ may differ
whereb; € {0,1}. Although the inputs to the recording systenfrom X .

A. Recording System Model
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The modulation code and the detector trellis are often Similarly, it can readily be seen that for an arbitrary channel
designed jointly in order to improve performance. For examplpolynomial F'(D) that has spectral nulls at dc and the Nyquist
the MTR constraint, denoted/(j) or MTR(j), limits the frequency, the channel input sequences ¢ 1) and 1+1)
number of consecutive ones jo Equivalently, at the partial with a spectral line at the Nyquist frequency should also be
response channel input, the maximum runlength of alternatiefiminated. For example, for channel polynomials of the form
+1 and —1 symbols isj + 1; we denote this associated(1 — D?)(1 — P(D)), the channel input sequencesl(, (—1)
constraint byM.(j). If the code constraint is incorporatedwith a spectral line at dc together with the sequeneeis- 1),
into the detector, then the Viterbi detection process can yidld1 + 1) with a spectral line at the Nyquist frequency should
coding gain (at least for some partial response targets [7]). Bs eliminated. The well-know&'-constraint (which is simply a
an added benefit, there can be a reduction in complexity of theconstraint in this context) limits the maximum length of zeros
Viterbi detector: it can be shown that fdr = 4 andL = 5, at the input of thel /(1 & D?) precoder to& or equivalently
the (j = 2)-constrained generalized partial response trellis hasiits the maximum length of channel input patterns of all four
14 detector states instead of 16 [7], [13] and 26 detector statgses (1), (—1), (+1 —1),and 1+ 1) to G + 2.
instead of 32, respectively. In both cases, the set of sequences amnother desirable code property is the elimination of
the output of the Viterbi detector will be the bipolar sequencegiasi-catastrophic error propagation that is inherent in max-
Y = M.(j = 2), and the set of sequences at the output of themum-likelihood sequence detection for partial response

inverse precoder will be& = M(j = 2). channels with spectral nulls [21]. This property allows a reduc-
. tion of the path memory size of the sequence detector without
B. Undesired Sequences degrading its bit error rate performance. Quasi-catastrophic

The issue of undesired sequences at the input to a partial¢&0r propagation is avoided by eliminating channel-input
sponse recording channel has received a great deal of atten@61®" sequencege;} = {y; — ¢;} that have spectral energy
in the past, especially in connection with PRML detection. F&nly at those frequencies where the channel has spectral nulls.
example, a string of consecutive ones at the input to the pfear channels of the fornil — D)™ (1 — P(D)), m > 1,
coder requires the write head to switch so fast that it may not B %-constraint at the input of a/(1 & D) precoder is
able to saturate the medium; thus, an MTR constraint is usefyifficient to eliminate quasi-catastrophic error propagation,
for eliminating undesired sequences (in addition to the benefgcause it limits the maximum length of channel-input error
of enhanced coding gain and decreased complexity, mentiomédterns of type {£2), (-2) to & + 1. For channels of the
in the previous section). As another example, the presencef@m (1 — D*)(1 — P(D)), it can readily be seen that it
a long string of zeros at the partial response channel output éa@rhecessary and sufficient to limit the maximum length of
degrade the tracking performance of the timing and gain contgdlannel-input error patterns of the type2), (-2), (+2 - 2),
loops [4]. In addition, a long string of zeros in the subsequente?2 + 2), (+2 0), (0 +2), (=2 0), (0 — 2). In general, these
of even bit positions (or the subsequence of odd bit positior@)annel-input patterns exhaustively characterize the undesired
can require a long path memory for the sequence detectordi#@si-catastrophic sequences for arbitrary channel polynomials
order to avoid significant performance degradation. Lucid tredf the form F'(D) = (1 — D)™(1 + D)"(1 — P(D)), where
ments of these issues in connection with partial response chanm > 1 (see also [15]). The well-knowfi-constraint at the
nels of the formF (D) = (1 — D)™(1 + D)*, n, m > Ocan inputof al/(1 & D?) precoder limits the maximum length
be found in [3], [15], and [20]. It can readily be seen that thef channel-input error patterns of type-%), (-2), (+2—2),
same results hold for generalized partial response channel§-of + 2) to 21 + 2 and of type ¢-2 0), (0 + 2), (=2 0), (0 - 2)
the formF'(D) = (1 — D)™(1 + D)*(1 — P(D)), n, m > 0 021+ 3. Note that an additiona¥-constraint(z < 21, further
(again,1 — P(D) has no roots on the unit circle). reduces the maximum length of error patterns of type)(

In order to facilitate timing and gain control algorithms, thé—2), (+2 — 2), (=2 + 2).
only channel input sequences that need to be eliminated are
those that have spectral energy at the frequencies where the
channel has SpeCtral nulls. In particular, for channels of the form” QUAS|-CATASTROPH|C ERROR PROPAGATION FORMTR
(1—-D)™(1— P(D)), m > 1, channel input sequences) CONSTRAINTS
and (1) with a spectral null at dc should be eliminated, where
(s) denotes the sequence that is obtained by periodically redn general, MTR{, k) codes do not avoid quasi-catastrophic
peating the string, e.g.,(ab) = ababab . ... The well-known error propagation in sequence detectors for partial response
k-constraint limits the maximum length of zeros at the input athannels with spectral nulls both at dc and the Nyquist
thel/(1 @ D) precoder td: or equivalently limits the length of frequency. Thek-constraint avoids channel-input error se-
channel input patterns of type-{), (—1) to £ + 1 (note that an quences that have spectral energy only at dc, whereas the
MTR(y) constraint becomes /&constraint under binary com- j-constraint avoids channel-input error sequences that have
plementation). We use the notatid#(j, k) to denote the con- spectral energy only at the Nyquist frequency. Therefore, an
straint that is simultaneouslyandk constrained (and likewise additional constraint is needed to limit the maximum length
M.(j, k) to denote the associated constraint at the partial ref channel-input error sequences of type2@©), (0+2),
sponse channel input). Typically,needs to be small (on the(—2 0), (0—2) that have spectral energy both at dc and
order of 1, 2, 3, or 4) in order to have any significant effect, batt the Nyquist frequency. In the remainder of the paper,
k can be much greater (on the order of 10 to 15 or even largake will concentrate on channel polynomials of the form
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F(D) = (1-D)y"(1+ D)y(1- P(D)), m,n > 1, which 0
; ; (a) -
contain spectral nulls at these two frequencies. 3 A,
A parameter that is closely related to the truncation depth of

the trellis is the maximum number of branches associated with

two distinct trellis paths that have the same sequence of output 0
labels and, therefore, accumulate zero distance. We define the (b) l I { T’
maximum run of accumulated zero-distance as - >
A Fig. 2. FSTDs presenting constrained systems: (a) MTR{ 2) and (b)
r=max{nie; =ey=--=¢e,_1 =&, =0} (1) MTR@ = 3).

where {¢,} is the channel-output error sequence wih
transforme(D) = (y(D) — 4(D))F (D) [16]. We emphasize
that {;} should be a valid channel input sequence, whereas :
{#:} can be a sequence that corresponds to any trellis path. :
Clearly, the sequence detector suffers from quasi-catastrophic

error propagation if = co. In practical systems; is usually Fig. 3. FSTD presenting constrained system MTR{(2, k = 4).
a small number. For example, it can readily be verified that

for (G, I)-constrained NPML systems, = 27 + 3 — L. A
value ofr on the order of 20 to 30 can be effective for limitin

guasi-catastrophic error propagation with modest additions'aﬁ)'l’etJr 1 consecutive pairs of zeros or ones at the MTR en-

complexity. . : . .
. . oder output; we use the notatidvi (j, k, ¢) to denote this
They andk constraints of an MTR code ensure that the Iengﬁ\}vins constraint that is also simultaneouglgndk constrained.

of the channel-input error patterqs;} of type #2), (—2), : :
X PR ) .~7'  For example, the string 1100110011 would be allowed i
(+2-2), (-2+2)isatmostmax(j + 1, k +1); thus, afinite - "\ 0 oas it would be forbidden, # = 4. Therefore, the

Egaj_('g; u(nj ;eg)gtg)(f ;;] ?Sn::(l;gzgtregg; psit;f?gir::n?gwfa?;’met—constraint for unconstrained detector trellises implies an upper
' ' y 9 Bound of2t + 1 on thej andk constraints, i.ej < 2t +1

a finite r and to render the code nonquasi-catastrophic. andk < 2¢ + 1. Consistent with our earlier notation, we use

sios & twins consrai, lso referted (0. as-aonsran, - 1) 0 denote the corresponding consiraint a the par-
’ ’tial response channel input.

I(f‘tl\;{vi?\(;?)str?z:tta?gotvr\\lé En{a\fogc?r(:\c?g\r/neer?? (I)l‘fS a(;fazlli rv(\)/Zb?(; gtr:iis A finite-state transition diagram (FSTD) is a useful way to
WA N at t%e ouf Ut of the inverse recode}("epresentaconstraint. Such a diagram consists of states (or ver-
Zjl”e;j’g;’ e T2t P P tices) and labeled, directed transitions between states such that
' : . . the allowable constrained sequences are precisely the sequences
th qu example, |fdthe sttrlngt] 90119[011110% '(Sj a”OV_Vab'? %tbtained by traversing paths of the diagram. The FSTD is called
€ inverse precoder output, 1.€., s precoded VErSIon 1S gty e ministic if at each state, all outgoing transitions have dis-

allowable string on the trellis, and= 5, then the complement tinct labels. For instance, the MTRE 2) and MTR(j = 3)

110011000011 is forbidden at the encoder output. This aégnstraints are presented by deterministic FSTDs in Fig. 2, and

ditional t-constraint on the MTR encoded sequences ensuEEg MTR( = 2, k = 4) constraint is presented by a determin-
t

a finite maximum run of accumulated zero-distance, whi ic FSTD i Fig. 3. For theZ(j, &, #) constraint, a determin-
implies no quasi-catastrophic error propagation. The reaagtric FSTD is deécribed as foligwé '

may verify that a twins _constralnt, together with andk con- We label the states of this FSTD with pafrs— 3, ), where
straint, leads to a maximum run of accumulated zero-distance

; . h I h of i h i, th
r = max(j + 1, k + 1, 2t + 3) — L. The twins constraint « 1s the runlength of ones ending at the current stéts the

can be characterized by a finite set of forbidden strings arlgplength of zeros ending at the current state, qifthe run-

is therefore a system of finite type [11] (as are other Wide'1ength of binary sequences of type a; a5 1404033202010

. . : . r...asas ending at the current state [22].
used constraints in magnetic recording, such as RLE], 505 Q4040303023201 g [22]

Py NS or example,...10001111 leads to the state (4, 6), whereas
PRML(G, 1), and MTR(, ) constraints); suc.h systems ‘e”‘.f .100011110 leads to the state, 7), indicating that there
to be more amenable to good code construction.

- : : . ..is a transition from the state (4, 6) to the statel( 7) labeled
Note: The definition of a twins constraint requires a specifi . . . . .
cation of a detector trellis; in particular, the twins constraint bo' The set of vertice$” associated with this FSTD lies on an
. ; , I part ' . ' |¥|teger lattice and can be described by the union of two sets
itself, does not in general specify a constrained system of se-

the inverse precoder output is the set of all binary sequences,
X = B. In this case, thé-constraint must forbid all pos-

quences.
V={(w,):l<a<yj 1<y<2+1
A. Twins Constraint for Unconstrained Trellis a < 7, o =~ mod 2}
If sequence detection is performed on an unconstrained gen- U{(=B,7):1<B <k, 1<y<2t+1

eralized partial response trellis, the set of valid sequences at 8 <, 3 =~ mod 2}. (2)
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——— 15

16

13 Fig. 5. Relationship between MTR-constrained systems and detector output

sequences.
B'——» 17
9

output. Assuming an unconstrained trellis, we have the par-
tial response channel input sequentes M.(j, k, t), repre-
_sented by the innermost solid circle, and the detector output se-
5 5 4 5 5 4 T 2 3 a;ﬂ quenced” = B represented k_)y the outermost solid _circle. 'I_'his
corresponds to the case studied in the previous section. By incor-
Fig.4. FSTD presenting constrained systefi3, 6, 4) (an arrow represents porating thej-constraint into the trellis of the sequence detector,
a set of transitions, and the number next to an arrow indicates the terminal sigig effectively constrain the possible detector output sequences
associated with that set of transitions). to Y = M.(j) represented by the outermost dashed circle.
Thus, new potential encoder output sequences represented by
the area between the innermost solid and innermost dashed cir-
cles are allowed. We denote the constraint defined by the inner-

Forj > 2, the total number of state¥ is then given by

N=(+kt+2- 1 [ﬂw qdw + 1) most dashed circle by/’(j, k, t), with the corresponding con-
2] 2 2 straint prior to precoding denoted By’ (., k, t). Note that the

1 {dJ <{dJ N 1) 1 [gw set differenceV’ (4, k, t)\M(j, k, t) consists of all sequences

2 2 2 2 2 that satisfy the MTRY{, &) constraint and contain a string of at

k-3 115-3 kE—3 leastt + 1 pairs of zeros or ones but whose complement violates
’ 9 +1) - 2| 9 2 +1), ) the MTR(j) constraint. Note that fof = 2 or j = 3, anyj-con-
strained sequence consisting of consecutive pairs of zeros or

and the state transitions are given by the rules ones and whose binary complement is glsmnstrained must
. ) consist of an alternating string of 00 and 11, andMt(j =
(e, v) = (e + 1, v+ 1), ifa>1, 2, k, t) simply requires that the maximum length of a string of
(a+1,y+1)eV the form 00110011.. or 1100110Q.. be2t (in addition to the
“07: (a, v) — (=1, v+ 1), if o >1 v=0mod 2 M(j = 2, k) constraint).
oy ; For the M'(j, k, t) constraint, a deterministic FSTD is de-
0: (cv, -1, a), if «>1,v=1mod 2 _ ) 1o @ PR : .
. (e 7) = @) ) =5 e scribed as follows. The sat’ of vertices for this FSTD lies
0:(=fy) = (==L r+1), =1 again on an integer lattice and can be described as the union of
(=B-1Ly+1) eV  three sets (we consider only the cése j)
(=8, = (1, v+ 1), if 3>1, v=0mod 2
“17: (=8, v) — (1, B), if #>1,v=1mod 2. Vi {(a,y):1<a<jl<y<2+1 a<ny
4 _
a =y mod 2}
Fig. 4 illustrates the 34-state transition diagram for the con- U{(=0,7):1<38<4 1<~v<2t+1, §<y
straintM(j =3,k =6,t =4). B =~ mod 2}
B. Twins Constraint foj-Constrained Trellis U {(_/3 V:j+1<p<k,y=2 {LJ } (5)
7 - — — 7 2 N

For channels with memory, > j + 1, the j-constraint can
readily be incorporated into the detector to reduce the numigir k > j > 2, the total number of state¥’ can be computed
of states or branches in the trellis, and to increase the maing the formula
imum possible code rate by allowing new potential code se- ) )
quences that were forbidden M (j, k, t). Fig. 5 illustrates in N =2t +k—j+2— [ﬂw qﬂw + 1)
a Venn diagram, where the set members are sequences, the re- 2 2
lationship between the various constrained systems as seen at 3 {dJ <{dJ N 1) ©)

the partial response channel input and the sequence detector 2 2
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= 14

15

=16

B//——_’17

6 5 4 3 2 - 1 2 3 a-p

Fig. 6. FSTD presenting constrained syst&fri(3, 6, 4) (an arrow represents a set of transitions, and the number next to an arrow indicates the terminal state
associated with that set of transitions).

and the state transitions are given by the rules 1/(1 @ D) precoder for EPR4 and modified BPR4 systems.
. Note, though, that fof > 4, these sequences are not necessarily
17 (a,7) = (@+ 1, 7y +1), periodic as claimed in [8].

ifa>1,(a+1,v+1) eV’
e IV. CAPACITY OF MTR CONSTRAINTS
07 (o, 7) = (=1, v+ 1),

if > 1, v =0mod 2 The capacity of a constrained systéhrepresents the max-

imum achievable code rate of an encoder generating sequences

“W: (o, v) — (-1, a), from S. Itis given by Caps) = logy Amax(A4), Whered,,.(A4)
if > 1, v =1mod 2 is the largest real eigenvalue of the adjacency matrassoci-
ated with a deterministic FSTD that preseft§l], [11], [23].
07 (=B, ) = (=B—-1,v+1), For instance
£ a1 (g ,
Th=1 (=5 1”&1) €V CapM(j = 2)) ~0.8791
O (=8, 7) — <—/3 -1,2 EJ) , Cap M (j = 3)) ~0.9468
p CapM(j = 4)) =0.9752.
if 5> 1, <—/3— 1, 2H) eV’
2 Foran MTR constrain¥/ (j, &, t), the adjacency matrix, and
“17: (=8, 7) — (1, v+ 1), therefore _the capacity,_ can be _computed fr_om (2) and (4). Ta-
if 3> 1, v =0mod 2 bles I-lll list the capacity of various constrainté(j, k, ¢) for
= 7 = 2, 3, and 4 by truncating the numbers after the sixth digit
“17: (=8, v) — (1, B), following the decimal point. We remark that for reasons of sym-
if #>1, v=1mod 2. @) metry, the capacity of the constrained systéf(j = a, k =

b,t = c¢) is equal to the capacity of the constrained system

Fig. 6 illustrates the 29-state transition diagram for the codd(j = b, k = a, ¢t = c). Tables IV=VI list the capacity of
straintM’(j = 3, k = 6, t = 4). The set of states that are arMTR constraintsM’(j, k, ¢) for j = 2, 3 and 4 by truncating
ranged in a vertical line corresponding to a fix¢d3 > j+1in the numbers after the sixth digit following the decimal point.
Fig. 4 collapse into a single state 3, 2[j/2]), j+1 < B < k It is not hard to show that
in Fig. 6. An alternative approach to constructing equivalent ] ) )
FSTDs forj = 2 andj = 3, which track the run of all four kﬁ}g?%o CapM(j, k, 1)) = CapM(j))-
phases of patterns of type (0011) arriving at a state, has been
taken in [16]. A special case of the constrained system describd#s, also
in (5)—(7) has been used in [8] and [14] to eliminate period-4 ) . .
quasi-catastrophic sequences of type (0011) at the input of the kéjgf?m Cap(M'(j, k. 1)) = Cap(M(j))-
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TABLE |
CAPACITY OF MTR CONSTRAINTS M (j = 2, k, t) FORUNCONSTRAINED DETECTORTRELLIS

2 3 4 5 6 7 8 9 10
0.551463 | 0.637088 - - - - - - -
0.650899 | 0.747205 | 0.772712 | 0.786634 - - - - -
0.679286 | 0.781989 | 0.814167 | 0.831134 | 0.836644 | 0.839656 - - -
0.688789 | 0.790071 | 0.828494 | 0.847904 | 0.855144 | 0.859157 | 0.860525 | 0.861272 -
0.692203 | 0.793352 | 0.833940 | 0.854013 | 0.862591 | 0.867323 | 0.869204 | 0.870263 | 0.870630
0.693470 | 0.794181 | 0.836133 | 0.856337 | 0.865673 | 0.870693 | 0.872960 | 0.874244 | 0.874765
0.693948 | 0.794533 | 0.837013 | 0.857283 | 0.866995 | 0.872139 | 0.874618 | 0.875997 | 0.876634
0.694130 | 0.794624 | 0.837377 | 0.857653 | 0.867569 | 0.872753 | 0.875360 | 0.876786 | 0.877488
0.694199 | 0.794662 | 0.837527 | 0.857803 | 0.867820 | 0.873022 | 0.875694 | 0.877141 | 0.877882
0.694225 | 0.794672 | 0.837589 | 0.857863 | 0.867929 | 0.873139 | 0.875846 | 0.877302 | 0.878063
0.694235 | 0.794677 | 0.837614 | 0.857887 | 0.867978 | 0.873190 | 0.875915 | 0.877374 | 0.878147
0.694239 | 0.794678 | 0.837625 | 0.857897 | 0.867999 | 0.873212 | 0.875947 | 0.877408 | 0.878186
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TABLE I
CAPACITY OF MTR CONSTRAINTSM (j = 3, k, t) FOR UNCONSTRAINED DETECTORTRELLIS

k

2 3 4 5 6 7 8 9 10
0.637088 | 0.694241 - - - - - - -
0.747205 | 0.834520 | 0.850147 | 0.858590 - - - - -
0.781989 | 0.867061 | 0.893311 | 0.907863 | 0.910964 | 0.912597 - - -
0.790071 | 0.875696 | 0.907137 | 0.922734 | 0.928302 | 0.931518 | 0.932231 | 0.932603 -
0.793352 { 0.878139 { 0.911889 | 0.928056 | 0.934762 | 0.938345 | 0.939691 | 0.940478 | 0.940654
0.794181 | 0.878850 | 0.913612 | 0.929879 | 0.937201 | 0.941002 | 0.942654 | 0.943557 | 0.943901
0.794533 | 0.879059 | 0.914243 | 0.930538 | 0.938162 | 0.942036 | 0.943850 | 0.944819 | 0.945248
0.794624 | 0.879120 | 0.914476 | 0.930778 | 0.938539 | 0.942439 | 0.944341 | 0.945336 | 0.945810
0.794662 | 0.879138 | 0.914563 | 0.930865 | 0.938689 | 0.942599 | 0.944543 | 0.945549 | 0.946046
0.794672 | 0.879144 | 0.914595 | 0.930896 | 0.938749 | 0.942662 | 0.944626 | 0.945636 | 0.946146
0.794677 | 0.879145 | 0.914607 | 0.930908 | 0.938772 | 0.942687 | 0.944661 | 0.945673 | 0.946188
0.794678 | 0.879146 | 0.914612 | 0.930912 | 0.938782 | 0.942697 | 0.944675 | 0.945687 | 0.946206
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V. CONNECTIONBETWEENMTR AND (G, I) CONSTRAINTS ¢ = I, at the output of the first /(1 & D) precoder. Therefore,
the (G, I)-constrained systenP.(G, I) is identical to the
Let P(G, I) denote the set a7, T) constrained sequencesMTR-constrained systed/.(G+ 1, G+ 1, I). Q.E.D.
and letP.(G, I) denote the set of all allowable sequences after As the capacity of a constrained system is not affected by
mapping the binary outputs of th/(1 & D?) precoder ap- an invertible rate-1 code (such as a precoder), we conclude the
plied to P(G, I) into bipolar symbols. Thus, bot¥.(G, I) following.
andM.(j, k, t) pertain to bipolar sequences at the input to the Corollary: CapP(G, I)) = CapM(G+ 1, G+ 1, I)).
generalized partial response channel. The following propositionThis result is consistent with computed capacities (compare
[22] states that thé®.(G, I) constraints are a subclass of thehe capacity of the(, I) constraint (see, e.g., [24]) with the
M.(4, k, t) constraints. capacity of the corresponding MTR constraint in Tables I-I11).
Proposition: P.(G, I) = M.(G+1, G+1, I). The connection betweer{ I) and MTR constraints sug-
Proof: The 1/(1 & D?) precoder following the &, I) gests a new approach for constructing® () code that em-
encoder can be represented as the serial concatenation of pveys thel/(1 ¢ D) precoder instead of the commonly used
1/(1 @ D) precoders, as shown in Fig. 7. Tk&constraint 1/(1 & D?) precoder. For example, it is well known that a
translates into theg-constraint,j = G + 1, as well as the rate-8/9(G = 3, I = 6) code can be implemented as a block
k-constraintk = G + 1, at the output of the first /(1 & D) code because a list of 272 freely concatenatable codewords ex-
precoder. It can readily be shown that theonstraint at the ists [5]. An alternative code construction methodology would
output of the (7, I) encoder translates into thteconstraint, be to use a\/(j = 4, & = 4,t = 6) code associated with a
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TABLE Il
CAPACITY OF MTR CONSTRAINTS M (j = 4, k, t) FOR UNCONSTRAINED DETECTORTRELLIS

2 3 4 5 6 7 8 9 10
0.772712 | 0.850147 | 0.864320 | 0.871955 - - - - -
0.814167 | 0.893311 | 0.915723 | 0.928185 | 0.930853 | 0.932243 - ~ -
0.828494 | 0.907137 | 0.934253 | 0.948104 | 0.952674 | 0.955281 | 0.955858 | 0.956154 -
0.833940 | 0.911889 | 0.941533 | 0.955975 | 0.961585 | 0.964625 | 0.965677 | 0.966281 | 0.966416
0.836133 | 0.913612 | 0.944539 | 0.959137 | 0.965376 | 0.968639 | 0.969965 | 0.970695 | 0.970951
0.837013 | 0.914243 | 0.945812 | 0.960445 | 0.967037 | 0.970393 | 0.971883 | 0.972680 | 0.973009
0.837377 | 0.914476 | 0.946359 | 0.960999 | 0.967776 | 0.971168 | 0.972754 | 0.973583 | 0.973956
0.837527 | 0.914563 | 0.946595 | 0.961233 | 0.968108 | 0.971514 | 0.973154 | 0.973996 | 0.974396
0.837589 | 0.914595,| 0.946698 | 0.961333 | 0.968258 | 0.971670 | 0.973338 | 0.974187 | 0.974601
0.837614 | 0.914607 | 0.946742 | 0.961375 | 0.968325 | 0.971739 | 0.973423 | 0.974274 | 0.974697
0.837625 | 0.914612 | 0.946762 | 0.961393 | 0.968356 | 0.971771 | 0.973462 | 0.974315 | 0.974741
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TABLE IV
CAPACITY OF MTR CONSTRAINTSM(j = 2. k, t) FOR j-CONSTRAINED DETECTORTRELLIS

k
2 3 4 5 6 7 8 9 10
0.551463 | 0.637088 | 0.681917 | 0.705786 | 0.718904 | 0.726305 | 0.730562 | 0.733044 | 0.734504
0.650899 | 0.747205 | 0.788831 | 0.809001 | 0.819355 | 0.824853 | 0.827843 | 0.829472 | 0.830380
0.679286 | 0.781989 | 0.826469 | 0.847561 | 0.858127 | 0.863601 | 0.866496 | 0.868048 | 0.868886
0.688789 | 0.790071 | 0.833407 | 0.853896 | 0.864136 | 0.869427 | 0.872218 | 0.873708 | 0.874510
0.692203 | 0.793352 | 0.836591 | 0.856988 | 0.867163 | 0.872410 | 0.875172 | 0.876645 | 0.877436
0.693470 | 0.794181 | 0.837227 | 0.857540 | 0.867672 | 0.872898 | 0.875648 | 0.877114 | 0.877901
0.693948 | 0.794533 | 0.837531 | 0.857819 | 0.867939 | 0.873157 | 0.875903 | 0.877366 | 0.878152
0.694130 | 0.794624 | 0.837593 | 0.857870 | 0.867985 | 0.873200 | 0.875944 | 0.877407 | 0.878193
0.694199 | 0.794662 | 0.837622 | 0.857896 | 0.868008 | 0.873223 | 0.875967 | 0.877429 | 0.878214
0.694225 | 0.794672 | 0.837629 | 0.857901 | 0.868013 | 0.873227 | 0.875970 | 0.877433 | 0.878218
0.694235 | 0.794677 | 0.837631 | 0.857903 | 0.868015 | 0.873229 | 0.875972 | 0.877435 | 0.878220
0.694239 | 0.794678 | 0.837632 | 0.857903 | 0.868015 | 0.873229 | 0.875973 | 0.877435 | 0.878220
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1/(1@ D) precoder. Clearly, Fig. 7 shows that @ = 3, I = with a probability of 2/9. On the other hand, for the alternative
6) block code in [5] combined with the/(1 & D precoderre- M(j = 4, k = 4, t = 6) code, the isolated error generates an
sults in aM(j = 4, k = 4, t = 6) two-state code; the cor- error of the form 11 aftefl ¢ D) inverse-precoding, and such
responding block decoder combined with the inverse precoderevent can spantwo MTR codewords (and, therefore, two user
(1e D)) leads to a sliding-block decoder with a ten-bit windowbytes) with a probability of only 1/9. Of course, how much this

Now, a rate-8/W(j = 4, k = 4, ¢ = 6) block code does would affect the ultimate user byte error rate would depend on
not exist because the maximum number of freely concatenatatble details of the data-to-codeword assignment.
nine-bit codewords for this constraint turns out to be only 232
(see the procedure, due to Freiman and Wyner, for computing
the maximum size of such a set of codewords in [23]). However, V!- CODE DESIGN METHODOLOGIESI: BLOCK CODES
we can construct a rate-8[I(j = 4,k = 4,t = 6) six- LOOK-AHEAD CODING, AND SUBSTITUTION RULES
state code that is block-decodable. Although such a code is morg-he techniques of look-ahead coding and violation detection
complicated than is the well-known rate-86& = 3, I = 6) combined with substitution have been successfully applied in
block code, it may have a slight advantage described as followse past to design efficient constrained codes such as®IA)(

In partial response channels, an isolated error in the detecigtles [25], [33], MTRY{, k) codes [26], and PRMI{, I) codes
output is among the most common error events. For the standga®|. The MTR code design methodologies presented in this sec-
(G = 3, I = 6) code, such an event generates an error of tkien are based on the use of the state transition diagrams for
form 101 after(1 & D?) inverse-precoding, and such an ever¥ITR constraints and the application of the look-ahead coding
can span twd@, I) codewords (and, therefore, two user bytegpchnique and violation detection combined with substitution.
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TABLE V
CAPACITY OF MTR CONSTRAINTS M’ (j = 3, k, t) FOR j-CONSTRAINED DETECTORTRELLIS

k
2 3 4 5 6 7 8 9 10
0.637088 | 0.694241 | 0.726640 | 0.744486 | 0.754400 | 0.759984 | 0.763169 | 0.765002 | 0.766065
0.747205 | 0.834520 { 0.870763 | 0.887666 | 0.896007 | 0.900257 | 0.902463 | 0.903621 | 0.904233
0.781989 | 0.867061 | 0.903461 | 0.920320 | 0.928513 | 0.932612 | 0.934698 | 0.935771 | 0.936327
0.790071 | 0.875696 | 0.911530 | 0.928002 | 0.935967 | 0.939933 { 0.941943 | 0.942972 | 0.943503
0.793352 | 0.878139 | 0.913770 | 0.930146 | 0.938058 | 0.941994 | 0.943986 | 0.945005 | 0.945529
0.794181 | 0.878850 | 0.914374 | 0.930697 | 0.938582 | 0.942504 | 0.944488 | 0.945503 | 0.946025
0.794533 | 0.879059 | 0.914548 | 0.930857 | 0.938734 | 0.942652 | 0.944634 | 0.945648 | 0.946169
0.794624 | 0.879120 | 0.914596 | 0.930898 | 0.938773 | 0.942689 | 0.944671 | 0.945684 | 0.946205
0.794662 | 0.879138 | 0.914609 | 0.930910 | 0.938784 | 0.942700 | 0.944681 | 0.945694 | 0.946215
0.794672 | 0.879144 | 0.914613 | 0.930913 | 0.938787 | 0.942703 | 0.944684 | 0.945697 | 0.946218
0.794677 | 0.879145 | 0.914614 | 0.930914 | 0.938788 | 0.942704 | 0.944685 | 0.945698 | 0.946219
0.794678 | 0.879146 | 0.914614 | 0.930914 | 0.938788 | 0.942704 | 0.944685 | 0.945698 | 0.946219
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TABLE VI
CAPACITY OF MTR CONSTRAINTSM'() = 4, k, t) FOR 7-CONSTRAINED DETECTORTRELLIS

k
2 3 4 5 6 7 8 9 10
0.772712 | 0.850147 | 0.864320 | 0.871955 | 0.876045 | 0.878240 | 0.879422 | 0.880060 | 0.880405
0.814167 | 0.893311 | 0.915723 | 0.928185 | 0.934338 | 0.937441 | 0.939025 | 0.939841 | 0.940264
0.828494 | 0.907137 | 0.934253 | 0.948104 | 0.954740 | 0.958016 | 0.959659 | 0.960493 | 0.960917
0.833940 | 0.911889 | 0.941533 | 0.955975 | 0.962892 | 0.966294 | 0.967994 | 0.968850 | 0.969285
0.836133 | 0.913612 | 0.944539 | 0.959137 | 0.966112 | 0.969534 | 0.971240 | 0.972098 | 0.972532
0.837013 | 0.914243 | 0.945812 | 0.960445 | 0.967426 | 0.970847 | 0.972551 | 0.973407 | 0.973839
0.837377 | 0.914476 | 0.946359 | 0.960999 | 0.967981 | 0.971401 | 0.973103 | 0.973958 | 0.974390
0.837527 | 0.914563 | 0.946595 | 0.961233 | 0.968212 | 0.971631 | 0.973332 | 0.974186 | 0.974618
0.837589 | 0.914595 | 0.946698 | 0.961333 | 0.968310 | 0.971727 | 0.973427 | 0.974281 | 0.974713
0.837614 | 0.914607 | 0.946742 | 0.961375 | 0.968351 | 0.971767 | 0.973467 | 0.974321 | 0.974753
0.837625 | 0.914612 | 0.946762 | 0.961393 | 0.968368 | 0.971784 | 0.973484 ; 0.974338 | 0.974769
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J=G+1 TABLE VI

k=G+1 RITATI(9 7 O ~
(GI) L . 1 1 A E SUBSTITUTION TABLE FOR THE RATE-6/7 M’ (2, 7, 9) LOOK-AHEAD CODE

Encoder 10D t=] 1®&D 1>+

Prohibited Pattern Substitute Pattern

Fig. 7. Connection between MTR ad', I) constraints.
X4 Ts Te Ty, Ty T2 T3 | Ty Ts Te Tz, Ty T2 T3

, , z4 0 1 1, 1 0 O|zy O 1 0, 1 1 0
The encoders and decoders designed using these methodolog ‘ !
are usually both of sliding-block type. As high-rate codes for®¢ ¢ 1 1, 1 0 1j0 1 0 o0, 1 1 0
partial response channels reduce the performance penaltyast1 o 1 1, 1 o0 10 1 1 o0, 1 1 0
ciated with the rate loss, we emphasize the design of hlgh-ra1$4 0 00, 00 0|z, 0 0 0, 1 1 0

MTR codes that can efficiently be implemented using Boolears
logic.

The first code design example improves the parameters of iseemployed to obtain a rate-16/17 M{R= 3) look-ahead
rate-6/7M(j = 2, k = 8) code detailed in [26]. Specifically, code.
k is reduced from eight to seven while ensuring that the code )
is not quasi-catastrophic. Two modified versions of the rate-efy Rate-6/7 MTRj = 2) Look-Ahead Code
code are then used in conjunction with a rate-4/5 code to con-A set of 57 potential codewords is generated by starting in
struct a rate-16/19 partitioned-block code that is amenable to sfate two in Fig. 2(a) and making seven transitions such that
ficient Boolean implementation. A further increase in code ragtates one or two are the terminal states. This set of 57 code-
is achieved by relaxing the= 2 constraint. A rate-16/17 block words can be freely concatenated to obtain sequences that sat-
code that satisfies A= 3, 4 time-varying MTR constraint [14] isfy the M (j = 2) constraint. This set of 57 codewords is aug-
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Rate 6/7 Rate 6/7 Rate 4/5
Block Encoder Two-state Encoder Block Encoder
3 1 3 4 5
v
Left Substitution Right Substitution

3 7% 9{
@
3 7{ 7{ 2

Left Inverse Right Inverse
Substitution Substitution

4 3 4 3
h 2 N A

Rate 6/7 Rate 6/7 Rate 4/5
Block Decoder Block Decoder Block Decoder

o f 4

Fig. 8. Implementation of the rate-16/19 MTR= 2) code: (a) block encoder and (b) block decoder.

mented by 11 seven-bit codewords that are generated by starfamghe rate-6/7 block code discussed in the previous subsection.
in state two and ending in state three. The first two bits of thehe second rate-6/7 subcode is a two-state code where the
11 codewords are either 00 or 01 or 10, and the last three bitdast bit of the 7-bit codeword of the first rate-6/7 subcode
the 11 codewords are always 011. In hexadecimal format, thedettermines the current state There are 62 state-independent
codewords are 03,0B,13,23,43,1B,2B,4B,33,53,5B. In this w&@gdewords obtained from the same initial list of 68 codewords
a total of 68 potential codewords is obtained. The codeworfl¥ discarding the set of six codewords 00,4C,33,19,56,06.
00,01,40,33 are discarded to arrive at a rate-6/7 block code. One of the remaining two state-dependent codewords is 56 if
Concatenating freely any of the 64 codewords from the aboge= 0 or 33 if s = 1. The other state-dependent codeword is
list would give rise to sequences that occasionally violate t& if s = 0 0r 06 if s = 1. Finally, the third rate-4/5 subcode
M(j = 2) constraint at codeword boundaries. Furthermore, tig@ block code that is obtained in the following way. A total
maximum zero run length i5 = 10. The substitutions given ©f 17 potential codewords can be generated by starting in
in Table VIl avoid the violation of the//(j = 2) constraint at State o in Fig. 2(a), making five transitions and ending in

codeword boundaries and reduce 7. Note that the commas instate one or two. In hexadecimal format, these codewords are

. . 01,02,04,05,06,08,09,0A,0C,0D,10,11,12,14,15,16. Out of
Table VIl indicate codeword boundaries. The decoder resolv%%’ T ER I S T e e T T
these substitutions by looking two bits forward and three bﬁsese 17 codewords, 00 is discarded to obtain the rate-4/5 block

o . . . code, a list of 16 codewords.
backward, i.e., the window size for the sliding-block decoder 15 All codewords of the first rate-6/7 subcode cannot start with

12. The worst case for the constraint that limits the path memoyy .
. , and all codewords of the third rate-4/5 subcode cannot end
happens when the string.10011, 0011001, 1001100, .1 oc- with 11. Therefore, violation of thé/(j = 2) constraint at the

curs; i.e., we have = 9. The sliding-block encoder and the . : . . .
-~ . . ‘houndaries of 19-bit codewords is not possible. However, viola-
sliding-block decoder can be implemented with very few logi¢ ;
. ) .. ~¥fions could occur at the boundary between two seven-bit code-
gates and the complexity of the Boolean implementation is sim- : . .
ilar to the one detailed in [26] words or between a seven-bit codeword and a five-bit codeword
' that follows it. The substitutions in Tables VIII and 1X ensure
that violations of thel/(j = 2) constraint are not present after

B. Rate-16/19 MTR = 2) Block Code the substitutions. Furthermore, they reducandt to shorten

Fig. 8 shows the partitioned-block structure of the encoder ftt€ path memory and aid timing recovery and gain control. The
the rate-16/19 MTR;j = 2) block code. The rate-16/19 blocksubstitution operations associated with Tables VIl and IX can
code is composed of three subcodes that are described in theldelregarded as a rate-7/7 and a rate-10/10 block code, respec-
lowing. The first rate-6/7 subcode is a block code that is defindigely.
by discarding the set of four codewords 00,01,4C,33 from theThis code satisfies th&/'(j = 2, £k = 9, ¢ = 6) constraint.
initial list of 68 potential codewords that were initially availableThe efficiency of a code is defined as the ratio of the code rate
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TABLE Vil 01110 0r 01110xxx, where xxx stands for the unknown last three
LEFT SUBSTITUTION TABLE FOR THERATE-16/19M"(2, 9. 6) BLock CODE  hiits. The inverse substitution operation can be again regarded as
a rate-17/17 block code. Using one codeword look-ahead, the
Prohibited Pattern Substitute Pattern 17-bit output window after inverse substitution is shifted by four
Ty Iy Tg Ty Ty T9 Ty | T4 Ts Te Ty Ts Ty Ty time periods to the left. The decoder then maps the shifted 17-bit
words into the original 16-bit words by using the inverse of the

z¢ 0 1 1 1 0 Ofzg 0 1 0 1 1 0 :
one-to-one mapping that has been used by the rate-16/17 block
0 0 1 11 0 1}j0 10 0 1 109 code. The code that is obtained this way satisfies the constraint
61 1 1 0 1|0 1 1 0 1 1 0 M(G=3k=121t=09).
22 0 0 0 0 0 0|z 0 0 0 1 1 0 The capacity of the constraift’(3, 12, 9) is approximately

0.9466. The efficiency of the code is therefore 99.42%. A sim-

ilar M'( = 3,k = 11, ¢ = 16) look-ahead code has been

and the capacity [1]. From Table IV, the capacity associated witfependently constructed in [14].

these constraints is approximately 0.8771, resulting in an effi- _

ciency of 96.01%. The main feature of this code is the parf2- Time-Varying MTR; = 3, 4) Codes

tioned-block structure, which allows arelatively simple Boolean MTR(j = 2) codes [7] and time-varying MTH = 2, 3)

implementation for the encoder and the decoder. codes [8], [9], i.e., MTR codes that do not allow three con-
Fig. 8 depicts the decoder for the rate-16/19 MJR= 2) secutive transitions to appear in any two encoded sequences

block code. The decoder performs a one-to-one mapping fregmpositions offset by one symbol, have the interesting prop-

the set of all allowable 19-bit words, x5 - - - x19 into the set erty of eliminating many error events, including all error

of 16-bit data words. After detecting violations, i.esz9 = 11 events{e;} of the type{£2, F2, +£2}, {+2, F2, £2, F2},

and/orzsr16 = 11, the decoder performs inverse substitutiof+2, 2, +2, ¥2, +2}, and so on. These error events cor-

using Tables VIII and IX. Following the operation of inversgespond to mistaking the polarity of an alternating write

substitution, three decoders perform block decoding. current for three or more channel symbol intervals. However,
Arate-16/19 MTRj = 2, k = 7, t = oo) block code does the distance gain by eliminating these error events is offset

exist [7]. However, this code is not a partitioned-block code arigy a significant rate loss penalty. For example, the capacity

is therefore not amenable to efficient Boolean implementationf the mod 2 MTR; = 2, 3) constraint (with period 2) is

approximately 0.9162 [8].
C. Rate-16/17 MTR = 3) Look-Ahead Code It has been observed that for the Lorentzian recording

A rate-16/17 block code exists [14] that satisfies jhe- 3 Model and NPML detection, the most dominant error
constraint uniformly except at the border of two 17-bit codeavents are{+2, +2, +2}, {+2, ¥2, +2, 2 + 2}, and
words where the constraint is relaxedjto= 4. We refer to {£2, ¥2, £2, ¥2, 2 ¥ 2, £2} (see, e.g., [10]). An alter-
this special time-varying-constraint (with period 17) as thenative coding strategy is therefore to allow the error event
mod 17 = 3, 4 constraint. A total of65753 > 26 po- {%2, ¥2, £2} to occur and to eliminate all other error events
tential codewords can be generated by starting in state twothat correspond to mistaking the polarity of an alternating
Fig. 2(b), making 17 transitions and terminating in states onafite current for four or more channel symbol intervals. In this
two, or three. Among these codewords, 199 codewords beginy, higher rate codes can be constructed, thereby reducing
or end with ten zeros. After discarding these codewords andthé signal-to-noise ratio (SNR) penalty due to rate loss. We
more codewords that start with the first 15 bits of one of theext introduce time-varying MTR = 3, 4) codes that do not
strings (1001) or (0110) or (0011) or (1100) or end with the firgillow four consecutive transitions to appear in any two encoded
16 bits of one of the strings (1001) or (0110) or (0011) or (11003equences at positions offset by one symbol. As one particular
a set of 65537 codewords is obtained that can be freely concaigample, Fig. 10 shows the section of the code trellis corre-
nated without violating the constrainfs= 3, 4, k = 18, and  sponding to two symbol intervals of a mod 2 MTR= 3, 4)
t= 1.4- (with period 2) constraint and the corresponding adjacency

This rate-16/17; = 3, 4 block code can be used t0 CONmatrix. The capacity associated with this constraint is ap-
struct aj = 3 look-ahead code. Fig. 9 shows a possible injoximately 0.9613, allowing the construction of rate-24/25
plementathn of the rate-16/17 = 3 look-ahead code_. The time-varying MTRj = 3, 4) codes. Note that the capacity of
rate-16/17; = 3, 4 block encoder generates a 17-bit codeyrr(; = 4)'is approximately 0.9752. Another example in this
word that depends solely on thg 16 bits at its input. Using one, class of codes is the mod 17 MTR= 3, 4) constraint
codeword look-ahead, the 17-bit output window of the bloc.:gwith period 17) that gives rise to the rate-16/17 block code that

encoder_|s shifted by 13 time p_enods to the left. Violations i Ilaws four consecutive transitions to occur only at codeword
these shifted encoder output window are detected and repIaBe . ; . . :
oundaries, as was discussed in the previous section.

by the strings given in Table X. In the absence of any viola-
tion, no replacement is made. The substitution operation is-a . . -
one-to-one mapping and can be regarded as a rate-17/17 bTE' kRate-8/10 MTR = 2) Block Code that Avoids Colliding
code. However, the domain for this mapping is only a subs t
of the set of all 17-bit strings. The decoder first performs in- By a dibit (or tribit), we mean two (or three) consecutive mag-
verse substitution by detecting violations, i.e., raising a flaggtic transitions. Prior td /(1 ¢ D)-precoding, this is equiv-
whenever 17-bit strings at the input of the decoder end wittient to two (or three) consecutive ones: 11 (or 111). So, an
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TABLE IX
RIGHT SUBSTITUTION TABLE FOR THE RATE-16/19M (2, 9, 6) BLock CODE

Prohibited Pattern Substitute Pattern

T Zi2 T3 Tuu Tis T Tir Tis T [T Tz Tz T Tis Tie T Tig Tie

T 0 1 1 1 0 0 Tig ZTi9 | T11 0 1 0 1 1 0 18 19
T 0 1 1 1 0 1 T1g Tig | 11 0 0 0 1 1 0 18 ZT19
0 0 0 0 0 0 0 T1ig Tig 0 1 1 0 1 1 0 T8 T19
o o 1 1 o 0 1 1 O0f0 1 0 o 1 1 o0 1 O
(a) (b) two, or four. The sequences obtained by concatenating these
words satisfy the\/(j = 2, ¢ = 2) constraint. In this list of
i 16 ? 16 codewords, there are 19 words that begin or end with six zeros.
Rate 16117 Rate 16117 Discarding these words, the resulting code achieveg thel 0
Block Encoder Block Decoder constraint. Among the remaining 280 codewords, 23 begin with
X 1001100 or 0110011 or 0011001. Discarding these words, we
= 17 17 are left with 257 codewords that (when freely concatenated) sat-
17£|:‘|< 17 Left shift by 4 isfy the M’(j = 2, k = 10, t = 6, ¢ = 2) constraint.
: Higher rate codes for this constraint do exist; for instance,
Left shift by 13 17 v in principle, a rate 6:7 code can be constructed (note that
¢17 17 6/720.8571), although it may be complicated; in Sec-
Inverse tion VII-B, we will outline the construction of a rate-16/19
Substitution Substitution (~0.8421) finite-state code.

iw fF 17
VIl. CobE DESIGNMETHODOLOGIESII: FINITE-STATE CODES
Fig.9. Implementation of the rate-16/17 MTR= 3) code: (a) sliding-block VIA STATE SPLITTING
encoder and (b) sliding-block decoder.
The state-splitting algorithm is a method of constructing fi-
MTR(j = 2) code is precisely the same as a code that forbigge-state modulation encoders that have high efficiency, lim-
tribits. Thus, in a typical coded MTR = 2) sequence, we may ited decoder error propagation, and satisfy strong constraints.
have numerous dibits but no tribits. We refer the reader to [23, Section IV] for complete details of
The closest appearance of two dibits in such a code woulte algorithm, but for expository purposes, we give a brief sum-
occur when there is only one intervening 0: 11011. We cdfary here.
such a pattern a “colliding dibit” for the following reason. In Given a constraing, the algorithm begins with a determin-
very high-density magnetic recording, write precompensatiggtic FSTDG that presents§' (for the remainder of this pape®
schemes are used to mitigate the problem of nonlinear transitigii denote an FSTD and not &-constraint). Given a desired
shift, a deleterious effect of intersymbol interference. One parede ratep/q < Cap(S), we first construct an FSTE¥? pre-
ticular scheme [28] would adjust the writing of the string 11014entingS?, the version of the constraint where sequences are di-
such that the two dibits collide (more precisely, such that ttwided into nonoverlapping-tuples; in particular, the FSTDO
second transition of the first dibit collides with the first transiis labeled with binary-tuples. Then, states 6{¢ are iteratively
tion of the second dibit) and, therefore, cannot be resolved upgpiit in (perhaps several) rounds; within each round, a subset
reading; the situation is even worse if there are tribits. Thugf states is split by partitioning outgoing edges from each ele-
for such a scheme, it is desirable to encode the data to prohibient ofU, thereby creating descendants of each split state, and
colliding dibits, in addition to satisfying the MTR = 2) con- incoming edges are replicated to each descendant state. Ulti-
straint, equivalently to prohibit the two strings: 111 and 1101 mately, we arrive at an FSTH, which present$ and contains
We denote this constraint b/ (; = 2, ¢ = 2), where in gen- a sub-FSTDH’ such that each state &’ has at lease” out-
eral ¢ denotes the minimum number of intervening zeros bgeing edges. By deleting excess edges, we obtain an HSTD
tween two appearances of 11 [similarly, we have the constraititsit presents a subsystem ®f and has exactl@” outgoing
M@, k, o), M(j, k, t, c),andM’(j, k, ¢, c)]. A deterministic edges at each state. We obtain an encoder by “tagging” the out-
FSTD forM(j = 2, ¢ = 2) is shown in Fig. 11. The capacity going edges of’ at each state with distinct binapytuples; the
of the constraint is approximately 0.8579. tagging can be regarded as a data-to-codeword assignment.
A very simple rate 8:10 block code fa¥W/’(j = 2, k = Let A denote the adjacency matrix of the FSTD Then,
10, ¢t = 6, ¢ = 2) can be constructed as follows. There are 47 is the adjacency matrix off?. The state-splitting process
total of 299 potential codewords of length 10 that can be genés-guided by a so-calledA?, 2P) approximate eigenvector,
ated by starting at state two in Fig.11, and ending at states onamely, a nonnegative integer vector not identically O,
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TABLE X
SUBSTITUTION TABLE FOR THE RATE-16/17M’(3, 12, 9) LOOK-AHEAD CODE
Prohibited Pattern Substitute Pattern
Tya T3 Zie Tiz, X1 T2 T3 T4 [Ty T1s T Tir, L1 T2 T3 T4
T O 1 1, 1 1 0 z4|z1a O 3¢ O, i 1 1 o
o o0 o o0, O O O0 O0]oO 1 1 1, o 0 0 0
1 0 o0 1, 1. 0 0 1] 0 1 1 1, 0 0 0 1
0 o0 1 i, 0 0 1 10 1 1 1, 0 0 1 1
1 1 0o o0, 1 1 0 O0fO 1 1 i1, 0 1 0 O
0 1 1 o, 0 1 1 0] o0 1 1 1, 0 1 1 0

_0 o thenthe new state inherits the common weight(i.e., the new
s FSTD formed by merging the two states has an approximate
eigenvector obtained by copying all weights of unmerged states
and using the common weight for the weight of the merged
state). Also, if

- = 0O o
O =0 OO0
200 0O
(== R
OO0 O =~ O

F(sp) C F(s1) and wg, < s, (20)

Fig. 10. Trellis section for time-varying mod 2 MTR= 3, 4) constraint. then typically (though not always) state can be Split intmsZ

, ' ' states, each of which merges into one of#hestates into which
s1 is split. Similar results hold for a chain of follower set inclu-
) > ,@_, > sions involving more than two states.

The resulting code will be sliding-block-decodable with a
window consisting of a certain number of blocks: blocks
coming from the memory of the constraint (hamely, the number
indexed by the states of the FSTD and satisfying the Vecgjfrq-bit blocks needed to dgtermine a terminal state in the orig-
inequality inal FSTD), one block coming from the current block to be de-

coded and: blocks of anticipation coming from the number of
Afy > 2Py rounds of state splitting; hence, the total window size #sa+1

blocks. But often we can arrange the data-to-codeword assign-

(an algorithm due to Franaszek [29] (see also [23]) can be FRentin a sufficiently consistent way that the memory of the de-

plied to find an approximate eigenvecior with minimal MaXzoder is reduced to zero. Thus, it typically happens that if only

imum entry?‘. The erltnes .Of an approxw.nat'e e|genvector e round of splitting is required to construct an encoder, the
often c.alled weights. The|(jea|sthat l_Jegm.n!ngwnh the FSTRindow of the decoder will consist of onlg(= 0+ 1 + 1)

G4, ultimately, each state with v, > 0, is split intov, descen-
dant states, each with weight 1. The final FSHDwill then have
an approximate eigenvector whose entries are zeros and ones . -
The subgrapli’ is defined by the states éf corresponding to E& Rate-7/8 MTR;j = 2) Finite-State Code

states whose entries are 1; and then the encBdedefined by ~ Recall that the capacity of the MTR = 2) constraint is
deleting excess edges and “tagging” the remaining edges wighproximately 0.8791, which is just slightly above 7/8 = 0.875.
binary p-tuples. This would appear to yield an encoder witihus, it is possible to design a rate 7:8 M{HR= 2) code. In

>~ v, states. However, typically, many states can be merged fect, such a code can be designed by state splitting. Here, we
gether resulting in a far simpler encoder; state merging is datline the construction of such a code that also satisfies the
scribed as follows (the merging can take place before, durinlf, (7 = 2, kK = 14, t = 10) constraint, has a sliding window

Fig. 11. FSTD presenting constrained system MITR: 2. ¢ = 2).

blocks.

or after splitting). decoder consisting of two eight-bit blocks, and has “reasonable”
For a states in an FSTD, the follower sek(s) is the set of encoder and decoder complexity.
sequences that can be generated from staféhenever We begin the construction with the very simple deterministic
FSTDG [shown in Fig. 2(a)] for thel/(j = 2) constraint, and
F(s9) C F(s1) (8)  then delete some excess words in order to imposé:thand

statess; ands, can be merged to form a new state that has gheeonstraint. The adjacency matrix f6f is

same follower set as, without violating the constraint. More-

over, if
A=Aq =

===
O O =
o = O

F(sy) C F(s1) and ws, =g, 9)
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For arate 7: 8 code, we need the adjacency matrix of the eigfii8TD G for MTR(; = 2, £k = 12), apply state-splitting and
power of G merging operations, and delete edges to enforceanstraint.
The Franaszek algorithm produces (@ty:s, 27) approximate

8 8l 4d 24 eigenvector of length 14 with maximum entry 6. Although a
Sl state-splitting construction based on such a vector may look
a4 24 13 complicated, it can be greatly simplified by the merging con-
The Franaszek algorithm yields= (6, 5, 3) as ar(A3, 27)-ap- dition (9). We illustrate a construction of this type in the next
proximate eigenvector; i.e., section.
A8y > 128v > 27w, (11) B. Rate-16/19 MTR = 2) Finite-State Code that Avoids
Colliding Dibits

Itturns odut that wz_neetd ?ﬁéyaoniéo-ﬂgtgf;pgtglneig,g?i?;t ruct Recall from Section VI-E the notion of an MTR= 2) con-
an encoder according to pproxi \genv traint that also avoids colliding dibits, denotéf{j = 2, ¢ =

state is split into six descendants, the second state into five ge- o . .
scendants, and the third state into three descendants. Moreoyfé whose capacity is approximately 0.8579. In that section, we

r . .
because of the containment relationship among the follower sg%iﬁscs : (;j ef?r? f;z?ztrrl;ctzg%n: g;;(;af 22? ',img‘jl(; t27266,_c 2:)
F(3) C F(2) C F(1) 2) block code. Here, we outline the c_on_wstruction of a higher rate
(16/19 ~ 0.8421) M (j = 2, ¢ = 2) finite-state code that sat-

[this should be clear from Fig. 2(a)], we can use (10) to mergsfies M’(; = 2, k = 13,¢t = 11, ¢ = 2). In order to con-
three descendants of state three into three of the five descendantscomplexity as well as decoder error propagation, we make
of state two, and the five descendants of state two into five oée of a time-varying version of the state-splitting algorithm, in-
the six descendant states of state one. This yields an encadsduced in [32]. This technique yields a time-varying encoder
with only six states. An application of the general result in [30n two alternating phases, one at rate 8:9 and the other at rate
Corollary 1] reveals that this is the smallest number of encod®r 10, for an overall rate of 16:19.
states possible for a rate 7 : 8 encoder into this constraint. As in the preceding example, we could begin with the very

The memory of the constraint is only two bits (and, thusimple FSTD, shown in Fig. 11, for MTR = 2, ¢ = 2), and
at most one eight-bit block) long. As only one round of splitthen delete some excess words (after splitting) in order to en-
ting is required, the decoder has a sliding window of at mofdrce thek- and¢-constraints. After an initial examination of
3(= 1+ 1+ 1) blocks. But with care in the data-to-codeworctapacities, we decided to apply a somewhat more aggressive
assignment, the decoder memory can be reduced to zero, Argbnstraint and pursued (j = 2, £ = 13, ¢ = 2) code, and
so the decoder actually has a two-block sliding window. Morgo we begin with a deterministic FSTG for that constraint;
over, the foregoing can still be carried out even with the deletiahis FSTD turns out to have 17 states.
of the edge labeled 00000000 from state one to state oG8 in  From G, we form the FSTDG(:19): this is a “two-phase”
(this reduces the (1, 1)-entry df® from 81 to 80; we can verify FSTD whose state set consists of two disjoint subsgtsind
that the inequality (11) still holds if the (1, 1)-matrix-entry isS;, with all outgoing transitions from states it labeled with
reduced to 80). It follows that th&-constraint is at most 14. nine-bit blocks and ending at a stateSin and all outgoing tran-
Moreover, by judicious selection of the set of edges to deles#tions from states ii¥; labeled with ten-bit blocks and ending
from the final split graph, we can limit the maximum number cét a state irf; we refer to the two phases as phase 0 and phase
alternating pairs of zeros and oneg te 10. In this way, we ar- 1. All sequences obtained by traversing this FSTD (concate-
rive atarate 7:84/(2, 14, 10) encoder, which is sliding-block nating strings of alternating nine-bit and ten-bit blocks) satisfy
decodable with a sliding window equal to two blocks. Morethe M (j = 2, kK = 13, ¢ = 2) constraint. Lettingds denote
over, the complexity is reasonable. Using the data-to-codewahg adjacency matrix aff, we see that the adjacency matrix of
assignment heuristics in [31] and the Berkeley SIS logic sy 10) js
thesis program, we constructed such an encoder with approx- 9
) N : 0 A
imately 400 multiple-input gates and a corresponding total of Age, 10y = |:A10 OG} .
1900 cells in CMOS 6SF. For this assignment, we divided the G

six states into two groups of three and defined the logic sepa-pp, (Age. 10y, 28) approximate eigenvector is of the form,

rately for each group. Further savings in logic may be obtaingd_ (u, w), where bothu, andw are vectors indexed by the
by sharing the logic across the groups. In particular, these eglisies o and

mates of the number of gates/cells should be regarded as rough
upper bounds. AQu > 2%w and A%w > 2%u.

It may well be that even tightér and¢-constraints can be en-
forced for MTRj = 2) atrate 7 : 8 with reasonable complexityHere, Franaszek’s approximate eigenvector algorithm yields
and error propagation. The capacity of MIR= 2, £ = 8) is vectorsu andw of length 17 with maximal entry 3 fox and 4
still above 7/8, but such a code would probably be complicatedr w. Now, using the inclusion relationships among follower
On the other hand, a reasonable state-splitting construction $ets and the merging condition (9), states@f>® can be
arate 7:8 MTRj = 2, k = 12, t < oo) code is not out of merged into a new two-phase FST® with corresponding
the question. For such a code, we could begin with the 14-staggproximate eigenvectef = («/, w’), wherew’ has length 5
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and maximal entry 3 and’ has length 7 and maximal entry 4.methodology for constructing/(1 & D)-precoded codes that
For instance, for phase 0, it turns out that all states with weigtinstrain the input of the partial response channel in the same
(i.e.,u-entry) equal to 3 form a chain of follower set inclusionsnanner ad /(1 & D?)-precoded @, I) codes.
and, hence, can be merged to a state that still has weight 3Finally, the methods of state splitting and look-ahead coding
whereas the states with weight equal to 2 do not form a chaininf combination with violation detection/substitution have
follower set inclusions; they break up into two groups that doeen applied to the construction of MTR codes for digital
and, hence, yield two merged states, both with weight 2. Thata storage. Design examples for high-rate MTR codes
situation is analogous for states with weight 1. that minimize rate loss have been emphasized. The use of
It then turns out that we can spiit’ in one round to obtain a performance-enhancing MTR codes in high-density magnetic
new FSTDG"” with an approximate eigenvector having only 0,fecording is a promising approach for providing high data
entries; upon merging states@f’, we obtain a new two-phasereliability with low implementation complexity.
FSTDG" with only three states in phase 0 and only four states
in phase 1 (this merging is accomplished using not only the in-
clusion relationships among the follower sets, but also intersec-
tions of follower sets). After tagging all edges with eight-bit The authors are grateful to several IBM colleagues for help
input labels, we obtain a time-varying encoder that alternategth this work. In particular, they thank J. Coker and R. Gal-
between the two phases, one at rate 8:9 and the other at katith for collaborations on practical aspects of code designs,
8:10, as desired. This encoder satisfies M¢j = 2, k¥ = and R. Olson for suggesting the use of MTR codes in con-
13, ¢ = 2) constraint and has two phases (three encoder stgi@sction with write precompensation schemes. They addition-
in phase 0: the 8:9 phase, and four encoder states in phasally:thank M. Chen, A. Dholakia, T. Mittelholzer, and R. New
the 8:10 phase); as in the preceding example, excess edgeseahelpful discussions. They also thank the anonymous referees
be deleted to enforce taconstraint, in fact the encoder satisfor their careful reading, valuable comments, and suggestions to
fiestheM'(j = 2, k = 13,t = 15, ¢ = 2) constraint, and improve the presentation. Finally, R. D. Cideciyan and E. Eleft-
the edges can be endowed with input tags such that the windegriou would like to acknowledge the editorial suggestions pro-
of the sliding-block decoder consists of only two blocks (in @ided by L.-M. Pavka.
time-varying way, alternately a nine-bit code block followed
by a ten-bit code block and a ten-bit code block followed by
a nine-bit code block). Again, using the heuristics in [31] and
the Berkeley SIS logic synthesis program, we obtain an encodeft] C. E. Shannon, “A mathematical theory of communicatidsell Syst.
with approximately _250 (or 350) .muItipIe-input gates in phage [2] ;ect JA\é?érZYDp%ggp?:r;ﬁthlgiid M. Hassner, “Algorithms for
0 (or 1), corresponding to approximately 1250 (or 1750) cellsin ™ " sjiding-block codes: An application of symbolic dynamics to informa-
CMOSG6SF. Again, these estimates should be regarded as rough tion theory,” [EEE Trans. Inform. Theoryvol. IT-29, pp. 5-22, Jan.
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