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Reversible Arithmetic Coding for Quantum Data gorithms for compressing a sequence of symbols emitted by a mem-
Compression oryless quantum Bernoulli source. The basis for compression of clas-
sical data is Shannon’s noiseless coding theorem [9]: If the per-symbol

Isaac L. ChuangMember, IEEE,and code rate is slightly larger than tihannon entropythen there exists a
Dharmendra S. Modhaember, IEEE block code (with sufficiently large block size) such that the compressed

message can be recovered vptbbability close to unity. A number of

) algorithms such as Huffman coding, Shannon—Fano coding, enumera-
Abstract—We study the problem of compressing a block of symbols (a e ¢oding, arithmetic coding, and Lempel~Ziv coding for achieving
block quantum state) emitted by a memoryless quantum Bernoulli source. he Sh limi K in the cl ical . f
We present a simple-to-implement quantum algorithm for projecting, the Shannon entropy limit are known in t e_cass'ca c_ase' See, lor ex-
with high probability, the block quantum state onto the typical subspace ample, Cover and Thomas [10]. In comparison, the field of quantum
spanned by the leading eigenstates of its density matrix. We propose data compression is still nascent. The quantum analog to Shannon’s
g‘lgg‘fg'r;‘;? g“ggt%m S.th;gnggr‘:a;‘)bofcé%%etc;atceort‘;g?zsslt_gﬁtlpfﬁ!;ﬁteerd theorem is Schumacher’s theorem [11]: If the per-symbol code rate is
uantu usi -sy is slightly hi - .
than the von Neumann entropy limit. Finally, we propose guantum slightly Ifarger thgn the von Neumann entropy, then there exists a block
arithmetic codes to efficiently implement quantum Shannon—Fano codes. code (with sufficiently large block size) such that the compressed mes-
Our arithmetic encoder and decoder have a cubic circuit and a cubic sage can be recovered witlverage fidelityclose to unity. The sim-
computational complexity in the block size. Both the encoder and decoder jlarity of the two theorems makes it possible to use, to a limited ex-
are quantum-mechanical inverses of eac_h other, and constitute an elegant tent, classical algorithms for performing quantum data compression.
example of reversible quantum computation. ’ . ) . .
_ _ ‘ _ _ However, classical compression codes cannot immediately be trans-
_Index Terms—Arithmetic coding, noiseless coding, quantum commu- |ated into quantum versions; for example, in order to preserve the co-
nication, quantum computation, quantum information theory, quantum  parent quantum state, all operations performed on the data must be re-
measurement, reversible computation, Schumacher coding. . ' . .
versible and must not entangle the state with any temporary variables.
Furthermore, itis essential that the original state must be entirely oblit-
|. INTRODUCTION erated in producing the encoded state, because quantum states cannot

Modern information theory makes fundamental assumptions ¢ pe cloned (see Wootters and Zurek [12] and Dieks [13]). Cleve and

ina the phvsical tati d . finf i Elﬂf'}ﬂncenzo [14] have proposed a block coding algorithm, which is,
cerning Ine pnysical representation and processing otinformation. H fact, a generalization of the classical enumerative coding of Cover
lowing the lead of classical mechanics, modern information theory

sumes that an information bit can exist in either one of two states, s i5] and Schalkwijk [16]. Recently, Braunstesnal. [17] have studied

. o . Yantum extensions of Huffman coding.
0 or 1. However, classical physics is known to fail spectacularly under

many circumstances, for example, when the objects being describedne statistics underlying a quantum memoryless Bernoulli source is
are very small or have very large energies. This regime of physics is §@mpletely captured by its density matrix. The fundamental idea be-
scribed by the laws of quantum mechanics. Conventional informati§ff!d quantum data compression is to analyze the eigenstructure of the
theory fails to properly describe how information can be representitit density matrix associated with a block quantum state emitted by
and transformed in such physical systems, and must be replaced bf-filuantum memoryless Bernoulli source. Asfast contribution, in
appropriate quantum analog: quantum information theory. In contragction lll, we present a quantum-mechanical algorithm for prqectm_g
to the classical information bit, a quantum information bit can exist i€ block quantum state onto the subspace spanned by the most im-
a superposition of two orthogonal quantum states. portant eigenstates of the joint density matrix, that is, the eigenstates

Quantum information can, in principle, provide significant ad¢orresponding to the largest eigenvalues. Our algorithm computes, in
vantages for certain problems. For example, quantum algorithms psprallel, an |nd|cator. function that isif the eigenstate is typlcal anq
calculating discrete logarithms (see Shor [1]) and searching unsorfeg@therwise. By making a measurement on the quantum bit associated
databases (see Grover [2]) have been discovered which are faster Ml the indicator function, with very high probability, we project the
their classical counterparts. Quantum bits, in contrast to classical bRCk quantum state onto thgpical subspacspanned by the leading
cannot be copied perfectly, and this is useful in such tasks as quanfigenstates. Our theoretical results represent a strengthening of Schu-
cryptography (see Bennett, Brassard, and Ekert [3]). FurthermoP%‘?‘Cher'_s pioneering result in that they hold for fixed block sizes and
Fuchs [4] has shown that, rather unexpectedly, there exist certdigy deliver a rate of convergence.
quantum communication channels for which the optimal classical The projection onto the typical subspace wipes out the trailing eigen-
information transmission rate is achieved only using nonorthogorsthtes, and, hence, the projected quantum state lies in the low-dimen-
quantum states as the symbols. Finally, quite surprisingly, quantsional typical subspace. Consequently, each leading eigenstate can be
error correction codes have been developed (see Caldeeba@hk5] represented using roughly the logarithm of the dimension of the typical
and references therein). Such codes might provide the key technolsgipspace. The central problem of quantum data compression is to effi-
needed to prevent decoherence of quantum states, and, hence, a weigtdly compute such low-dimensional representations. Asecond
realize large-scale quantum computing devices. For excellent reviesasitribution, in Section IV, we propose a quantum version of the clas-
of the field, see, for example, Bennett and Shor [6], Rieffel and Polakcal Shannon—Fano code to represent and, hence, compress the pro-
[7], and Steane [8]. jected block quantum state using a per-symbol code rate that is slightly

The problem of compression is central to storage and transmisskigher than the von Neumann entropy limit. Conceptually, we achieve
of quantum data. In this correspondence, we investigate quantumdata compression by dimensionality reduction.

As ourthird contribution, in Section IV, we propose quantum arith-
metic codes to efficiently implement quantum Shannon—Fano codes.
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[20], Langdon [21], and Rissanen and Langdon [22]. The novelignal number of quantum bits. According to Schumacher’s theorem
of quantum arithmetic coding is to implement finite-precision arithfL1], on average each symbol can be transmitted in (slightly larger than)
metic processes in a quantum-mechanically reversible fashion. Our

arithmetic encoder and decoder have a cubic circuit and a cubic S(p) = —=Tr(plogp)

computational complexity in the block size. The proposed encoder

and decoder are quantum-mechanical inverses of each other, and goantum bits with high probability of correct reception, whéte) is
stitute a very satisfying example of reversible quantum computatidtmown as thevon Neumann entropy surprising contrast between the
For fundamental references on reversible computation see Benmtdssical and the quantum cases is that

[23], [24] and Toffoli [25]. For reversible computation in relation to

guantum data compression see Cleve and DiVincenzo [14]. S(p) < H(p)

II. PRELIMINARIES where the equality is achieved if and only if the quantum stgigs

and|#. ) are orthogonal. Intuitively, this holds since two nonorthogonal

We begin by reviewing the definitions.of quantum sources a'}ﬂjbits cannot be distinguished with certainty by measurement.
guantum states relevant to the present coding problem. We also prese e will let P and E denote the probability and the expectation, re-

precise quantum counterparts for the classical notions of ﬁdeli%ectively with respect to the quantum memoryless source
and entropy, and describe how encoding and decoding is done using ' '

quantum computation. In addition to establishing the notation useddn gjocks of Symbols

the remainder of the correspondence, this preliminary discussion will . .
highlight the special quantum aspects of our coding task. We shall focus on compressing a blockofymbols emitted by the
guantum source. Let

A. Memoryless Bernoulli Sources = .
. : : _ Y1, ) = [0 @ 1) @ |9,) (Y

A classical memoryless Bernoulli source emits a sequence of inde-

pendent and identically distributed (i.i.d.) symbols each of whidh ispe 5 sequence of symbols emitted by the quantum memoryless source,
with probabilityp or 1 with probability1 — p, where0 < p < 1.The \heren denotes the tensor product, dad) represents thah sample
problem of classical noiseless data compression is to the transmit$gm the source, sandomstate which is eithelso ) with probabilityp
guences of samples emitted by such a source using a minimal nump[%ﬁ with probability1 — p. '

of bits. Shannon [9] established that on average each symbol can bepjs notation is slightly unconventional. Usually, a quantum state

transmitted in (slightly larger than) written using the ket notatioR) is definite or pure: it has a von Neu-
mann entropy of zero. However, as we have written above, we shall
H(p)=—-plogp—(1—p)log(l—p) find it convenient to use similar notation to denotéxedor random

quantum states (random mixtures of pure states); such states will be

bits with high probability of correct reception, wheFg(p) is known written with their label inbold, in analogy to the often used clas-
as theShannon entropyin this correspondence, all logarithms will pesical notation for random variables. Usually, in the physics literature, a
base?, as is usual in information theory. mixed state is denoteidhplicitly by the corresponding density matrix

A pure two-dimensional quantum state is known aguantum bit that captures all the statistical information present in the state. How-
or qubit It is mathematically represented by a unit norm vector in @€', in an information-theoretic context, we are interested ireihe
two-dimensional complex vector space (called a Hilbert space) writtBACit “message” contained in a mixed state, and this notion is conve-
asH.. A qubit may be thought of as a column vector, and is usualfjiently captured by dealing directly with the underlying mixed state.
written using Dirac’sket notation; for examplej¢) denotes a qubit. BY writing the mixed state using the ket notation, we can think of it
The conjugate transpose [af), namely,|¢), is written in Dirac'sbra @S @ random probabilistic linear combination of the eigenstates of the

notation as(¢|. The inner product between an ordered pair of qubigensity matrix, see, (3). Such an explicit representation clarifies the
(6, o) is written in Dirac’sbra-ketnotation as meaning of the eigenvalues of the density matrix as the “expected pro-

jections” of the mixed state along the respective eigenstates as in (4),
and makes the ideas in Sections Ill and IV more accessible to a clas-
sical information theorist.

Let X denote a binary string of length We will let X7; ;; denote
bitsi throughj of X. For brevity, as an alternative [, ;, we may
sometimes writeX[,; to represent the firgt significant bits ofX'. Sim-

(8]@) (pld) = [{d]e)]°. ilar notation, when used with qubits, should be clear by analogy. For
example, we will writely(, ,,;) asl¥(,;).

Let|¢o) and|¢:) denote two arbitrary qubits. A quantum memory- Throughout this correspondence, for every 0, we write

less Bernoulli source emits a sequence of i.i.d. symbols each of which is

(Ble).

We write thefidelity between a pair of qubitsy, ) as

|¢o) with probabilit.yp 9r|q’?1> with probabilityll—p,wh.ereo <p< 1 0.=00---0 and 1,=11---1.
The per-symbol distribution of this source is described bydiesity a times a times
matrix

When it is clear how many zeros or ones are necessary, sometimes the

p = pldo) (do| + (1 — p)|61) (61] subscript will be suppressed.
where|¢) (¢| denotes th@ x 2 matrix given by the outer product be-C- Eigenstructure of Block Quantum Systems

tween the vectof¢) and its conjugate transpoée). Although|¢o) and|¢:) may be nonorthogonal, there always exists

The problem of (pure-state) quantum noiseless data compressioa isasis for. in which the same per-symbol distribution from the

to transmit such sequences of symbols with high fidelity, using a miguantum Bernoulli source can be obtained from a different source that
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emits one of tw@rthogonalstateg0) and|1) with probabilities\o and A (x; Ao, A1) as the correspondingigenvaluesNote that the eigen-

A1 (instead oféo ) and|¢1 ) with probabilitiesp and1 — p). The special stateqx}, x € {0, 1}" constitute an orthonormal basis for the Hilbert
basis{|0), |1)} is defined as follows. The density matyixvhich char- spaceH;".

acterizes the per-symbol distribution of the original quantum Bernoulli It follows from (3) that we can write the messag#,,;) to be en-
source is self-adjoint, positive—definite, and has unit trace. Hence, ¢sded as a linear superposition of teeigenstategyx ), x € {0, 1}".
eigenvalues, say\o, > )\, are real and nonnegative, and sum to ond.he “randomness” of the message is completely contained in the coef-
If Ao # A1, choose the statd8) and|1) to be eigenvectors gf corre-  ficients(x|¢,;), and the eigenstates are not a function of the particular
sponding ta\o and X, respectively. By construction, these states amaessage to be transmitted. Physically, the randomness is embedded en-
orthonormal, and thus form a basis fif;. If Ag = Ay, then select tirely in the complex amplitude associated with each path or eigenstate.
{]0), |1)} to be any orthonormal basis #f; . In this basis, the original

symbols|¢o) and|4,) are given as D. Computation: Encoding and Decoding

The encoding and decoding of classical information is specified by a

|90) = (0160} [0) + (1|00} |1) mapping between bit-strings. Similarly, for quantum information, one

|¢1) =(0]o1) 0) + (1]e1)|1) specifies a mapping between quantum states; however, additional re-
versibility constraints must be satisfied. For example, a reversible trans-
and the density matrix can be written as formation conserves energy. Since quantum states are mathematically
represented by vectors with unit norm, reversible transformations must
p = Ao |0}{(0] + A1 |1) (1] preserve norm. It also turns out that with the appropriate description
of the system, the most general transformation preserves orthogonality
where between states. If we think of the quantum statekfhas2" -dimen-
sional column vectors, then most general transformations are described
o =1— X1 =p[{0|go)|* + (1 — p)|{0]¢1)|°. by 2" x 2" unitary matrices acting on the Hilbert space of the quantum
states. Recall that a unitary matrix is one whose conjugate transpose is
Furthermore, we can now write its inverse.
This model of computation subsumes classical computation, because
S(p) = H(Xo). mappings between bit-strings can be described as permutation matrices
acting on the basis elements of the Hilbert space. Of course, unitary
For1l <4 < n, we can write the mixed quantum stads ) as transforms are always invertible or reversible; nonetheless, all irre-
versible (classical) computation can be made reversible with only a
[¥;) = (0];)|0) + (1|;)|1) polynomial amount of overhead; see, Bennett [23]. Conversely, how-
ever, not all unitary transforms represent reversible classical compu-
where(0|¢;) and(1|¢;) are random quantities such that tation. In other words, not all unitary transforms can be described by
permutation matrices. A unitary transform can be completely specified
E [(0lg)P =X and E [(1]$,)]* = Ai. (2) by its action on all the basis elements of a Hilbert space. Transforma-

tions which are not permutations take basis elements to superpositions
The sequence of symbdlg,,;) in (1) is a mixed quantum state in theof basis elements; these are at the heart of the speedup of quantum com-
Hilbert spacé<y" = ©7, H-. Using properties of the tensor productputation and quantum error correction, but will not be of much concern
we can write for our problem.
Quantum algorithms are generally very difficult to construct, but
[r,)) = ey [9,) choosing the eigenstaté¢g), x € {0, 1}", as the basis vastly sim-
1 plifies the descriptions of our encoding and decoding transforms. In
@izt Z (vl i) this special basis, we need only employ unitary transformations which
X:=0 are permutations of basis elements to achieve our goal (why this is
Z (X|¢’[n}>|x>» @) true is not obvious, but will be demonstrated later). However, these
transforms shall be applied to input states which are generally in non-
classical superpositions of basis elements. As suggested by Deutsch
where [26], it is convenient to think of what happens as being “quantum par-
. allelism”—for an input|¢) = «|0) + b|1), a computatiod’ produces
B _ v Ulpy = aU|0) + bU|1), by linearity. Thus in this example, we can
i) and () = H ila)- th!nl>< of two !‘ciassica|l” >computations happening in parallel, one with
input|0) and the other witll }, with the two computational paths being
Now, we have that weighted with complex amplitudes andb, respectively. Similar ob-
servations hold for arbitrarily large states. As longlass simply a
Za) - ) 2 permutation (as it will be in our case), these different paths never inter-
N H B0l fere and a coherent [ intai
P guantum state is maintained.
n We shall symbolically describe encoding and decoding unitary
&) H Agl_“)Aff transforms for quantum information using algorithms which at first
i=1 glance look very classical, but in reality, are specially constructed to
= A(x; Ao, A1) (4) be quantum. Three characteristics make our algorithms quantum-me-
chanical. First, they are reversible; this is required as previously
wherea) follows from independence arid follows from (2). We may explained. Second, they completely erase their inputs; this is a
think of the2™ quantum stateky), x € {0, 1}", as theeigenstates necessity because quantum states cannot be cloned [12], [13], and thus
of the tensor product density matri¥™ = @', p, and the numbers there is no sense to a sender sending a faithfully encoded quantum

X€4{0,1}m

1

X) = Qi=1

=1

E ‘(leﬁ[m
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T —e— o T g
Input:  Ix), Tc(x)) = 10), W) = [0p10gny)
Y- o Y9
@ ®) 1: fo_r i=1ltondo
2: if (Ixi) = 1)) then
Fig. 1. Two quantum gates which are used in later quantumAcircuits._ (a) The 3: IW) — lw+ ]>
co_ntr_olledNoT_gate, which produces’ = = andy’ =vdy (% denoting 4: dif
(bitwise) addition modul@). (b) The swap gate, for whiclf = y andy’ = x. : endi
Note that time goes from left to right. 5:  endfor
state elsewhere without erasing her own knowledge of that state in 6 if (lw> 2 |T>) then
the process. Third, our algorithms produce no information other than £ |IT(X)> =lkix)o1)
the encoded (or decoded) state, which would allow differentiation 8:  endif
between computational paths. Producing sedtanglementvould
ruin the superposition which is being encoded, because any potential 9: fori=ntoldo
for obtaining “which path” information implies the existence of a 10: if (|Xi> = |1)) then
physical measurement which would (at least partially) collapse the 11: Iw) —w=1
superposition state. Fundamentally, this nondisturbance requirement 192: endif
is deeply related to the no-cloning theorem, and it is a subtle, but very 13: endfor
important point which we shall return to with further discussion later.
Another model we shall employ for clarity of exposition is that of
guantum circuits, which succinctly capture the same information as the Output: [x), [Ix(x)), W) = Ofiogn1)

algorithms, and often effectively convey additional structural informa-

tion about the procedure. A wide body of knowledge about quantum ) ) . i ) i}

circuits exists (see Barena al.[27] and Barenco [28]) but we shall F19- 2. A symbolic algorithm or “psuedocode” for computing (6)-

draw from it onlv the subset which is convenient for describin rd_enote; an assignment operation; when describing a pre-existing state or
. ; y S OE . 9 %omparlson operation, we use="" A temporary quantum registero) of

versible classical circuits, including the controlledy and swap gates, length [log ] is used; this register imitialized andfinalizedto [0 1o »1)-

as shown in Fig. 1. The precise value of should satisfy (8), and will be specified later in (16).

E. Representing Real Numbers as Eigenstates an appropriate value forin the sequel. Le§, and. denote the sets

One final piece of notation will be useful for expressing our codingf “9ood” and “bad” eigenstates such that
rocedure. Suppose we are given a fractional nurgher< ¢ < 1.
P PP ¢ obers ¢ < G = {lu(v) <7}

Let
B- = {x|lw(x) > 7}.
¢=0.GGG: With appropriate values of, the subspace spanned by the good eigen-
. . states, namely,
denote a binary representation of the number. Then, we can associate
this number to a pure quantum state span {|\)|x € G-}
() = 1C1) @ |G) @ |&G)y @--- will become the typical subspace that contains most of the information

present in an average quantum message.
in the infinite-dimensional Hilbert spadé;’ . This allows us to rep-  For every eigenstatgy), v € {0, 1}", let I.(x) denote the

resent a fractional real number as a quantum state. good-bad indicator function such that
L(y) = 0, if x € G,
Ill. TYPICAL SUBSPACE ~(X) = 1, if \ € B..

The basic idea of quantum data compression is that the eigenst%s

. : . . i . now compute the following transformation:
associated with smaller eigenvalues can be discarded without incur- P g

ring significant loss of average fidelity. We will attain this goal by Ix, 0) = |x, I-(x)). (6)
employing a measurement of a certain quantum observable associated
with the given message, as described below. We exhibit a quantum algorithm for computing (6) in Fig. 2, which is

implemented by the quantum circuitin Fig. 3. This algorithm makes use

of subroutines previously described in the literature [14] for conditional

) ) _addition and subtraction, and comparison. Using (3), the action of the
Letw(x), x € {0, 1}", denote the Hamming weight of the stringz4orithm on the quantum message can be written as

X, that is, the number of ones in the string. It follows from (4) that we R

can write W 00 = > () e LOO) = 1. 1) (7)

x€{0, 1}

A. Measurement

AQG Aos Ar) = A5, 5) : . N .
where|y,,;, Ir) is an output state in which- is now a function of
Now, since\o > A, it follows from (5) that the smaller the Hamming %[, and thus, in general, sntangledwith it. Let

weight of an eigenstate the larger the eigenvalue associated with the . .

eigenstate. Let > 0 denote druncation thresholgwe will determine {|Ir>=|0>} or {|Ir>=|1>}
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|Xn>
Ix2)
Ix1)
lw) = |0)
[Ix) = 10)

Fig. 3. A quantum circuit implementing the algorithm in Fig. 2. The gates labeldd,aand U_ implement lines 2—4 and lines 10-12 of the algorithm,
respectively. These gates are quantum-mechanical inverses of each other. The gag@ements lines 6-8 of the algorithm. As in Barenco [28], we generally
use rounded symbols to denote the control qubits, and boxed symbols to indicate the targets, with the exceptiwhioh“always sits on a target. Thiglos 1

notation indicates a wire bundle wiftiog n] qubits.

denote the two possible events corresponding to measiiingo be wherea) follows from (4);b) follows sinceA{A2 ™%, 0 < § < nisa
|0) or |1), respectively. We now determine the truncation threshold decreasing function df, and, hence, by using (8)

m

to ensure that the probability of the evei-)=|0)} is close tol.

Theorem I11.1: Assume thal/2 < Aq < 1. For a fixedn > 1 and

a fixedé > 0, if we set

> o (% + i)
P{im)20)} =1- P {2}

S 1 — 9= (208%)/((log Ae/A1)%)

then

Proof: We adapt the technique in Hoeffding [29]

P{ir)2mn}
= Z E|<Xf|¢[n]>|2
xeBbB,
23T AG: Ao M)
XEB-
b)

A(x; Ao, A1)

{xl=log A(x; Ao, A1) 2n(S(p)+8)}

c)

< min
7>0 ;

{x|=log A(x; Ao, A1) 2n(S(p)+6)}

.97 (—leg A(xi Ao, A1) —n(5(p)+8)) A(x; Ao, Al):|

. e
< min 277" E
¥>0

Y€E{0, 1}

.27(*1024\(%/\07/\1)*“5(0)) A(X: Ao, )\1):|

. —né 97(=log Ag—S(p))
— iy |7 I (v

+\ 97(=Tlos M —5'(ﬂ))) :|

d)

s T (1/8).,,,2(105(;A0/A1))2)
<17n>1%1 |:2 H (2

c:)2—2ne52/(1ng(xo/,\1))2

— nA1+né/(log(Ag/A1)) \n—nA1—né/(log(Ag/A1))
ATALTT < ATM / 2(0/1))\0 1—n8/(log(Xa/M1

A né/(log(Ag/A1))
__\nAi1\nAg 1
— ATy <—AO)

_ 2—77,(5(/7)-&-5) .

¢) holds for ally > 0, since

2",’(— log A(x; Ao, A1)—n(S(p)+9)) > 1.

d) follows from [29, eq. (4.16)], ifLl/2 < Ao < 1; ande) follows by
selecting the minimizing value
3 46
(log(Ao/A1))*

B. Projection

Observe thalqz)[n]) and|7I.) in (7) are, in general, entangled. Hence,
ameasurementon the last qubit will irreversibly affect the firgubits.
Precisely, using von Neumann’s postulate [30, Ch. V], the effect on
|¢(,)) of measuring!,) is the following:

—_— Z (), if {|1:)=10)}
A ) T 15, XV
W)= VT e
Y e T Z (Xl Ix)s I {[I)=[1)}.
§_|<A|¢n>| P
(10)

In words, if the event{|I,)Z[0)} occurs, therifp[np will collapse

to the renormalized projection of the messdge,;) onto the sub-
space spanned by the good eigenstates, othefwisg will collapse

to the renormalized projection of the messh@@) onto the subspace
spanned by the bad eigenstates. It follows from Theorem lll.1 that the
event{|I;)=|0)} occurs with very high probability. When this event
occurs, we now show that the collapsed stai)tm) is not much dif-
ferent from the original messag,,,;), that is, theaverage fidelityoe-
tween the two is close to the maximum possible valug. étecall that

the average fidelity is the probability that the messh{qg]) passes a
test for being the same as the original messagg ), when the test

is conducted by someone who knows the original message (see Schu-
macher [11]).
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Corollary lll.1: Suppose that all hypotheses of Theorem II1.1 holchas dimension at mogt' (") *#)+1 which is much less than the orig-
then inal dimension o2™ . Hence, by appropriately “relabeling” the leading
. 2 o, . eigenstates, we should be able to represent, and, hence, compress the

E “<¢’[n]|¢[n1>‘ ‘ {IL)QI(J)}} > 12~ Br#/Ues 20 /MI00 (1) qubit messaghl,;) to n(S(p) + 8) + 1 qubits. The main problem,
which we now tackle, is how to compute suchdimensionality-re-

Proof: ducingor relabelingtransformation efficiently.
~ 2 . .
E “<¢M |¢M>‘ ‘ {|[,>2|()>}} B. Truncating the Eigenvalues
The eigenvalued, and\; are real numbers, and, when represented
- Z Z 1 > as fractional binary numbers, may require an infinite precision to rep-
- X¥n) resent. Since, in practice, we can only store and manipulate a finite

x€{0,1}n ¢€{o,1}n

) number of bits, from now on, we approximate the eigenvalues using

. . fractional numbers with significant bits after the binary point. In par-
- <§|¢’[n]> (x1€) {|Ir>=|0>} ticular, we let\$ denote the fractional number obtained by truncating
all but theq most significant bits of,. And we let

AL = A1+ (do = AD).

2

e Y () ()| {15210}

x€{0, 1} Since \o + A1 = 1, it follows that\{ has at mosg nonzero significant
, |2 bits, and the remaining bits must be zeros. Furthermore, we have that
o)
o | E [ BTl
)3 ‘<\/|¢ >‘2 In the remainder of the correspondence, instead of the original eigen-
€0, IV [»] values, we will use\§ and\$. To be sure, such an approximation will
Z 2 slightly increase the per-symbol rate needed for compression by
=55 [(uou)
g DXl [A8) = Ao log(Ao/AS) + Ar log(A1 /).
J > Ay Aos A1) The quantityD(-||-) is known as theelative entropyor as theKull-

NEG~ back—Leibler distanceThis increase in the per-symbol rate can be
9, Alv: Ao, \ made as small as desired by selecting a large engublowever, we
- Z A Ao, M) will subsequently demonstrate that the amount of quantum hardware

\EBr required to implement our encoders and decoders will increase quadrat-
D1 _ 9= /(lox a/31)?) ically in ¢.

wherea) follows by using the orthonormality of the eigenstates; C. Dimensionality Reduction

follows from (10);c) follows from (10);d) follows by applying the  \e now introduce a quantum “encoder” transformation that trans-
binomial theorem tal = (Ao + A1)"; ande) follows from Theo-  f5mg each eigenstatg), \ € {0, 1}", as follows:

rem III.1. O :

Together, our Theorem I11.1 and Corollary 111.1 represent a strength-
ening of Schumacher’s pioneering result in that they hold for fixedhere, fora > 0, 0, represents a string af zeros, and
block sizes and they deliver a rate of convergence.
d ? co= 3 MG (13)

€{o,1}n, €<
IV. QUANTUM SHANNON—FANO CODING SEA I =

whereA(&; A§, A7) is obtained from (4) anék denotes some total
order on the strings i{0, 1}". We will specify a computationally
We now propose the following scheme for transmitting the quantusimple-to-implement lexicographical order in Section V-A. Observe
messagey,,;: that for every eigenstatg), C'(x) is a number in the real interval
[0, 1). Hence, givenC'(x), we write |C'()) using the terminology
of Section V-E. Intuitively,C'( ) is the sum of the eigenvalues of all

A. Motivation

compute (7)

measure |I) eigenstates of length that are less than or equal to then the total
if ({|I,_>2|0)}) then order <. SinceC'(y) is a monotonically increasing function of the
g eigenstates arranged in lexicographical order, it is uniquely decodable.
transmit [¢,)) In other words, the transformation
1
oee 102 COO) = [ Ong) (14)
do nothing.

exists for every eigenstatg), x € {0, 1}". Hence, (12) is reversible,
It follows from Theorem IIl.1 and from Corollary I11.1 that the aboveand can be implemented as an unitary transformation.
scheme has high average fidelity with high probability, and only an Each eigenvalue in the sum (13) is a productafumbers each of
exponentially small probability of failing to transmit any informationwhich has a precision af bits. Hence, each eigenvalue can be written
From now on, we assume that the evertt )20y} has occurred, and as a fractional binary number with at mest nonzero significant bits.
focus on transmittingg|,,;). It follows from (10) thafy,,;) lies inthe  Finally, this implies that, for each eigenstate, the numBéx) has
typical subspace spanned by the good eigenstates. We shall selecptieision no more thang bits. In other words, the encoder is a uni-
truncation threshold in Theorem IV.1 such that the typical subspaizey transformation frorft(;’" to a2™ -dimensional subspace bf; " 2.
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However, since generally > 1, this hardly constitutes data compresHence, we require that
sion. We now achieve compression by truncating a large number of r om Lk
S ) AT T > 27"
nonsignificant bits of”( ). =
For a giventruncation parametek > 0 and a given eigenstatg),
x € {0, 1}", we define the truncated encoder transform as

T n—r A? T Ag T o—k
|/\/-, ()nq> - |0na C(X)[k]lnq—k> (15) (Al) (AO) X x > 2.

whereC'(x)rx denotes the truncation @f(y) to thek most signifi- 1t foliows from simple algebraic manipulations that the above holds if
cant qubits. Observe that onlyqubits on the right-hand side depend

upon the eigenstates, and, hence, only these bits need be transmitted. k> nS(p) +nD(Xo| |AS) + 16 +log(Ao/A1).

Consequently, the encoder in (15) maps messages of a fixed length

to codewords of fixed length. In other words, the encoder is a unitary! NiS is exactly the requirement in (17). )
We now establish the converse, that isy B v, then either (19) or

transformation fron;™ to a subspace df(3’*. AT A T
The decodability of the untruncated map in (12) is immediate frof©) d0€s not hold. There are two cases: eithery or Y <. In the

the fact that” () is a monotonically increasing function of the eigenformer case (19) cannot hold, and in the latter case (20) cannotfold.

states arranged in the lexicographical order. In contrast, the decodopserve that the desired encoder transform in (15) annihilates the
ability of the truncated map in (15) is a delicate mattek K »n, then guantum state. This is necessary since bqth) and|C’(X)[k]> con-
the truncated map cannot hope to correctly decode all the eigenstaigis the same information, and since quantum states cannot be cloned,
However, fortunately, we only need to correctly decodegihedeigen- it js impossible to faithfully transmit weighted superpositions of dif-
states. We now establish that if the threshold parameded truncation ferent|y) without the sender obliterating her knowledge about it in
parametef: are carefully selected, then inverse of (15) exists for all th¢e process of transforming the state into a weighted superposition of
good eigenstates. 1C (X))

Observe that the untruncated map in (12) and the truncated map in
(15) map one eigenstate to one encoded state. Hence, in the terminology
S [n </\1 + 6 ﬂ (16) of Section V-D, they can be thought of as unitary transforms that are

Equivalently, we require that

Theorem IV.1: Suppose all hypotheses of Theorem I11.1 hold. Set

log Ao /M1 permutations of the basis states.
k> nS(p) +nD(Xo| [AG) + 16 +log(Xo/A1). (17)  D. Quantum Parallelism
Then, there exists a decoder such that, for eveiry G, So far, we have. specif?ed the desired.encoder (15) and the corre-
sponding decoder in (18) in terms of the eigenstates alone. For the sake

|0na C(X)[k]lank> i

Proof: Given the encodint”'( x )z 1.,—) Of the eigenstatpy),

x> Ong). (18)  of completeness, by using linearity of the encoder and the decoder, we
now describe their action on the quantum message of interest:

[X), x € {0, 1}", that satisfies the following two inequalities:

we define the correspondindecodedor reconstructeceigenstate as |1Z,M’ 0ng) = Z <X|1Z‘[n]> X, Ong)
XEG+
ngq encode ~
- — / 0,, C RY) BN
CROSCOm+ D 2 (19) - Xezg_ <*|¢[”]> [0n, €Ot Lng—k)
1=k+1
transmit ~
ne — XY ) 1COO W)
COOm+ Y, 27 <CR+AN AN A (20 ezg (o)
i=k+1 prepare ~
. . . — 2 <X|¢’m> 100, COO M Lng—r)
In general, owing to truncation, the decoded eigenstaieed not equal N
the original eigenstatg. We now show that for values efas in (16), decode .
for values ofk as in (17), and for all good eigenstates, the inequalities — > <X|¢[n]> IX; Ona)
(19) and (20) are satisfied if and onlyjf= . This will establish the ng"
theorem. = ¥n1> Ong)

Suppose thaf = Y. In this case, the first inequality (19) is trivial, . .
and holds for all in {0, 1}". Now, observe that the second inequalit)}'\'here we have implicitly used the facEnthat a measurement on the qubit
(20) holds if |7;) has been made, and the evé¢fit-)=|0)} has occurred.

nq
ARG AL AN =AG A AD 2278 > 37 27
i=k+1 We now propose gquantum algorithms and associated quantum cir-

It follows from (4) that the second inequality (20) holds if cuits to efficiently realize the encoder in (15) and the corresponding
decoder in (18).

V. REVERSIBLE ARITHMETIC CODING

(D" Of) Y 227
A. Arithmetic Recursions
We would like the above inequality to hold for all good eigenstates. . . . .
Since(A)?(A3)"~%. 0 < # < n, is a decreasing function @, it First, we consider the computation of the functiétiy) in (13).

is sufficient that the above inequality holds for the good eigenstatgsStraightforward algorithm for computing'(x) by explicitly per-

corresponding to the smallest good eigenvalue. Ifwe selastn (16), 0rMing the summation would require an exponential amount of com-
then the smallest eigenvalue is larger than plexity in the block size:. One of the main contributions of classical

arithmetic coding is to observe that if we select the total ordar (13)
(AT to be the following lexicographical order, then the funct@fy) can



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 3, MAY 2000 1111

Input:  |A), |BY, [R), 1, |T) = [0iq)

L IR) & [Ti-1)q+1,iq))

2: forj=(i—1)qto1do

3: if (|Ap5) =11)) then

4: IT) ¢ |T+B277)

5: endif . |A) —pm] — |AB 4 2~ (i-Tla—1R)
6: if (IT) > |B27%)) then < | M

T: Apa) & Ap @ 1) R——__— 0

8: endif

9:  endfor

10: [Tha)  [Aga)

Output: |A) « |AB 4 2-(i-Va-1R)
IR) = 10q), IT) = [01q)

@ (b)

Fig. 4. (a) Quantum algorithmmultiply (|A4), |B), |R), ¢). Note that is a classical parameter. The algorithm works as desired whefeveB3 andB # 0.
(b) Schematic circuit symbol for the algorithm.

be efficiently computed. If = £, & -+ &, andy = x1x2 - x» are inthe literature [31], [14], but appropriate multiplication and division
in {0, 1}", then we say that algorithms have not been. These are described below.

We present in Fig. 4 an algorithmultiply (|4), |B), |R), i) that
takes the following inputs: a) a fixed indéxi = 1, 2, ---, n, b)ng
qubit registeA) such that all but the firsti — 1)¢ qubits are zeros,
¢) ¢ qubit registel B}, and d)q qubit registel R}). The algorithm also
Under this definition of the total orde, we can write the function requires amq qubit temporary registe’) that s initialized and final-
C(x) recursively as follows (see, [22, eq. (1)]): ized t0]0,.4). The algorithm computes

E=<x ifandonlyif > &2 <> 2T (21)
=1 =1

Clx) =0 |4, R) — [AB 4+ 270~D1= R 0,)
fori:=1tondo
it (y; = 0) where multiplications and additions are to be interpreted by treating
A, B, andR as fractional binary numbers. A quantum circuit which
Clx)=C0) x Ap implements the algorithm is shown in Fig. 5.
else We term the conjugate inverse of this algorithm dwide
C(x) = C(x) x XS+ XS (|4), |B), |R), 7). Given annq qubit registetA) such that all but the
) first i¢ qubits are zeros, @ qubit registel B), and ag qubit register
endif |R) that is initialized to]0,), the circuitdivide ([A), |B), |R). i)
endfor.

uses amq qubit temporary registéf’) that is initialized and finalized

to |0,.4) and divides4 by B up to the first(i — 1)q bits, and stores the
Remark V.1:Instead of the lexicographical order in (21), weduotientalsoind, and keeps the qubit remainder in?.
can also use the followinglual order. If ¢ = &16s--- €, and For the qugn_tum mul_tlpllcatlon (or division) to be_ reversible we need
X = vive--- . arein{0, 1}”, then we say that that the multlpl_ler (or divisor)B) be nonzero, that ig,B|0,) = 0. In
the sequel|B) is never zero.
dual v _ Observe that the algorithm for multiplication works as desired when
& < x ifandonly if Z G2 < Z N2~ (22) the remainder is zero, that igR) = |0,). It was pointed out by a
i=1 i=1 reviewer that ifR > B along a certain coherent path of computa-
tion, the algorithm does not carry out the desired computation. The

U_ndler this du;;l dEf'n'tzlon"A\:\l/ti Canhalt')sotxv;ge the fun_ct@(pg) recur- (Fasoning behind this claim is as follows. Along a certain path, sup-
sively, see, [22, eq. (2)]. ough both the recursions are amena(%gﬁe thatf? > B and thatdy: 1), (i—1)y = 0, then Step 4 in Fig. 4
i

tc;; c:t::ntzulmtm:glemetnttatl?inhire rﬁ:ulrsrlonngort:eipontijmg todtr;r(]atthI | not be executed. However, sinde = 2=(=D1R > 9=(i=lap
order in (21) ms out to slightly simpler and, hence, is use {Re inequality in Step 6 will still test positive, and, hence, the algo-

correspondence. rithm will try to erroneously erasé;_)q, (i—1)q)- However, in this
correspondence, the remainder fed to the multiplication algorithm is
either zero or arises as an output from a corresponding division al-
Important parts of the encoding and decoding algorithms are mulgerithm that guarantees that along all coherent paths of computation
plication and division, respectively, and in order to build the quantul® < B. We now establish this fact. Note that the division algorithm is
coders, we must first construct quantum algorithms for such arithmetibe conjugate inverse of the multiplication algorithm, and is obtained
Suitable addition and subtraction circuits have already been descrilsgdrunning the algorithm in Fig. 4 in reverse. The division algorithm

B. Quantum Algorithms for Division and Multiplication



1112 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 3, MAY 2000

A[iq+1 nql = 10) /(n_”q : . |0>
Afi-1g+1,iaq = 10) —# : :
Ali-1q,i-1)q]
Alli-1)q-1,(i-1)a-11 4
Ap
R //‘I . . !0)
T(i—1)q+1,iq = 10) —~ o . 10)
Ti-1)a,ii-1)q) = 10} ——— > Bx > Bx [ > Bx : 10)
+BX T + Bx T +Bx || =, _
Tii-1)q-1,6-1)g-1) = [0} ———2-(-Da HZ (‘? D i-ngr {276 ?”q“ - 2 2?] 0)
T = 10) ——— - . 10}
Fig. 5. Quantum circuit implementing the quantum multiplication algorithm of Fig. 4.
Input:  [x), |C) = |0Onq), IR1R2* - *Rq) Input: Ix) =10n), [C), [R1R2- - -Rn)} = |Onq)
IR) = 10q) [R) = 10q)
El: fori=1tondo Di1: fori=nto1do
E2: [R) 3 [Ri) D2:  if (IC) > IAg)) then
E3:  if (Ixi) = 0)) then D3: i) — Ixi @ 1)
E4: multiply (IC), Ag), IR}, 1) D4:  else
E5:  else Ds5: IXi) & Ixi @ 0)
E6: multiply (|C}, A7), [R), 1) D6:  endif
E7: IC) — IC+AY)
E8:  endif D7:  if (Ixi) =10)) then
Ds: divide (|C), [Ag), R), 1)
E9:  if (IC) > IA3)) then D9:  else
E10:  [x))—=li®) D10:  |C) «|C—AY)
Ell: else Di11: divide (|C), AD), IR), 1)
E12: Ixi) = Ixi © 0) D12:  endif
E13: endif D13: [R) « IRy)
E14: endfor D14: endfor
Output: |X> &~ |0n>, IC); [R1R2-- 'Rn> = [onq> Output: ’X); IC> = Ionq), RiRz -~ Rn)
|R> = IOQ) |R> = |0q>
@ (b)

Fig. 6. Algorithms: (a) E” and (b) “D.”

sequentially erases bits . Now, suppose that we are at the very las€. Building Blocks
step of the division algorithm correspondingjto= (i — 1)q. After
this step is completed, we are guaranteedThat B2~ ~1¢ and that
R=1T20"Y7 < B.

We now use the ideas from arithmetic recursions, and the above cir-
cuits for multiplication and division to construct building blocks for the
desired encoder in (15).
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'Xn) |O>
x2) P 10)
ba) 0 0 —] — o)
IC) = 10) +—— e 1) ICkt1,nar) = 10) =5 e ICui+1,na)
> Myl | 2 x
Cup) = 10) — . |C
IR) = [0) /q 0) | [k]> 10) [k])
nq
[Rn) 2 10) [R1Rz - -+ Rn) —— —— [0)
IRz ~~ [0}
|R1) //q |0>
(@ (b)
Fig. 7. (a) Quantum circuit implementing the block encoder algorifhmm Fig. 6 and (b) schematic symbol for the circuit.
10) & Ixn)
) Ix2)
bad by = oy —= R
f T—-IO) |Cik41,na) =5 . 10)
> Ml | = M p
IR) = L, — 10) ICp) 7 |0)
IRn) 10) — —— IRiR2-+-Rn)
10) /q IR2)
|0) /q |R1>
(@) (b)

Fig. 8. (a) Quantum circuit implementing the block decoder algorithrim Fig. 6 and (b) schematic symbol for the circuit.

In Fig. 6, we present two recursive algorithm&™and “D.” For-  of these cases, the quantum regi$ferR- - - - R,,) always remains in
mally and literally, these algorithms are inverses of each other: lintkge same initial statf).,). O
E2-E8 are literal inverses of lines D7-D13, lines E9—-E13 are literal

inverses of lines D2-D6, and, finally, tiier loop in the algorithmF . ) )
nv I inaty. Pl gor! (14). Recall, however, that to achieve compression we are interested

rocesses the message symbols in the original order frmm while ¥ ) : o .
?hefor loop in the alggrith)r/nD emits the megssage symbols in the in!" implementing (15). The obvious strategy of first implementing (12)

verse order from to 1. We exhibit quantum circuits for implementing and simply .transmitting thé. most significant qulbits ofC'(x)) does

the algorithmsE and D in Figs. 7 and 8, respectively. Observe thagi0 tn\i/;/iggkr;tsﬂcbﬁstiescé,q)Ub';Sez(r:i e;trzgglsel?rg:gntthﬁ t; § lia;t
these circuits are also quantum-mechanical inverses of each other. gnificant g ﬂ. (x .>'. . \ege— i

We intend to use the algorithn#s and D with two different sets of Ieagt S|gn|f|caqt qubits will |rr§ver3|bly change themost S|gn|f|cgnt
inputs. We now explain the functionality of these algorithms on the ﬁrgtﬂp't.s' To avoid suc_h_an accident, we magasethe nq — k qubits. .

set of inputs is is the central difficulty that we must overcome. We now explain
' the functionality of the algorithm& andD on the second set of inputs.

Lemma V.1:Let|x), x € {0, 1}", denote any eigenstate. The al-

gorithmsD and E, respectively, compute the following maps:

Lemma V.1 furnishes a way of implementing (12) and its inverse

Lemma V.2: Suppose that all hypotheses of Theorem IV.1 hold. Fur-
thermore, suppose that a measurement on the dubibtas been made,
and the evenf|I.)Z|0)} has occurred. Ldt), v € G-, denote any
good eigenstate. The algorithnis and E, respectively, compute the
following maps:

D1z |0, C(x), Ong) = IX Ongs Ong) (23)

Er: [X: Ongs Ong) = [0ny C(X): Ong)- (24)
Ds: |(]n,, C((/Y)[k]]-nq—kw ()nq> - |X: ()nqa RiRs--- B"> (25)
Proof: With the inputs as abovéy, is a quantum version of the
arithmetic recursion presented in Section V-A. The desired assertion
for D, follows by observing that it is a literal inverse & . In both E3: X, Ong, RiRy -+ Ru) = 00, C(X) k) 1ng—k-> Ong).  (26)
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Ix) o $— |0
10) —=— . o, — 10)
10y —+—— — 10)
0) —2— — 10)
10y —+ — 10)
= D, el
0 —~ — ICO0a)
j0) ——s 0

Fig. 9. Quantum circuit implementing the Shannon—Fano encoder in (15). The corresponding decoder is obtained by running the same circuit in reverse.

Proof: We establish the assertion f@r, in detail. The desired Hence
assertion forF; follows by observing that it is a literal inverse 6%,.
Fix a good eigenstafg’) = |xix2--- /_yn>. Theorem IV.1 fshowed that Clxp) > A — Alxpg; A%, AD).
|x) can be decoded correctly; the gist of what follows is tiatonly
can|x) be decoded correctly—in fact, it can be decoded correctly in a
sequential or recursive fashioRor an index,i = 1, 2, -- -, n, recall
that|v,1) = |x1x2 -+~ x:) and let|C”(x)) denote the content of the
registe]C') before theth iteration of the for” loop in D1-D14 begins.
Also, note that we are dealing with one physical path for a fixed eigen-
state|y), and, hence, it suffices to treat the contents of the quantumreg- ~ BY definition (13), the only allowed values f (y;) that
ister|C'”) (1)) as real numbers. Since all operations are implemented ~ Satisfy the above inequality ac&(x(;) > A5 as desired. The
using reversible quantum gates, the decoder also functions as desired ~ €SSence of this step is to show that instead of the true quantity
for linear superpositions. C(xp) a slightly perturbed quantitg'”)(x) is sufficient for

making the correct decision in th&™loop in D2-D6. O

Hence, again by (27),

) > Cxpg) > A6 — Alxups A, AD).

Step 1: We first show that lines D7-D13 behave as desired. For any

i=mn,n—1,---,2and for real numbe€'" (y), if Observe that (25) is almost the desired decoder (18) except the “re-
i ' ' mainder”|R: R - - - R,,) thatis left over. Once again, the decoded state
Clxp) < () < Clxp) + A AL AD) (27) Ix) is entangled with this remainder, and, hence, the remainder must

be erased. Similarly, (26) is almost the desired encoder (15) except that

then, after the computation in lines D7-D13, we have it requires the above left over remainder as an input.

Clxie) € CO V() < Clxim)F AN -1 A, A, D. Putting the Puzzle Together
It follows from the above discussion that the algorithms described by
However, we have from (19) and (20) that, if we set Lemmas V.1 and V.2 do not, in themselves, yield either the desired en-

coder (15) or the decoder (18). We now present an algorithm, in Fig. 9,

C’(")( )= CO0m + i o—i that uses all the four pieces in these lemmas to construct the desired en-
X A [k] } - coder. The desired decoder is obtained by literally running the encoder
=k in reverse.
then the inequality (27) holds for= n. Hence, by induction, ~ We now briefly explain our construction. The circuit is started by
the inequality (27) holds forafl=n, n — 1, -- -, 1. applying the transformatiof; in Lemma V.1
Step 2: We now show that lines D2—-D6 behave as desired. For any

i = mn.n—1,--,1 and for real numbet® (y), if the Ei: X Ongs Ong) = [0, C(X), Ong)-

inequality (27) holds, then
After the & most significant qubits ofC'()) are copied (of course,

C(i)(x) > \S ifand only if Clxp) > 5. (28) they are not truly copied in the classical sense, since qubits cannot be
cloned; they are entangled with an auxillary set of qubits prepared in
The “if” part of (28) follows trivially from (27). To see the the|0) state), the output aE is acted upon by the transformatidh
“only if’ part, observe that iC(") () > A§, then, by (27)  inLemma V.1

Cxp) + Alxpgs AS. AY) > AG. Di:]0n, C(x), O0ng) —

X anv an)-
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This has the effect of annihilating all the qubits of|C'(x)). However, so that it should be possible to obtain@tv:) running time implemen-
it recreates the input quantum statg which must also be erased.tation of our algorithm.

Now, by employing the: copied qubitdC'(x)), we can applyD: Quantum circuits such as the one we presented may also find use as
in Lemma V.2 reversible classical circuits, which potentially require much less power
for their execution when using technologies such as reversible CMOS
Ds:10n. COOlng—ks Ong) = [Xs Ongs RiRa -+ Ry). or charge recovery logic [35].

Future work may also extend the explicit examples given here from

h duced at th @i q h guantum memoryless Bernoulli sources to more complex source dis-
e quantum state) produced at the output @, is used to erase the jp, 1tions. Finally, in this correspondence, we have considered block

same quantum state produced at the outpu? of Now, by applying  ishmetic codes. Classically, arithmetic codes have also been used in
E» in Lemma V.2 to the output produced )., we have the desired ,, ojine or a sequential fashion. Such a step would be a natural gener-
output alization from our results, but feasibility of truly online quantum codes
is currently an open problem. We suspect that such extensions are ruled
E>: X, Ong, RiRo -+ Ru) — |0n, C(X) k) 1ng—ts Ong)- out in principle, if the receiver can use timing to obtain “which path”
information about the transmitted state.

In the end, we are guaranteed that no quantum register inside
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Recently, Kieffer and Yang proposed an idea for constructing a kind
of parsing rule for individual source sequences [4]. Its purpose is to
Abstract—We consider a new class of information sources called word- find a context-free grammar that generates only the given sequence.
valued sources in order to investigate coding algorithms based upon string The production rule for the start symbol is considered as a parsing for
parsing. A word-valued source is defined as a pair of an independent and ¢ ingividual sequence, since each nonterminal symbol represents a
identically distributed (i.i.d.) source with a countable alphabet and a func- . ” . .
tion that maps each symbol into a finite sequence over a finite alphabet. A Word. Thus this grammatical approach is also considered as a word-
word-valued source is a nonstationary process and has countable states. If valued source if we note that the description length for production rules
the function of a word-valued source is prefix-free, the entropy rate is char- - characterizes the probability of the represented words.
acterized with a simple expression and the AEP (Asymptotic Equipartition In this correspondence, we investigate the stochastic behavior of
Property) holds. word-valued sources and show that if the function of a word-valued
Index Terms—AEP, entropy rate, information source class, lossless data source is prefix-free, the entropy rate of the source is characterized by
compression, string parsing. a simple expression and the source has the AEP (Asymptotic Equipar-
tition Property).
I. INTRODUCTION In Section I, we define a word-valued source a_nd arecurrent source.
We then show that a word-valued source is equivalent to a countable-
Aword-valued source is defined as a pair of an idependent and id@fgte source. In Section I1I, we state two theorems on the entropy rate
t|Ca”y distributed (||d) source with a countable alphabet and a funﬁnd the AEP of a word-valued source. In Section IV, we prove the the-
tion that maps each symbol into a word over a finite alphabet, wherg@ms. In Section V, we discuss the probability distribution of com-

wordis defined as a finite sequence. Since the output sequence of Wasfisssed sequences and the class of word-valued sources.
emitted out of a word-valued source is sequentially observed symbol

by symbol, any two consecutive words cannot be uniquely separated

from each other without additional conditions on the function, say the Il. WORD-VALUED SOURCES

prefix-free property, such that no words are prefices of others. Ingenq gt x = X, X,--- be an i.i.d. source with a countable alphabet
X. The distribution ofX will be denoted byP. Let Y be a finite al-
phabet an@d’* the set of all finite sequences oEr including the null
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