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Abstract 

The key tool in proving inexpressibility results in finite-model 
theory is Ehrenfeucht-F'rai'ss6 games. This paper surveys various 
game-theoretic techniques and tools that lead to simpler proofs 
of inexpressibility results. The focus is on first-order logic and 
monadic NP. 

1 Introduction 
The computational complexity of a problem is the amount of resources, 
such as time or space, required by a machine that solves the problem. 
Complexity theory traditionally has focused on the computational 
complexity of problems. A more recent branch of complexity 
theory focuses on the descriptive complexity of problems, which is 
the complexity of describing problems in some logical formalism 
[Imm89]. One of the exciting developments in complexity theory is 
the discovery of a very intimate connection between computational 
and descriptive complexity. In particular, the author showed [Fag741 
that the complexity class N P  coincides with the class of properties of 
finite structures expressible in existential second-order logic, otherwise 
known as C:. Because of this connection, a potential method of proving 
lower bounds in complexity theory is to prove inexpressibility results 
in the corresponding logic. 

This issue of expressive power is fundamental in mathematical logic: 
given a class C of sentences and a class M of structures, we wish to 
know which properties S can be expressed by the sentences in C about 
the structures in M .  For example, let C be the class of all first-order 
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sentences, let M be the class of all finite graphs, and let the property 
S be connectivity: then the question is whether there is a first-order 
sentence that is true about all finite graphs that are connected, but 
false about all finite graphs that are not connected (in this case, the 
answer is “No” [Fag75]). 

We are interested in both positive results (which say that certain 
properties can be expressed) and negative results (which say that 
certain properties cannot be expressed). To prove a positive result, 
it is sufficient to exhibit a specific sentence in C and prove that this 
sentence expresses the property S over the given class M of structures. 
This is usually not very difficult. On the other hand, to prove a negative 
result, it is necessary to prove that there does not exist a sentence in 
C that expresses the property over M .  Since C is usually infinite, this 
means that the proof must simultaneously show that none of an infinite 
class of sentences “works”. This is often a daunting task. 

Fortunately, logicians have various tools in their arsenal to assist 
in proving inexpressibility results. These include the Compactness 
Theorem [End72], the Lowenheim-Skolem Theorem [End721 , and 
Ehrenfeucht-F’rai’ssk games [EhrGl, F’ra541. If the class M consists 
only of finite structures (which is our main interest in this paper), 
then Ehrenfeucht-F’rai’ss6 games are the only major tool available. (For 
some discussion on the failure of standard theorems in logic in the case 
of finite structures, see [Fag93, Gur84, GurSO].) The purpose of this 
paper is to discuss some results and techniques that assist in the use 
of Ehrenfeucht-Frai’ss6 games, and in particular that make the task of 
proving inexpressibility results easier. 

There are several reasons why it is desirable to develop techniques 
that make the task of proving inexpressibility results easier. The first 
reason is to provide simpler proofs for inexpressibility results that are 
already known. This makes such results more understandable and 
accessible. The second reason is to make it possible to prove new 
and deeper inexpressibility results. Our hope is that we can develop 
such a powerful toolkit that we can eventually make a serious assault 
on such fundamental problems as the question of whether N P  = co-NP. 
The development of new techniques can often accomplish both goals 
(of providing simpler proofs for known results, and of obtaining new 
results). For example, when an easier proof was given in [FSV95] for 
the result of [Fag751 that connectivity is not in monadic N P  (which is 
defined shortly), this approach was used to show that the result remains 
true even in the presence of a larger class of built-in relations than was 
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known before. 
There are two classes C of sentences that we focus on here. The 

first consists of sentences in first-order logic: these are the primary 
sentences of interest in mathematical logic. The second class, which 
we shall discuss in more detail later, consists of sentences of the form 
3A1 ... 3Ak$, where each Ai is a unary relation symbol and where $ 
is first-order. These are called monadic C: sentences, or monadic NP 
sentences [FSV95]. 

In Section 2, we give definitions and conventions. In Section 3, 
we discuss various sufficient conditions for the duplicator to have a 
winning strategy in a first-order Ehrenfeucht-F’ra’iss6 game (played 
over two structures). These include Hanf’s condition, as given by 
Fagin, Stockmeyer and Vardi [FSV95] (Section 3.1), Arora and Fagin’s 
condition [AF94] (Section 3.2, and Schwentick’s condition [Sch94] 
(Section 3.3). These three conditions are compared in Section 3.4. 
Roughly speaking, we could say that Hanf’s condition requires 
isomorphic neighborhoods in the two structures; Arora and Fagin’s 
condition requires approximately isomorphic neighborhoods in the two 
structures, along with other assumptions (such as that there be no 
small cycles); and Schwentick’s condition requires that the structures 
be isomorphic, except in some small parts. In Section 4, we discuss 
techniques for proving inexpressibility results in monadic NP, such as 
Ajtai-Fagin games [AF90], where the rules are changed to help the 
duplicator. Some examples of the use of these techniques are given in 
Section 5. In Section 6, we make some additional comments. We give 
our conclusions in Section 7. 

2 Definitions and conventions 
A language C (sometimes called a similarity type, a signature, or a 
vocabulary) is a finite set {PI ,  . . . , Pp} of relation symbols, each of which 
has an arity, along with a finite set {el, . . . , cz }  of constant symbols. An 
C-structure (or structure over C, or structure of similarity type C ,  or 
simply structure) is a set A (called the universe), along with a mapping 
associating a relation R, over A with each Pi E C, where R, has the 
same arity as Pi, for 1 5 i 5 p ,  and associating a member of A with 
each constant symbql ci 6 L, for 1 5 i 5 d. We may call Ri the 
interpretation of pi (and similarly for the constant symbols). If the 
point a is the interpretation of the constant symbol G, then we may 
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say that a is labeled ci. The structure is called f inite if A is. 
We take a “graph’ to be a structure where the language consists of 

a single binary relation symbol. Sometimes, such as in dealing with the 
reachability’ problem, it is useful to take some liberties with standard 
terminology, by taking a “graph” to mean a directed graph with two 
distinguished points, labeled s and t respectively: then a graph is a 
structure where the language consists of a single binary relation symbol 
and two constant symbols, s and t. We are also interested in “colored 
graphs”, which are structures where the language includes also some 
finite number of unary relation symbols. If G is a colored graph, where 
the interpretations of the unary relation symbols in the language are 
U1,. . . , u k ,  then by the color of a point a in the universe of G, we mean 
the set of 2’s such that a E Ui. Thus, there are 2k colors. 

Let G be an L-structure, and let X be a subset of the universe of G. 
We write G 1 X for the substructure of G induced by X .  Thus, if Pi is a 
relation symbol of L, then the interpretation of Pi in G r X is the set of 
tuples t in R, such that every entry o f t  is in X .  In the case of constant 
symbols, there is a minor subtlety that deals with the situation where 
the vertex that is the interpretation of a constant symbol cj of L is not 
in the set, X .  So we take G 1 X to be an ,!?-structure, where L‘ contains 
all of the relation symbols of L, and only those constant symbols cj of 
L such that the interpretation of cj is in X .  For such constant symbols 
c j ,  the interpretation of cj in G 1.X is the same as the interpretation 
of cj in G. 

We shall write (XI,. . . , zm) to represent a tuple (an m-tuple) in an 
rn-ary relation. In particulax, we write ( 2 1 , ~ )  to represent the directed 
edge from z1 to x2 in a directed graph. For an undirected graph, we 
write (q, z2) to represent the undirected edge between z1 and x2. 

We use the usual Tarskian truth semantics (see, for example, 
[End72]) to define what it means for a structure G to obey or satisfy 
a sentence 0, written G 0. It is assumed that G and 0 are both 
over the same language L. Let M be a fixed class of structures (such 
as the class of finite L-structures for a given language L). After this 
section, we shall suppress mention of M .  We define a property S to be 
a subset of M closed under isomorphism. For example, the property 
of connectivity is identified with the class of connected graphs. (In the 

’The reachability (or “(s, t)-connectivity” ) problem is the problem of deciding, 
given a graph and two distinguished vertices s and t in it, whether there is a path 
from s to t. In the case of directed graphs, the problem is called the directed 
reachability problem. 
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case of finite-model theory, where we restrict our attention to finite 
structures, “connectivity” would refer to the class of finite connected 
graphs.) We write s for M \ S, the complement of S in M .  Let C be 
a class of sentences (such as the class of first-order sentences). When 
we say that the property S is expressible (or definable) in the class C 
of sentences over the class M of structures, we mean that there is a 
sentence o E C such that 

1. if A E S, then A 

2. if A E 3, then A 

o, and 

u. 

3 First-order games 
In this section, we focus on first-order Ehrenfeucht-Fraiss6 games, 
and give three sufficient conditions for one player (the duplicator) 
to win. These conditions are based on techniques of Hanf [Han65] 
(and given a new interpretation by Fagin, Stockmeyer and Vardi 
[FSV95]), Arora and Fagin [AF94], and Schwentick [Sch94]. As we shall 
discuss, such techniques and conditions are valuable tools for obtaining 
inexpressibility results. 

We begin with an informal definition of an r-round first-order 
Ehrenfeucht-Fraisse‘ game (where T is a positive integer), which we 
shall call an r-game for short. It is straightforward to give a formal 
definition, but we shall not do so. There are two players, called the 
spoiler and the duplicator, and two structures, Go and GI. In the first 
round, the spoiler selects a point in one of the two structures, and 
the duplicator selects a point in the other structure. Let p1 be the 
point selected in Go, and let q1 be the point selected in G1. Then 
the second round begins, and again, the spoiler selects a point in one 
of the two structures, and the duplicator selects a point in the other 
structure. Let p2 be the point selected in Go, and let q2 be the point 
selected in GI. This continues for r rounds. After T rounds, p l ,  . . . , p ,  
have been selected in Go, and q1,. . . , q, have been selected in GI. If 
the language contains constant symbols c1, . . . , c,, then let p,+i denote 
the interpretation in Go of ci, and let Q , + ~  denote the interpretation 
in GI of G, for 1 5 i 5 2. The duplicator wins if the substructure 
of Go induced by p l ,  . . . ,P,+~ is isomorphic to the substructure of GI 
induced by q l , .  . . , q,+z, under the function that maps pi onto qi for 
1 5 i 5 r + z .  That is, the duplicator wins precisely if (a) pi = p j  iff 
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qi = q j ,  for each i and j ,  and (b) (pil, . . . ,p i , )  is a tuple in a relation 
in Go iff ( q i l , .  . . , qie) is a tuple in the corresponding relation in GI, 
for each choice of i l ,  . . . , it. Otherwise, the spoiler wins. We say that 
the spoiler or the duplicator has a winning.strategy if he can guarantee 
that he will win, no matter how the other player plays. Since the 
game is finite, and there are no ties, the spoiler has a winning strategy 
iff the duplicator does not. If the duplicator has a winning strategy, 
then we write Go N~ GI. In this case, intuitively, Go and GI are 
indistinguishable by an r-game. 

The following important theorem shows why these games are of 
interest. 

Theorem 3.1 [EhrGl, F!ra54] S is expressible in first-order logic ifl 
there is r such that whenever Go E S and G1 E 3, then the spoiler has 
a winning strategy in the r-game over Go, GI. 

In practice, we make use of what is essentially the contrapositive 
of Theorem 3.1, to prove that some property is not expressible in 
first-order logic. That is, we use the following theorem, which follows 
immediately from Theorem 3.1. 

Theorem 3.2 S is not expressible in first-order logic ifl fo r  every r ,  
there are Go E S and GI E 3 such that Go -7. GI. 

We see from Theorem 3.2 that to prove first-order inexpressibility, 
we would like tools for showing that the duplicator has a winning 
strategy in an r-game. As we shall see, such tools are also valuable as 
a step in proving inexpressibility in richer logics, such as monadic NP. 
We now discuss three sufficient conditions for the duplicator to have a 
winning strategy in an r-game, that is, for showing that Go N~ G1 for 
two structures Go, GI. 

3.1 Hanf’s condition 
Fagin, Stockmeyer and Vardi [FSV95] provide a simple but very useful 
sufficient condition for guaranteeing that Go -r G1 for two structures 
Go, GI. The proof is based on a technique of Hanf [Han65]. They used 
this condition as a part of a simple proof that connectivity is not in 
monadic N P  (much simpler than the author’s original proof [Fag75]). 

Let G be an L-structure, where L consists of the relation symbols 
PI,. . . , Pp, possibly along with some constant symbols c1,. . . , c,, and 
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where R, is the interpretation in G of the relation symbol Pi, for 1 5 
i 5 p. The Gaifman graph [Gai82] of G is the undirected graph with 
the same universe as G, and with an edge ( z 1 , ~ )  whenever z1 and z2 
are distinct and appear together in a tuple of some relation of G. Let 
a and b be two points in (the universe of) G. We say that a and b 
are adjacent (in G) if either a = b, or (a ,  b) is an edge of the Gaifman 
graph of G. Intuitively, two points a and b are adjacent if they are 
either identical or directly related by some relation of G. The degree 
of a point in G is defined to be the degree in the Gaifman graph of G. 

Define Ball(a, k), the ball of radius k about a,  recursively as follows: 

Ball(a, 0) = { a }  

BalZ(a, k + 1) = {z 1 z is adjacent to some b E Ball(a, k)} 

Define the d-type of a point a to be the isomorphism type of the ball of 
radius d - 1 about a with a as a distinguished point.2 Thus, the points 
a in Go and b in GI have the same d-type precisely if 

Go 1 BdZ(a, d - 1) GI 1 BdZ(b, d - l), 

under an isomorphism mapping a to b. We say that the structures 
Go and GI are d-equivalent if for every d-type r ,  they have exactly 
the same number of points with d-type r. Intuitively, d-equivalence 
corresponds to a type of local isomorphism. 

The next theorem gives a useful sufficient condition (“Hanf’s 
condition”) for the duplicator to have a winning strategy in a first- 
order game. 

Theorem 3.3 [FSV95] Let r be a positive integer. There is a positive 
integer d such that Go N r  G1 whenever Go and GI are d-equivalent 
structures. 

In fact, as shown in [FSV95], we can take d = 3‘-l in Theorem 3.3.3 

’This means that we are effectively considering the open ball of radius d, rather 
than the closed ball of radius d. We are doing this for compatibility with [FSV95], 
where this choice was made for technical convenience. 

3This assumes that, as in [FSV95], there are no constant symbols. If there are 
z constant symbols, then we would take d = 3Tcz-1, since, intuitively, z constant 
symbols effectively increase the number of rounds by z (OUT definition of a winning 
strategy for the duplicator assumes effectively that there are “t extra rounds” where 
the points that are interpretations of the z constant symbols are selected). A similar 
comment applies to the estimates following Theorems 3.6, 3.7, and 3.8. 
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We now give a simple example of the use of Hanf’s condition, to 
show that connectivity is not first-order. We remark that this example 
is sufficiently simple that each of the three conditions (Hanf’s, Arora- 
Fagin’s, and Schwentick’s) that we consider in this paper can prove 
this result. We make use here of Hanf’s condition. By Theorem 3.2, 
we need only show that for each r ,  there is a graph Go that is connected 
and a graph G1 that is not connected, such that Go -, GI. Given r ,  
find d as in Theorem 3.3. Let Go be a cycle with 4d nodes, and let 
G1 be the disjoint union of two cycles, each with 2d nodes. It is easy 
to see that every point in Go and G1 has the same d-type. Since Go 
and G1 have the same number of points, and all with the same d-type, 
it follows that Go and GI are d-equivalent. By Theorem 3.3 and our 
choice of d, it follows that Go -, GI, which was to be shown. Later, in 
Section 5, we shall see a variation (from [FSV95]) of this proof applied 
to colored cycles, as a part of a simple proof that connectivity is not 
in monadic NP. 

For the sake of later comparisons with Arora and Fagin’s approach, 
we now give a slightly different version of Theorem 3.3. 

Theorem 3.4 Let r be a positive integer. There is  a positive integer 
d such that Go -, GI whenever GO and G1 are structures of the same 
similarity type that have the same set of vertices and that satisfy the 
condition that each vertex has the same d-type an Go as in GI. 

On the face of it, the assumptions of Theorem 3.4 are stronger 
than those of Theorem 3.3, since the assumptions of Theorem 3.4 
demand that each vertex have the same d-type in Go as in GI, rather 
than simply requiring that for each d-type r, the structures Go and 
G1 have the same number of vertices of d-type r. However, we can 
apply Theorem 3.4 whenever we could apply Theorem 3.3, by simply 
replacing G1 by an isomorphic copy of G1 (with the same set of vertices 
as Go, and with each vertex having the same d-type in Go as in GI). 

The condition in Theorem 3.3 (that the two structures are d- 
equivalent for some large d) is sufficiently strong that it can be used 
to obtain indistinguishability results not just in first-order logic, but in 
stronger logics, as we now discuss. Let us write Go w, G1 if it happens 
that not only does the duplicator have a winning strategy in the r- 
game over Go, GI, but also the duplicator’s strategy in each round is 
bijective. This means that for each i (with 0 5 i 5 1- - 1) and each 
choice of p l ,  q l , .  . . ,pi ,  qi (where, intuitively, p j  is the point chosen in 


















































