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Abstract

Data exchange is the problem of taking data structured under a source schema and creating
an instance of a target schema that reflects the source data as accurately as possible. In
this paper, we address foundational and algorithmic issues related to the semantics of data

exchange and to the query answering problem in the context of data exchange. These issues
arise because, given a source instance, there may be many target instances that satisfy the
constraints of the data exchange problem.

We give an algebraic specification that selects, among all solutions to the data exchange
problem, a special class of solutions that we callversal. We show that a universal so-
lution has no more and no less data than required for data exchange and that it represents
the entire space of possible solutions. We then identify fairly general, and practical, condi-
tions that guarantee the existence of a universal solution and yield algorithms to compute
a canonical universal solution efficiently. We adopt the notion of the “certain answers” in
indefinite databases for the semantics for query answering in data exchange. We investi-
gate the computational complexity of computing the certain answers in this context and
also address other algorithmic issues that arise in data exchange. In particular, we study the
problem of computing the certain answers of target queries by simply evaluating them on a
canonical universal solution, and we explore the boundary of what queries can and cannot
be answered this way, in a data exchange setting.

Key words. data exchange, data integration, dependencies, universal solution, chase,
guery answering, certain answers, computational complexity, first-order inexpressibility
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1 Introduction

In data exchange, data structured under one schema (which we calliece schema)

must be restructured and translated into an instance of a different schésnge(a
schema). Data exchange is used in many tasks that require data to be transferred
between existing, independently created applications. The first systems supporting
the restructuring and translation of data were built several decades ago. An early
such system was EXPRESS [SHA7], which performed data exchange between
hierarchical schemas. The need for systems supporting data exchange has persisted
over the years. Recently this need has become more pronounced, as the terrain for
data exchange has expanded with the proliferation of web data that are stored in
different formats, such as traditional relational database schemas, semi-structured
schemas (for example, DTDs or XML schemas), and various scientific formats. In
this paper, we address several foundational and algorithmic issues related to the
semantics of data exchange and to the query answering problem in the context of
data exchange.

The data exchange problem. In a data exchange setting, we have a source schema
S and a target scheniB, where we assume th8tandT are disjoint. Sincdl’ can

be an independently created schema, it may have its own constraints that are given
as a set; of sentences in some logical formalism or In addition, we must

have a way of modeling the relationship between the source and target schemas.
This essential element of data exchange is capturesblrge-to-target dependen-

cies that specify how and what source data should appear in the target. These de-
pendencies are assertions between a source query and a target query. Formally, we
have a seL,; of source-to-target dependencies of the formVx(¢s(x) — x(x)),
wheregg(x) is a formula in some logical formalism ovBrand y —(x) is a formula

in some (perhaps different) logical formalism or

Consider a fixed data exchange setting determined, i, X,;, and>; as above.

This setting gives rise to the followingata exchange problem: given an instance

I over the source schenty materialize an instancé over the target schemnili

such that the target dependenciesare satisfied by/, and the source-to-target
dependenciel, are satisfied by and.J together. The first crucial observation is
that there may be many solutions (or none) for a given instance of the data exchange
problem. Hence, several conceptual and technical questions arise concerning the
semantics of data exchange. First, when does a solution exist? If many solutions
exist, which solution should we materialize and what properties should it have, so
that it reflects the source data as accurately as possible? Finally, can such a “good”
solution be efficiently computed?

We consider the semantics of the data exchange problem to be one of the two main
issues in data exchange. We believe that the other main issue is query answering.
Specifically, suppose thatis a query over the target schefliaand/ is an instance
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over the source schensa What does answeringwith respect tad mean? Clearly,

there is an ambiguity arising from the fact that, as mentioned earlier, there may be
many solutiong/ for I and, as a result, different such solutiohmay produce dif-

ferent answerg(.J). This conceptual difficulty was first encountered in the context

of incomplete or indefinite databases (see, for instance, [vdM98]), where one has
to find the “right” answers to a query posed against a set of “possible” databases.
There is general agreement that in the context of incomplete databases, the “right”
answers are theertain answers, that is, the answers that occur in the intersection of
all ¢(J)'s, asJ varies over all “possible” databases. This notion makes good sense
for data exchange as well, where the “possible” databases are the solitions

the instancd. It also has the benefit that the query semantics is independent of the
specific solution we select for data exchange. We thus adopt the certain answers as
the semantics of query answering in the data exchange setting and investigate the
complexity of computing the certain answers in the data exchange setting. A related
important question is whether the certain answers of a query can be computed by
guery evaluation on the “good” target instance that we chose to materialize.

Data exchange vs. data integration. Before describing our results on data ex-
change, we briefly compare and contrast data exchangedataéhntegration. Fol-
lowing the terminology and notation in the recent overview [LenO3jaia inte-
gration systemis a triple(G, S, M), whereg is theglobal schema, S is thesource
schema, and M is a set ofassertions relating elements of the global schema with
elements of the source schema. Bg@tlandS are specified in suitable languages
that may allow for the expression of various constraints. In this generality, a data
exchange settingS, T, X, >;) can be thought of as a data integration system in
which S is the source schemd,andX:; form the global schema, and the source-to-
target dependencies X, are the assertions of the data integration system. In prac-
tice, however, most data integration systems studied to date are eithed@gdl+ (
as-view) systems or GAV dlobal-as-view) systems [Hal01,Len02,LMSS95]. In a
LAV system, each assertion il relates one element of the source schehta

a query (a view) over the global sche@amoreover, it is typically assumed that
there are no target constrainis; (= ). In a GAV system the reverse holds, that
is, each assertion i relates one element of the global scheghto a query (a
view) over the source schenta Since the source-to-target dependentiggelate

a query over the source sche®do a query over the target scherfiaa data ex-
change setting is neither a LAV nor a GAV system. Instead, it can be thought of as
a GLAV (global-and-local-as-view) system [FLM99,Len02].

The above similarities notwithstanding, there are important differences between
data exchange and data integration. As mentioned earlier, in data exchange sce-
narios, the target schema is often independently created and comes with its own
constraints. In data integration, however, the global schénwa commonly as-
sumed to be a reconciled, virtual view of a heterogeneous collection of sources
and, as such, has no constraints. In fact, with the notable exception of [CCGL02],
which studied the impact of key and foreign key constraints on query answering in

a GAV system, most research on data integration has not taken target constraints



into account. Still, a more significant difference is that in a data exchange setting
we have to actually materialize a finite target instance that best reflects the given
source instance. In data integration no such exchange of data is required. For query
answering, both data exchange and data integration use the certain answers as the
standard semantics of queries over the target (global) schema. In data integration,
the source instances are used to compute the certain answers of queries over the
global schema. In contrast, in a data exchange setting, it may not be feasible to
couple applications together in a manner that data may be retrieved and shared on-
demand at query time. This may occur, for instance, in peer-to-peer applications
that must share data, yet maintain a high degree of autonomy. Hence, queries over
the target schema may have to be answered using the materialized target instance
alone, without reference to the original source instance. This leads to the following
problem in data exchange: under what conditions and for which queries can the
certain answers be computed using just the materialized target instance?

Moativation from Clio. The results presented here were motivated by our expe-
rience with Clio, a prototype schema mapping and data exchange tool to whose
development some of us have contributed [MHHO0O,P\Od]. In Clio, source-to-

target dependencies (forming a GLAV system) are (semi)-automatically generated
from a set of correspondences between the source schema and the target schema;
these dependencies can then be used in a data integration system to compute the
certain answers to target queries. Most of the applications we considered, however,
were decoupled applications that would have had to be rewritten to operate cooper-
atively, as required in data integration. For this reason, early on in the development
of Clio, we recognized the need to go farther and, given a source instance, gener-
ate a single “universal” target instance (satisfying the target dependencies) that was
the result of the schema mapping. In designing the algorithms of Clio for creating
the target instance, we were guided mainly by our intuition rather than by formal
considerations. It should be noted that there is a long history of work on data trans-
lation that focuses on taking high-level, data-independent translation rules and gen-
erating efficient, executable translation programs [SHL75,SHTACM97]. Yet,

we could not find a formal justification for the intuitive choices we made in creat-
ing the target instance. In seeking to formalize this intuition and justify the choices
made in Clio, we were led to explore foundational and algorithmic issues related to
the semantics of data exchange and query answering in this setting. Clio supports
schemas that are relational or nested (XML). However, challenging issues already
arise in the relational case. For this reason, here we focus exclusively on data ex-
change between relational schemas; extending this work to other types of schemas
is the subject of on-going investigation.

Summary of Results. In Section 2, we formally introduce the data exchange prob-
lem. We then give an algebraic specification that selects, among all possible solu-
tions for a given source instance, a special class of solutions that wenoasisal.

More precisely, a solution for an instance of the data exchange problem is universal
if it has homomorphisms to all solutions for that instance. We show that a universal
solution has “good” properties that justify its choice for the semantics of the data



exchange problem. We note that Caf'al. [CCGL02] studied GAV systems with
key and foreign key constraints at the target. By means of a logic program that sim-
ulates the foreign key constraints, they constructedrenical database, which

turns out to be a particular instance of our notion of universal solution.

Given the declarative specification of universal solutions, we go on in Section 3
to identify fairly general, yet practical, sufficient conditions that guarantee the ex-
istence of a universal solution and yield algorithms to compute such a solution
efficiently. Towards this goal, we use the concept ofieakly acyclic set of tar-

get dependencies; this concept is broad enough to contain as special cases both
sets of full tuple-generating dependencies (full tgds) [BV84] and acyclic sets of
inclusion dependencies [CK86]. In Section 3 we prove th&SifT, X, >;) is a

data exchange setting such that is a set of tuple-generating dependencies (tgds)
and?y; is the union of a weakly acyclic set of tgds with a set of equality gener-
ating dependencies (egds), then, given a source instance, a universal solution to
the data exchange problem exists if and only if a solution exists. Moreover, for
each data exchange setti(§) T, X, 3J;) satisfying the above conditions, there is

a polynomial-time algorithm that, given a source instance, determines whether a
solution to the data exchange problem exists and, if so, produces a particular uni-
versal solution, which we call theanonical universal solution. These results make

use of the classicalhase procedure [MMS79,BV84]. We note that, even though

the chase has been widely used in reasoning about dependencies, we have not been
able to find any explicit references to the fact that the chase can produce instances
that have homomorphisms to all instances satisfying the dependencies under con-
sideration.

After this, in Sections 4 and 5, we study query answering in a data exchange set-
ting. We adopt the notion of the certain answers as the semantics of target queries
(that is, queries posed over the target schema) and we investigate two separate, but
interlinked, issues. The first issue is to determine for which target queries the cer-
tain answers can be obtained using the materialized target instance alone, while
the second is to analyze the computational complexity of computing the certain
answers of target queries. Note that the study of query answering in this context
involves three different parameters: a data exchange s¢gifnp, >, >, ), a target
querygq, and a source instanéeHere, we focus on what could be called (following
Vardi's [Var82] taxonomy) thelata complexity of target queries in an arbitrary, but
fixed, data exchange setting. This means that we have a fixed data exchange setting
(S, T, X, %) and, for each target quegy we are interested in the computational
complexity of the following problem: given a source instardcdind the certain
answers ofy with respect ta’.

On the positive side, if the target querys a union of conjunctive queries, then itis
easy to show that the certain answersg oén indeed be obtained by evaluatingn

an arbitrary universal solution. Moreover, universal solutions are the only solutions
possessing this property; this can be seen as further justification for our choice to
use universal solutions for data exchange. It also follows that, whenever a universal
solution can be computed in polynomial time, the certain answers of unions of



conjunctive queries can be computed in polynomial time (in particular, this is true
when the dependenciesin; andy:; satisfy the conditions identified in Section 3).

On the negative side, a dramatic change occurs when queries have inequalities.
To begin with, Abiteboul and Duschka [AD98] showed that in a LAV data inte-
gration system and with conjunctive queries as views, computing the certain an-
swers of conjunctive queries with inequalities is a coNP-complete problem. Since
this LAV setting is a special case of a data exchange setting in which the canoni-
cal universal solution can be computed in polynomial time, it follows that, unless
P = NP, we cannot compute the certain answers of conjunctive queries with in-
equalities by evaluating them on the canonical universal solution (or on any other
polynomial-time computable universal solution). We take a closer look at conjunc-
tive queries with inequalities by focusing on the number of inequalities. In [AD98],

it was claimed that in a LAV setting with conjunctive queries as views, computing
the certain answers of conjunctive queries with a single inequality is a coNP-hard
problem. The reduction given in that paper, however, is not correct; a different re-
duction in the unpublished full version [ADOO] shows that computing the certain
answers of conjunctive queries with six (or more) inequalities is a coNP-complete
problem. We conjecture that the minimum number of inequalities that give rise to
such coNP-hardness results is two. Towards this, we show that in the same LAV
setting, computing the certain answersuofons of conjunctive queries with at
most two inequalities per disjunct is a coNP-complete problem. We also show that
the problem of computing the certain answers for unions of conjunctive queries
with inequalities remains in coNP, as long as we consider data exchange settings
(S, T, X, %) inwhich X, is a set of egds and, is a union of a set of egds with a
weakly acyclic set of tgds. In proving this upper-bound result, we make use use of
an extension of the chase that can hamligunctive egds, in addition to tgds and
egds. We call this chase thesjunctive chase; it is a special case of the “disjunctive
chase” defined in [DTO1].

In contrast with the above mentioned intractability results for the case of two in-
equalities or more, we then show that for the data exchange setting, there is a
polynomial-time algorithm for computing the certain answers of unions of con-
junctive queries with at mosihe inequality per disjunct (thus, the claim in [AD98]

is false, unles® = NP). Moreover, even when the link between the source and
the target has been severed, the certain answers of unions of conjunctive queries
with at most one inequality per disjunct can be computed in time polynomial in
the size of a given universal solution. We point out, however, that this computation
cannot be carried out by simply evaluating such queries on the canonical universal
solution. Thus, the question arises as to whether the certain answers of unions of
conjunctive queries with at most one inequality per disjunct can be computed by
evaluating some other (perhaps more complex) first-order query on the canonical
universal solution. Our final theorem is an impossibility result, which provides a
strong negative answer to this question. It shows that there is a simple conjunc-
tive queryq with one inequality for which there is no first-order querysuch that

the certain answers @f can be computed by evaluating on the canonical uni-



versal solution. The proof of this theorem makes use of a novel combination of
Ehrenfeucht-Fne@s® games and the chase. This result shows that, although there is
a polynomial-time algorithm for finding the certain answerg athere is no SQL
queryq* that returns the certain answersqoivhen evaluated by a database engine
on the canonical universal solution.

There is another way to view this impossibility result. Abiteboul and Duschka’s co-
NP completeness result implies thaPit£ NP, then there is a conjunctive queyy

with inequalities whose certain answers cannot be obtained by evaluating any first-
order query;* on the canonical universal solution. We prove that the same conclu-
sion holds even without the assumption tRag NP. Moreover, it holds even for a
gueryq with only one inequality, where we showed that there is a polynomial-time
algorithm for obtaining the certain answers, and hence the assuniptioanNP
cannot help.

2 The Data Exchange Problem

A schemais afinite collectioR = { Ry, ..., Ry }s of relation symbols. Amstance

I over the schema R is a function that associates to each relation syniboh
relation(R;). In the sequel, we will on occasion abuse the notation anduse
denote both the relation symbol and the relation that interprets it. Given attuple
occurring in a relatiom?, we denote byR(¢) the association betweerand R and

call it afact. An instance can be conveniently represented by its set of fadsislf

a schema, then dependency over R is a sentence in some logical formalism over
R.

LetS = {S,...,S,} andT = {T3,...,T,,} be two disjoint schemas. We refer

to S as thesource schema and to thé;'s as thesource relation symbols. We refer

to T as thetarget schema and to thE;’s as thetarget relation symbols. Similarly,
instances ove$ will be called source instances, while instances ov&rwill be
calledtarget instances. Iff is a source instance andis a target instance, then we

write (1, J) for the instances over the schem8U T such that<'(S;) = I(.S;) and

K(T;) = J(1y), fori < nandj < m.

A source-to-target dependency is a dependency of the forlk(¢s(x) — xT(x)),
where¢g(x) is a formula, with free variables, of some logical formalism over

S and yr(x) is a formula, with free variables, over some logical formalism
over T (these two logical formalisms may be different). We use the notation

for a vector of variables, . . ., z;. A target dependency is a dependency over the
target schemd" (the formalism used to express a target dependency may be dif-
ferent from those used for the source-to-target dependencies). The source schema
may also have dependencies that we assume are satisfied by every source instance.
While the source dependencies may play an important role in deriving source-to-
target dependencies [PVN02], they do not play any direct role in data exchange,
because we take the source instance to be given.



Definition 2.1 A data exchange setting (S, T, X4, ;) consists of a source schema
S, a target schem@, a set>,; of source-to-target dependencies, and a%5aif
target dependencies. Thata exchange problem associated with this setting is the
following: given a finite source instande find a finite target instancé such that
(1, J) satisfiest,; andJ satisfies”;. Such aJ is called asolution for I or, simply

a solution if the source instancé is understood from the context. The set of all
solutions forI is denoted bysol(7). 1

Note that the input to a data exchange problem is a source instance only; the data
exchange setting itself (that is, source schema, target schema, and dependencies) is
considered fixed.

For most practical purposes, and for most of the results of this aeech source-
to-target dependency i, is atuple generating dependency (tgd) [BV84] of the
form

Vx(¢s(x) — Iyvr(x,y)),

where¢g(x) is a conjunction of atomic formulas ov8randr(x,y) is a con-
junction of atomic formulas ovel'. Moreover, each target dependencyinis
either atuple-generating dependency (tgd) (of the form shown below left) or an
equality-generating dependency (egd) [BV84] (shown below right):

Vx(¢r(x) — Iyvr(x,y))  Vx(¢r(x) — (21 = 22))

In the abovepr(x) andyr(x,y) are conjunctions of atomic formulas ovéy,

andx, =, are among the variables tn Note that data exchange settings with
tgds as source-to-target dependencies include as special cases both LAV and GAV
data integration systems in which the views are sound [Len02] and are defined by
conjunctive queries. It is natural to take the target dependencies to be tgds and
egds: these two classes together comprise the (embedded) implicational dependen-
cies [Fag82], which seem to include essentially all of the naturally-occurring con-
straints on relational databases. However, it is somewhat surprising that tgds, which
were originally “designed” for other purposes (as constraints), turn out to be ideally
suited for describing desired data transfer.

For simplicity of presentation, we do not allow for constants to occur anywhere
inside the tgds and egds. However, all results of this paper can be suitably extended
for such dependencies. Also, in the rest of the paper we will usually drop the univer-
sal quantifiers in front of a dependency, and implicitly assume such quantification.
However, we will write down all existential quantifiers.

The next example shows that there may be more than one possible solution for
a given data exchange problem. The natural question is then which solution to
choose.

Example 2.2 Consider a data exchange problemin which the source schema has
three relation symbols P, Q, R, each of them with attributes A, B, C', while the

2 Except for Proposition 4.2.



target schema has one relation symbol 7" also with attributes A, B, C'. e assume
that X; = (). The source-to-target dependencies and the source instance are:

Y Pla,b,c) - 3IYIZT(a,Y,Z) I={ Plag,byc),
Qla,b,¢) — IXU T(X,b,V) Qlalbo. ).
R(a,b,c) — 3VIW T(V,W,0) R(al B co) }

Wk observe first that the dependencies in X, do not completely specify the target
instance. Indeed, the first dependency requiresan A-value of atuplein P to appear
inthe A column of 7', but it does not specify any particular valuesfor the B and C'
attributes. It should be noted that such incomplete specification arises naturally in
many practical scenarios of data exchange (or data integration for that matter; see
[Hal01,Len02]). For our example, one possible solutioniis:

J = {T(a’O7 )/07 ZO): T(X07 b07 UO)7 T(‘/(b WO7 CO)}7

where X, Yo, ... represent “ unknown” values, that is values that do not occur
in the source instance. We will call such values labeled nullsand we will introduce
them formally in the next section. The second observation isthat there may be more
than one solution. For example, the following are solutions as well:

J1 = {T(ag, by, co) } Jo = {T(ag, bo, Z1), T (V1, Wi, c0)}

In the above, 7, V; and 1/, are labeled nulls. Note that .J; does not use labeled
nulls; instead, source values are used to witness the existentially quantified vari-
ables in the dependencies. Solution J; seems to be less general than J, since it
“assumes’ that all three tuples required by the dependencies are equal to the tu-
ple (aq, by, co). Thisassumption, however, isnot part of the specification. Smilarly,
solution .J; has extra information that is not a conseguence of the dependenciesin
Y for the given source data. We argue that neither J; nor J, should be used for
data exchange. In contrast, J is the “best” solution: it contains no more and no
less than what the specification requires. We formalize this intuition next.

2.1 Universal Solutions

We next give an algebraic specification that selects, among all possible solutions, a
special class of solutions that we catiiversal. As we will see, a universal solution

has several “good” properties that justify its choice for the semantics of data ex-
change. Before presenting the key definition, we introduce some terminology and
notation.

We denote by Conghe set of all values that occur in source instances and we also
call themconstants. In addition, we assume an infinite set \&walues, which we
calllabeled nulls, such that VanConst= (). We reserve the symbals!’, I, I, . ..

for instances over the source scheghand with values in ConsiVe also reserve



the symbols/, J', J;, Js, . . . for instances over the target scheand with values
in ConstuU Var.

If R = {Ry,...,Ry) is a schema an& is an instance oveR with values in
ConstU Var, then_ Vat K') denotes the set of labelled nulls occurring in relations in
K.

Definition 2.3 Let K; and K, be two instances ovaR with values in_ Const)
Var.

1. Ahomomorphismh : K — K, is a mapping from ConstVar(K) to ConstJ
Var(K,) such that: (1)1(c) = ¢, for everyc € Const (2) for every factr;(t)
of K, we have thai?;(h(t)) is a fact of K5 (where, ift = (a4, ...,as), then
h(t) = (h(ay),. .., h(as))).

2. K ishomomorphically equivalent to K5 if there is a homomorphis: K; —
K5 and a homomorphisiy : K, — K. |

Definition 2.4 (Universal solution) Consider a data exchange setti8gT, >, >, ).
If I is a source instance, theruaiversal solution for 7 is a solution/ for I such
that for every solutiory’ for I, there exists a homomorphism J — J'. 1

Example 2.5 Theinstances J; and J, in Example 2.2 are not universal. In partic-
ular, there is no homomorphismfrom J; to J and also there is no homomor phism
from J; to J. Thisfact makes precise our earlier intuition that the instances .J; and
Jo contain “ extra” information. In contrast, there exist homomor phisms from J to
both J; and J,. Actually, it can be easily shown that .J has homomorphismsto all
other solutions. Thus, J isuniversal.

From an algebraic standpoint, being a universal solution is a property akin to being
aninitial structure [Mak87] for the set of all solutions (although an initial structure

for a setkC of structures is required to hawmique homomorphisms to all other
structures inK). Initial structures are ubiquitous in several areas of computer sci-
ence, including semantics of programming languages and term rewriting, and are
known to have good properties (see [Mak87]). The next result asserts that universal
solutions have good properties as well.

Proposition 2.6 Let (S, T, X, ¥;) be a data exchange setting.

1. If ] isasourceinstance and .J, J’ are universal solutionsfor 7, then J and J’
are homomor phically equivalent.

2. Assumethat X; isa set of tgds. Let 7, I’ be two source instances, .J a universal
solution for I, and .J’ a universal solution for I’. Then Sol(I) € Sol(!’) if and
only if thereisa homomorphismh : J" — .J. Consequently, Sol(/) = Sol(I’) if
and only if J and .J' are homomor phically equivalent.

Proof. The first part follows immediately from the definitions. For the second part,
assume first theffol(/) C Sol(I’). SinceJ € Sol([), it follows thatJ € Sol(I’)
and, hence, there is a homomorphismJ’ — J because/’ is a universal solution
for I’. Next, assume that there is a homomorphism/’ — J. Let J* be a solution

for 1. We must show that* is a solution for/’, which amounts to showing that

10



(I',J*) = ¥q andJ* | %,. SinceJ* is a solution for/, we already have that
J* = 34, so it suffices to show thdtl’, J*) = 3. Consider a tgt/x(¢g(x) —
Jyyr(x,y)) in Xy. Since(l’, J') satisfies this tgd, for every vectarof constants
from I’ such that!’ = ¢s(a), there is a vectob of elements of/’ such that
J' | vYr(a,b). SinceJ is a universal solution forf, there is a homomorphism
h* . J — J*. Hence, the compositioh* o h is a homomorphism fromy’ to J*.
Since atomic formulas are preserved under homomorphisms’and(a) = a, it
follows thatJ* = ¢ (a, h* o h(b)). Thus,(I’, J*) E Vx(¢s(x) — Jyvr(X,y)).

1

The first part of Proposition 2.6 asserts that universal solutions are unique up to
homomorphic equivalence. The second part implies thaisfa universal solution

for two source instancesand!’, thenSol(I) = Sol(I’). Thus, in a certain sense,
each universal solution precisely embodies the space of solutions.

3 Computing Universal Solutions

Checking the conditions in Definition 2.4 requires implicitly the ability to check
the (infinite) space of all solutions. Thus, it is not clear, at first hand, to what ex-
tent the notion of universal solution is a computable one. This section addresses the
guestion of how to check the existence of a universal solution and how to compute
one (if one exists). In particular, we show that the classical chase can be used for
data exchange and that every finite chase, if it does not fail, constructs a universal
solution. If the chase fails, then no solution exists. However, in general, for arbi-
trary sets of dependencies, there may not exist a finite chase. Hence, in Section 3.2
we introduce the class of weakly acyclic sets of tgds, for which the chase is guaran-
teed to terminate in polynomial time. For such sets of dependencies, we show that:
(1) the existence of a universal solution can be checked in polynomial time, (2) a
universal solution exists if and only if a solution exists, and (3) a universal solution
(if solutions exist) can be produced in polynomial time.

3.1 Chase: Canonical Generation of Universal Solutions

Intuitively, we apply the following procedure to produce a universal solution: start
with an instancé!, ()) that consists of, for the source schema, and of the empty in-
stance, for the target schema; then chds@) by applying the dependenciesih;
andy, for as long as they are applicaBleThis process may fail (as we shall see
shortly, if an attempt to identify two constants is made) or it may never terminate.
But if it does terminate and if it does not fail, then the resulting instance is guaran-
teed to satisfy the dependencies and, moreover, to be universal (Theorem 3.3).

3 1tis possible to apply firsE,; as long as applicable and then applyas long as appli-
cable.
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We next define chase steps. Similar to homomorphisms between instances, a ho-
momorphism from a conjunctive formut&x) to an instance is a mapping from

the variablesc to ConstJ Var(.J) such that for every atom®(z, . .., x,) of ¢, the

fact R(h(z1), ..., h(z,)) isin J. The chase that we use is a slight variation of the
classical notion of chase with tgds and egds of [BV84] in the sense that we chase
instances rather than symbolic tableaux.

Definition 3.1 (Chase step) Let K be an instance.

(tgd) Letd be atgds(x) — Iy (x,y). Leth be a homomorphism from(x) to K
such that there is no extension/ofo a homomorphism’ from ¢(x) A ¢ (x,y)
to K. We say that! can be applied to K with homomor phism A.
Let K’ be the union ofX” with the set of facts obtained by: (a) extendintp
h’ such that each variable nis assigned a fresh labeled null, followed by (b)
taking the image of the atoms gfunderh’. We say thathe result of applying
dto K with h is K’, and write k' 2 K.

(egd) Letd be an egd(x) — (1 = ). Let h be a homomorphism from(x) to
K such thati(z1) # h(xs). We say thatl can be applied to K with homomor-
phism h. We distinguish two cases.

e If both h(z,) andh(zs) are in Consthen we say thathe result of applying
dto K with h is “failure”, and write X’ -2 1,
e Otherwise, letK’ be K where we identifyh(x1) and h(z,) as follows:
if one is a constant, then the labeled null is replaced everywhere by the
constant; if both are labeled nulls, then one is replaced everywhere by the
other. We say thathe result of applying d to K with A is K’, and write
d,h ,
K — K'.1

In the definition,K’ R (including the case wherk” is 1) defines one single
chase step. We next define chase sequences and finite chases.

Definition 3.2 (Chase) Let X be a set of tgds and egds, and #étbe an instance.

e A chase sequence of K with X is a sequence (finite or infinite) of chase steps
K; dishy K, with:i =0,1,...,with K = K, andd; a dependency ik.

e A finite chase of K with X is a finite chase sequenéé b, Kiy1,0 <1< m,
with the requirement that either (&),, = L or (b) there is no dependendy
of 3 and there is no homomorphisim such thati; can be applied tds,,, with
h;. We say thati,, is the result of the finite chase. We refer to case (a) as the
case of dailing finite chase and we refer to case (b) as the case afi@essful
finite chase. 11

In general, there may not exist a finite chase of an instance (cyclic sets of dependen-
cies could cause infinite application of chase steps). Infinite chases can be defined
as well, but for this paper we do not need to do so. Also, different chase sequences
may yield different results. However, each result, if ngtsatisfies:.

For data exchange, we note first that, due to the nature of our dependencies, any
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chase sequence that starts with()) does not change or add tuples/inThen, if

a finite chase exists, its resylt, J) is such that/ is a solution. Furthermore), is
universal, a fact that does not seem to have been explicitly noted in the literature on
the chase. The next theorem states this, and also states that the chase can be used to
check the existence of a solution.

Theorem 3.3 Assume a data exchange setting where X, consists of tgds and X,
consists of tgds and egds.

1. Let (I, J) be the result of some successful finite chase of (I, () with ¥,; U ;.
Then J isa universal solution.

2. If there exists some failing finite chase of (7, () with 3, U %, then thereis no
solution.

The proof of the theorem makes use of the following basic property of a chase step.
(This property was implicitly proved and used in [BV84,MUV84], in slightly more
restricted settings than ours and in different contexts.)

Lemma34 Let K; Lk, K, be achase step where K, # 1. Let K be aninstance
such that: (i) K satisfies d and (ii) there exists a homomorphismh, : K; — K.
Then there exists a homomorphismh, : Ky — K.

Proof. Case 1: d is a tgd¢(x) — Jyu(x,y). By the definition of the chase step,
h : ¢(x) — K, is a homomorphism. Composing homomorphisms yields homo-
morphisms; thus

hioh:¢(x)— K

is a homomorphism. Sinck satisfiesi there exists a homomorphism
W o(x) A(x,y) — K

such thath’ is an extension ok o h, that ish/(x) = h;(h(x)). For each variable
y iny, denote byA, the labeled null replacing in the chase step. Defirte, on
Var(K,) as follows:hy(A) = hy(A), if A € Var(K;), andhy(A,) = B'(y) for y in
y.

We need to show that, is a homomorphism fronk’, to K, that is,h, maps facts of
K, to facts of K while preserving relation symbols. For facts/of that are also in
K this is true becausk, is a homomorphism. LeE(xq, yo) be an arbitrary atom
in the conjunction). (Herex, andy, contain variables ix andy, respectively.)
Then K, contains, in addition to any facts &f;, a factT(h(xo), Ay,). The image
underh, of this fact is, by definition ofh,, the factT(h;(h(xo)), 4’ (yo)). Since
h'(x0) = hi(h(x0)), thisis the same aB(h’(xq), '(yo)). Buth’ homomorphically
maps all atoms ob A 1), in particularT(xo, yo), into facts of K. Thus,h, is a
homomorphism.

Case 2. dis an egdp(x) — (r1 = x9). Asin Case 1h; 0 h : ¢(x) — K
is a homomorphism. We takk, to be h;. We need to ensure that is still a

homomorphism when considered fraify to K. The only way that; can fail to
be a homomorphism is i, fails to be a function, by mappinfy(z,) and h(z)
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into two different constants or labeled nulls &f But this is not the case sindé
satisfies?, and soh; (h(x1)) = hy(h(x2)). 11

The proof of Theorem 3.3 is based on Lemma 3.4 and on the observation that the
identity mapping is a homomorphism froph, () to (7, J'), for any solution/’. We
give the full details next.

Proof of Theorem 3.3. Part 1: It follows from Definition 3.2 that(/, J) satisfies
Y U X, SinceX; uses only target relation symbols, it follows thasatisfiesy,.
Let.J’ be an arbitrary solution. Thug§l, J') satisfies,;U>},. Moreover, the identity
mapping.id: (I,0) — (I, J') is a homomorphism. By applying Lemma 3.4 at each
chase step, we obtain a homomorphism(I, J) — (I, J'). In particular, is also

a homomorphism fron to J'. Thus,J is universal.

Part 2: Let (I, J) 2" | be the last chase step of a failing chase. Tthemust be

an egd of¥;, sayp(x) — (1 = ), andh : ¢(x) — J is a homomorphism such
that h(z,) andh(zy) are twodistinct constants:; and, respectively;,. Suppose
that there exists a solutioff. Following the same argument as in Part 1, we see
that the identity homomorphism id (I,0) — (I, .J’) implies, by Lemma 3.4,
the existence of a homomorphism: (Z,J) — (I,J’). Thengo h : ¢(x) —

J' is a homomorphism. Sincé’ is assumed to satisfy, it must be the case that
g(h(x1)) = g(h(xs)) and thusg(c;) = g(c2). Homomorphisms are identities on
Const thereforec; = ¢y, which is a contradictionl

For part 1 of Theorem 3.3 we refer to sughasa canonical universal solution.

In further examples and proofs, when sutls unique, we will also use the term
the canonical universal solution. We note that a canonical universal solution is
similar, in its construction, to the representative instance defined in the work on
the universal relation (see [MUV84])). It is also similar to the canonical database of
[CCGLO02] defined in a more restricted setting, that of GAV with key and foreign
key constraints.

The following is an example of cyclic set of inclusion dependencies for which there
is no finite chase; thus, we cannot produce a universal solution by the chase. Still,
a finite solution does exist. This illustrates the need for introducing restrictions in
the class of dependencies that are allowed in the target.

Example 3.5 Consider the data exchange setting (S, T, ¥, >;) as follows (this
scenario is also graphically but informally shown in Figure 1). The source schema
S hasonerelation Dept Enp(dpt _i d, ngr _nane, ei d) listing departmentswith
their managers and their employees. The target schema T has a relation Dept

(dpt _i d, mgr _i d, mgr _nane) for departments and their managers, and a sepa-
rate relation for employees Enp (ei d, dpt _i d). The source-to-target and target
dependencies are:

Y= { Dept Enp(d,n,e) — IM.Dept (d, M,n) N Enp(e,d) }
Zt = { [bpt (du m, n) - EIDEer(mu D)a
Enp(e,d) — 3M3N.Dept (d, M,N) }
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Dept

DeptEmp ~ —» dptid <=

dpt_id mgr_id
mgr_nam mgr_name
eid
Emp
eid €~
dpt_id ------~

| ={ DeptEmp (CS, Mary, E003) }

Fig. 1. Data exchange with infinite chase.

Assume now that the source instance I has one tuplein Dept Enp, for department
CS with manager Mary and employee EO03 Chasing (7, () with X, yields the
target instance:

J, = {Dept (CS, M, Mary), Enp(E003,CS)}

where M is a labeled null that instantiates the existentially quantified variable
of the tgd, and encodes the unknown manager id of Mary. However, .J; does not
satisfy >2;; therefore, the chase does not stop at .J;. Thefirst tgdin 3, requires M to
appear in Enp as an employee id. Thus, the chase will add Enp (M, D) where D
isalabeled null representing the unknown department in which Mary is employed.
Then the second tgd becomes applicable, and so on. It is easy to see that there is
no finite chase. Satisfying all the dependencies would require building an infinite
instance:

J ={Dept (CS, M, Mary), Enp(E003, CS), Enp(M, D), Dept (D, M',N'), ...}

On the other hand, finite solutions exist. Two such examples are:

={Dept (CS, E003, Mary), Enp(E003,CS)}
J"={Dept (CS, M, Mary), Enp(E003,CS), Enp(M,CS)}

However, neither J' nor J” are universal: thereis no homomorphismfrom.J’ to J”
and thereis no homomorphismfrom J” to J’. We argue that neither should be used
for data exchange. In particular, J' makes the assumption that the manager id of
Mary isequal to EO03 while J” makes the assumption that the department in which
Mary is employed is the same as the department (CS) that Mary manages. Neither
assumption is a consequence of the given dependencies and source instance. It can
be shown that no finite universal solution exists for this example.

We next consider sets of dependencies for which every chase sequence is guaran-
teed to reach its end after at most polynomially many steps (in the size of the input
instance). For such sets of dependencies it follows that checking the existence of a
solution, as well as generating a universal solution, can be carried out in polynomial
time.
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3.2 Polynomial-Length Chase

We first discuss sets dtlll tgds (tgds with no existentially quantified variables).

It has been proven in [BV84] that every chase sequence with A séffull tgds

has at most finite length. Moreover every chase has the same result. It is simple to
show that the length of the chase is bounded by a polynomial in the size of the input
instance (the dependencies and the schema are fixed). Also, any set of egds can be
added ta: without affecting the uniqueness of the result or the polynomial bound.

Although full tgds enjoy nice properties, they are not very useful in practice. Most
dependencies occurring in real schemas are non-full, for example, foreign key con-
straints or, more generally, inclusion dependencies [CFP84]. It is well known that
chasing with inclusion dependencies may not terminate in gerfagdlic sets of
inclusion dependencies [CK86] are a special case for which every chase sequence
has a length that is polynomial in the size of the input instance. Such dependencies
can be described by defining a directed graph in which the nodes are the relation
symbols, and such that there exists an edge ffoto .S whenever there is an in-
clusion dependency froi to S. A set of inclusion dependencies is acyclic if there

is no cycle in this graph. We define nexivaakly acyclic sets of tgds, a notion that
strictly includes both sets of full tgds and acyclic sets of inclusion dependencies.
This notion is inspired by the definition of weakly recursive ILOG [HY90], even
though the latter is not directly related to dependencies. Informally, a set of tgds is
weakly acyclic if it does not allow for cascading of labeled null creation during the
chase.

This concept first arose in a conversation between the last author and A. Deutsch
in 2001. Preliminary reports on this concept appeared independently in [FKMPO03]
(the conference version of this article) and in [DTO3] (in the latter paper, under the
term constraints with stratified-witness).

Definition 3.6 (Weakly acyclic set of tgds) Let > be a set of tgds over a fixed
schema. Construct a directed graph, calledddygendency graph, as follows: (1)
there is a node for every pai?, A) with R a relation symbol of the schema and
A an attribute ofR; call such pair R, A) a position; (2) add edges as follows: for
every tgdp(x) — Jy(x,y) in X and for everyr in x thatoccursin :

e For every occurence afin ¢ in position(R, A;):
(a) for every occurence af in « in position(S, B;), add an edgeéR, A;) —
(S, By) (if it does not already exist).
(b) in addition, for every existentially quantified variablend for every oc-
currence ofy in v in position (T, C}), add aspecial edge (R, A;) —
(T, Cy) (if it does not already exist).

Note that there may be two edges in the same direction between two nodes, if
exactly one of the two edges is special. Theis weakly acyclic if the dependency
graph has no cycle going through a special edpe.

Intuitively, part (a) keeps track of the fact that a value may propagate from position
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(Dept, dpt_id),

(Dept, mgr_id)

(€Y

Fig. 2. Dependency graphs for: (a) a set of tgds that is not weakly acyclic, (b) a weakly
acyclic set of tgds.

(R, A;) to position(S, B;) during the chase. Part (b), moreover, keeps track of the
fact that propagation of a value inf®, B;) also creates a labeled null in any po-
sition that has an existentially quantified variable. If a cycle goes through a special
edge, then a labeled null appearing in a certain position during the chase may deter-
mine the creation of another labeled null, in the same position, at a later chase step.
This process may thus continue forever. Note that the definition allows for cycles as
long as they do not include special edges. In particular, a set of full tgds is a special
case of a weakly acyclic set of tgds (there are no existentially quantified variables,
and hence no special edges).

Example 3.7 Recall Example 3.5. The dependency graph of >, is shown in Fig-
ure 2(a). The graph contains a cycle with two special edges. Hence 3, is not weakly
acyclic and therefore a finite chase may not exist (as seen in Example 3.5). On the
other hand, let us assume that we know that each manager of a department is em-
ployed by the samedepartment. Then, we replace the set 3; by the set ¥}, where

Y, = { Dept (d,m,n) — Enp(m,d),
Enp(e,d) — IM3N.Dept (d, M, N) }

The dependency graph of ¥}, shown in Figure 2(b), has no cycles going through a
special edge. Thus, ¥} isweakly acyclic. As Theorem 3.8 will show, it is guaranteed
that every chase sequenceisfinite. For Example 3.5, one can seethat the chase of .J;
with 33} stopswith result J”. Thus J” isuniversal. Note that for J” to be universal it
was essential that we explicitly encoded in the dependencies the fact that managers
are employed by the department they manage. Finally, we remark that >} is an
example of a set of inclusion dependencies that, although weakly acyclic, is cyclic
according to the definition of [ CK86].

We now state the main results regarding weakly acyclic sets of tgds.

Theorem 3.8 Let X be the union of a weakly acyclic set of tgds with a set of egds,
and let K be an instance. Then there exists a polynomial in the size of K that
bounds the length of every chase sequence of K with X_.

Proof. We give the proof for the case wh&hdoes not have any egds. The addition

of egds does not essentially change the argument and we leave the details to the
interested reader. For every node, A) in the dependency graph &f, define an
incoming path to be any (finite or infinite) path ending (iR, A). Define therank

of (R, A), denoted by rankR, A), as the maximum number of special edges on any
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such incoming path. Since is weakly acyclic, there are no cycles going through
special edges. Thus rafi, A) is finite. Letr be the maximum, over all positions

(R, A), of ranK R, A), and letp be the total number of positiongz, A) in the
schema (equal to the number of nodes in the graph). The latter number is a constant,
since the schema is fixed. Moreoveris at mostp. Thusr is not only finite but
bounded by a constant. The next observation is that we can partition the nodes in
the dependency graph, according to their rank, into subégtd’;, ..., N,, where

N; is the set of all nodes with rank Let n be the total number of distinct values
(constants or labeled nulls) that occur in the instaAcd_et K’ be any instance
obtained fromK after some arbitrary chase sequence. We prove by induction on
the following claim:

For every i there exists a polynomial @); such that the number of distinct values that
occur in all positions (R, A) of N;, in K’,isat most Q;(n).

Base case: If (R, A) is a position inNy, then there are no incoming paths with
special edges. Thus no new values are ever created at pagitioh) during the
chase. Hence the values occurring at positiBnA) in K’ are among the values
of the original instancés’. Since this is true for all the positions i¥,, we can then
takeQo(n) = n.

Inductive case: The first kind of values that may occur at a positiol\gfin K’, are

those that already occur at the same positioR imThe number of such values is at
mostn. In addition, a value may occur at a positiondf, in K, for two reasons: by
beingcopied from some position inV; with j # ¢, during a chase step, or by being
generated as a new value (labeled null), also during a chase step. We count first how
many values can be generated. [Bt A) be some position aV;. A new value can

be generated ifi?, A) during a chase step only due to special edges. But any special
edge that may entéi?, A) must start at a node iV U ... U N;_;. Applying the
inductive hypothesis, the number of distinct values that can exist in all the nodes in
NoU...UN;_; isbounded by?(n) = Qo(n)+...+Q;_1(n). Letd be the maximum
number of special edges that enter a position, over all positions in the schema. Then
for any distinctd-tuple of values inNy U ... N;_; and for any dependency i

there is at most one new value that can be generated at poditioh). (This is a
consequence of the chase step definition and of how the special edges have been
defined.) Thus the total number of new values that can be generat&d.) is at
most(P(n))¢ x D, whereD is the number of dependenciesiinSince the schema
andX are fixed, this is still a polynomial in. If we considerall positions(R, A)

in V;, the total number of values that can be generated is atpnest?(n))? x D
wherep; is the number of positions iV;. Let G(n) = p; x (P(n))¢ x D. Obviously,

G is a polynomial.

We count next the number of distinct values that can be copied to positions of
N; from positions of N; with j # i. Such copying can happen only if there are
non-special edges from positions My with j # < to positions inN,. We observe

first that such non-special edges can originate only at nodégia ... U N;_q,

that is, they cannot originate at nodes/\p with ;7 > 7. Otherwise, assume that
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there existg > ¢ and there exists a non-special edge from some positiov; @b

a position(R, A) of N;. Then the rank of R, A) would have to be larger than
which is a contradiction. Hence the number of distinct values that can be copied
in positions of V; is bounded by the total number of valuesig U ... U N;_,
which is P(n) from our previous consideration. Putting it all together, we can take
Qi(n) = n+ G(n) + P(n). SinceQ); is a polynomial, the claim is proven.

In the above claim, is bounded by the maximum ramkwhich is a constant. Hence
there exists a fixed polynomig) such that the number of distinct values that can
exist, over all positions, irk”’, is bounded by (n). In particular, the number of
distinct values that can exist, at a single positioniihis also bounded by)(n).

Then the total number of tuples that can exiskihis at most(Q(n))?, (recall that

p is the total number of positions in the schema). This is also a polynomial since
p is constant. Since every chase step with a tgd adds at least some tupletto
follows that the length of any chase sequence is at 1ft@6&t) )?. I

Corollary 3.9 Assume a data exchange setting where 3., is a set of tgds, and X,
is the union of a weakly acyclic set of tgds with a set of egds. The existence of a
solution can be checked in polynomial time. If a solution exists, then a universal
solution can be produced in polynomial time.

4 Query Answering

As stated earlier, we adopt the notion of certain answers for the semantics of query
answering. We first give the formal definition of this notion and then address the
problem of whether and to what extent the certain answers of a query over the
target schema can be computed by evaluating some query (same or different) on a
universal solution.

Definition 4.1 Let (S, T, X, X;) be a data exchange setting.

e Let ¢ be ak-ary query over the target scherftaand/ a source instance. The
certain answers of ¢ with respect to 7, denoted bycertain(q, /), is the set of all
k-tuplest of constants fronT such that for every solutiosi of this instance of
the data exchange problem, we have thatg(.J).

e Let ¢ be a Boolean query over the target schéthand I a source instance.
We write certain(q, /) = true to denote that for every solutios of this in-
stance of the data exchange problem, we havegthgt= true We also write
certain(q, I) = falseto denote that there is a solutidnsuch thay(.J) = false
1

On the face of it, the definition of certain answers entails a computation over the
entire set of solutions of a given instance of the data exchange problem. Since this
set may very well be infinite, it is desirable to identify situations in which the certain
answers of a query can be computed by evaluatingn a particular fixed solution

and then keeping only the tuples that consist entirely of constants. More formally,
if ¢ is ak-ary query andJ is a target instance, thep./), is the set of alk-tuples
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t of constants such thate ¢(J). We extend the notation to Boolean queries by
agreeing that ify is a Boolean query, thef(J), = ¢(J) (= trueor false.

The next proposition characterizes universal solutions with respect to query an-
swering, when the queries under consideration are unions of conjunctive queries.
First, it shows thatertain(q, /) = ¢(J),; wheneverJ is a universal solution ang

is a union of conjunctive queries. Concrete instances of this result in the LAV set-
ting have been established in [AD98]. Another instance of this result has also been
noted for the GAV setting with key/foreign key constraints in [CCGLO02]. Thus,
evaluation of conjunctive queries on an arbitrarily chosen universal solution gives
precisely the set of certain answers. Moreover, the second statement of the proposi-
tion shows that the universal solutions are the only solutions that have this property.
This is further justification for using universal solutions for data exchange.

Proposition 4.2 Consider a data exchange setting with S as the source schema,
T as the target schema, and such that the dependenciesin the sets 3, and 3; are
arbitrary.

1. Let ¢ beaunion of conjunctive queriesover thetarget schema T. If [ isa source
instance and J isa universal solution, then certain(q, 1) = q(J),.

2. Let I be a source instance and J be a solution such that for every conjunctive
query ¢ over T, we have that certain(q, /) = ¢(J),. Then J is a universal
solution.

Proof. Part 1. Let ¢ be ak-ary query that is a union of conjunctive queries and let
t be ak-tuple of constants from the source instaticé ¢ € certain(q, I), thent €

q(J), sinceJ is a solution. Conversely, assume that ¢(./),. Thent consists only

of constants. Also there exists a tefitx) in ¢ and a homomorphism: ¢(x) — J

such thayy(x) = t. Let J’ be an arbitrary solution. Sincéis a universal solution,
there is a homomorphism: J — J'. Thenh o g is a homomorphism from(x) to

J'. Homomorphisms are identities on constants, hérigéx)) = h(t) = t. Thus
teq(t').

Part 2. Let ¢/ be thecanonical conjunctive query associated with (i.e., ¢’ is

the Boolean conjunctive query obtained by taking the conjunction of all the facts
of J in which the labeled nulls are replaced by existentially quantified variables).
Now certain(q¢”’, I) = ¢/(J), = ¢’(J), where the first equality follows from our
assumption about, and where the second equality follows from the fact s a
Boolean query. Since algd (.J) = true, we havecertain(¢”, I) = true Therefore,

if J' is an arbitrary solution, theq’(J’) = true As first shown by Chandra and
Merlin [CM77], this implies the existence of a homomorphism.J — J’. Hence,

J is universal.l

In the preceding Proposition 4.2, the quergan be a finite or an infinite union of
conjunctive queries. Thus, this proposition holds for arbitrary Datalog queries.

The following result follows from Corollary 3.9 and Part 1 of Proposition 4.2.

Corollary 4.3 Assume a data exchange setting where X, is a set of tgds, and X,
is the union of a weakly acyclic set of tgds with a set of egds. Let ¢ be a union
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of conjunctive queries. For every source instance I, the set certain(q, I) can be
computed in polynomial timeinthesize of /.

Conjunctive queries with inequalities. The state of affairs changes dramatically
when conjunctive queries with inequalities are considered. The next proposition
shows that there is a simple Boolean conjunctive qyemith inequalities such that

no universal solution can be used to obtain the certain answersyoévaluating;

on that universal solution. This proposition also shows that in this particular case,
there is another conjunctive querywith inequalities such that the certain answers
of ¢ can be obtained by evaluatigyj on the canonical universal solution.

Proposition 4.4 Let S be a binary source relation symbol, 7" a binary target re-
lation symbol, S(z,y) — 3z(T(z,z) A T(z,y)) a source-to-target dependency,
and ¢ the following Boolean conjunctive query with one inequality: 3x3y (7 (x,y)

Nz #y)).

1. Thereisasourceinstance I such that certain(q, /) = false, but ¢(J) = truefor
every universal solution J.

2. Let ¢* be the query Jx3y3z(T(z,2) A T(z,y) A (x # y)). If I is a source
instance and J isthe canonical universal solution, then certain(q, I) = ¢*(J).

Proof: Part 1. Let I be the source instance withiS) = {(a, a)}, wherea is some
constant. Note thatertain(q, /) = false because/;(T") = {(a,a)} is a solution
andq(J;) = false Let J be an arbitrary universal solution. We will prove that
q(J) = true by showing that/(7") must contain two tuplega, X) and (X, a)
with ¢ # X. Towards this goal, first note that must contain two tuples of the
form (a, X') and(X, a), because is a solution. Consider now the solutigh with
Jo(T) = {(a,b),(b,a)}, whereb # a. SinceJ is a universal solution, there is
a homomorphisnk from J to J,. It follows that.J(T") must contain two tuples
of the form(a, X) and (X, a) with X # a, since, otherwise(a,a) € J(T') and
(h(a), h(a)) = (a,a) & Jo(T).

Part 2. Let I be a source instance andbe the canonical universal solution. We
have to show thatertain(q, /) = ¢*(.J). For this, we consider two cases.

Case 1: I(S) has a tupléa, b) with a # b. If J' is an arbitrary solution, thed'(T')
contains two tuplega, X') and (X, b). If X = a, thenJ'(T") contains(a, b) with

a # b; if X # a,thenJ'(T) contains(a, X') with a # X. In either case, we have
thatq(J') = true, hencecertain(q, /) = true. Moreover, in either case we have that
q*(J) = true sinceJ being a solution must contain two tuples of the fofm X )
and(X,b), anda # b. Note that the only property of we used here was that it is
a solution.

Case 2: I(S) has no tuple(a,b) with a # b. Hence,I(.S) is a relation consist-
ing entirely of reflexive tuplega,a). If J' is the solution withJ'(T)) = 1(S),
thenq(J’) = falseand, consequentlyertain(q, I) = false At the same time,
the canonical solutiot consists of tuples of the forrfu, X,), (X,, a) such that
(a,a) € I1(S), where a different labeled nul, is used for each constaat Con-
sequentlyg*(J) = false 1
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In view of Proposition 4.4, we address next the question of whether, given a con-
junctive query with inequalities, it is always possible to find a query (not necessar-
ily the same) that computes the certain answers when evaluated on the canonical
universal solution.

5 Query Answering: Complexity and Inexpressibility

It is known that in LAV data integration systems, computing the certain answers of
conjunctive queries with inequalities iscaNP-hard problem [AD98]. It follows

that in the data exchange setting, it is not possible to compute the certain answers
of such querieg by evaluatingg (or any associated queky” with polynomial-

time evaluation) on the canonical universal solution or on any universal solution
that is generated in polynomial time (unld3s= NP). We take in Section 5.1 a
closer look at conjunctive queries with inequalities. First we show (Theorem 5.2)
that, in the data exchange setting, the problem of computing the certain answers for
unions of conjunctive queries with inequalities isctsiNP. Surprisingly, we show
(Theorem 5.12) that there is a polynomial-time algorithm that computes the certain
answers of unions of conjunctive queries with at most one inequality per disjunct.
This is an optimal result because we also show (Theorem 5.11) thab N 13-hard

to compute the certain answers of unions of conjunctive queries with at most two
inequalities per disjunct.

In the case of unions of conjunctive queries with at most one inequality per disjunct,
the certain answers can be computed in polynomial time from an arbitrary univer-
sal solution. However, Section 5.2 shows (with no unproven complexity-theoretic
assumptions such d3 # NP) that there is a conjunctive querywith one in-
equality whose certain answers cannot be computed by rewtitiag first-order
qgueryq* and then evaluating* on the canonical universal solution. We begin by
formally introducing the decision problem associated with the computation of the
set of certain answers.

Definition 5.1 Let (S, T, X, ¥;) be a data exchange setting.

1. Letq be ak-ary query over the target schefllaComputing the certain answers
of ¢ is the following decision problem: given a source instah@xerS and a
k-tuplet of constants fronT, is it the case that € certain(q, I)?

2. Let ¢ be a Boolean query over the target scheéfhaComputing the certain
answers of g is the following decision problem: given a source instahoer
S, is it the case thatertain(q, I) = true?

3. LetC be a complexity class ar@ a class of queries over the target schéfha
We say thatomputing the certain answers of queriesin Q isin C if for every
queryq € Q, computing the certain answersqik in C. We say thatomputing
the certain answersof queriesin Q isC-completeifitis in C and there is at least
one query; € Q such that computing the certain answerg of aC-complete
problem. i
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Thus, computing the certain answers df-ary queryg is a decision problem. One
can also consider a related function problem: given a source insfarice the
setcertain(q, /). The latter problem has a polynomial-time reduction to the former,
since there are polynomially markytuples from/ and so we can compute the
setcertain(q, I) by going over each suchk-tuple ¢t and deciding whether or not

t € certain(q, I).

5.1 Computational Complexity

Since the complexity-theoretic lower bounds and inexpressibility results presented
in the sequel hold for LAV data integration systems with sound views defined by
conjunctive queries, we review the definition of this type of data integration sys-
tem first. A LAV data integration system with sound views defined by conjunc-

tive queries is a special case of a data exchange settthdr, >;, >,;) in which

¥; = () and each source-to-target dependenc¥. inis a tgd of the formsS;(x) —
Jyyr(x,y), whereS; is some relation symbol of the source sche3remd«t is an
arbitrary conjunction of atomic formulas over the target sch@miam what follows

we will refer to such a setting simply ad &V setting.

5.1.1 An Upper Bound

Abiteboul and Duschka [AD98] showed that in the LAV setting, computing the
certain answers of unions of conjunctive queries with inequalities is in coNP. We
extend this by showing that the same upper bound holds in the general data ex-
change setting, provided,; is a set of tgds an#l; is a union of a set of egds with

a weakly acyclic set of tgds.

Theorem 5.2 Consider a data exchange setting in which X, is a set of tgds and
Y isa union of a set of egds with a weakly acyclic set of tgds. Let ¢ be a union of
conjunctive queries with inequalities. Then computing the certain answers of ¢ is
in coNP.

We first note that, in the particular case when all the tgds;iare full, the theorem

can be proved by using the “small model property” (essentially this argument was
used in [AD98] for the LAV setting). However, for the more general case when the
tgds inX; may have existentially quantified variables, the proof is more involved. It
is based on an extension of the chase, that we catlienctive chase and define
shortly.

To decide whethet € certain(q, /), we substitute into the queryg to obtain a
Boolean query. We thereby reduce the problem of deciding whetheertain(q, /)
for arbitrary querieg to the problem of deciding whetheertain(q, /) = truefor
Boolean queries. Hence, we can assume th@ats a Boolean query. We know that
q IS equivalent to a query of the form V ¢», whereq, is the disjunction of a set
C' of conjunctive queries with no inequalities, apdis the disjunction of a set”’
of conjunctive queries each with at least one inequality. Each eleméfittuds the
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form:

(P(x) A (N # 22)
where¢(x) is a conjunction of atomic formulas. Hence, it is easy to see that the
negation ofy, is equivalent to the conjunction of a s&tof formulas of the form:

We will call such formulagligunctive egds. As in the case of tgds and egds, for
simplicity, we will drop the universal quantifiers in front of a disjunctive egd. Note
that an egd is a particular case of a disjunctive egd where the right-hand side of the
logical implication sign has only one equality. We observe next the following fact
(easy to verify):

Lemma 5.3 The following statements are equivalent:

(1) certain(q, /) = false.
(2) Thereexistsa solution J* for I such that J* satisfies £ and J* does not satisfy
any of the conjunctive queriesin C.

Next we will show that the problem of deciding the above condition (2) is in NP,
under the conditions stated in Theorem 5.2. Theorem 5.2 follows then immediately.
To prove the membership in NP of the aforementioned problem, we need to define
first the disjunctive chase. Deutsch and Tannen [DTO1] introduced an extension of
the classical chase in order to make use, in the process of query optimization, of a
very general class of dependencies with disjunction, called disjunctive embedded
dependencies (DEDs). For our purposes, we only need an extension to deal with
disjunctive egds, which are a particular case of DEDs. Hence, the next definition is
a particular case of the definition in [DTO1]. We note, however, that the subsequent
properties of the chase that we prove and then make use in this subsection are new.
Definition 5.4 (Digunctive chase step) Let K be an instance and letbe a dis-
junctive egdp(x) — ((x] = 2%) V ... V (z} = z?)). Denote bye,, ..., ¢ the
following egds obtained from: ¢(x) — (21 = %), ...,¢(x) — (z} = z}), and

call them the egdassociated to e.

Let i be a homomorphism from(x) to K such thati(z]) # h(z3), ..., h(x}) #

h(x?). We say that can be applied to K with homomorphism %. Note that it is

also the case that eachaf . . . | ¢; can be applied té&” with homomorphisnt, by
Definition 3.1. Foreach = 1, ..., let K; be the result of applying; to K with

homomorphisnt (i.e., K sl K;) according to Definition 3.1. (Note that some of
the K;’s can bel.) We distinguish two cases:
e Ifall of Ky,..., K;are L then we say thathe result of applying e to K with i
is “failure” and write X < {1}, or simply K’ < L.

e Otherwise, lets; , ..., K;, be those elements in the ggt’y, . . ., K} that are
not_L. We say thatheresult of applying e to K with his the se{ K; , .. ., K;, },

and write K =% {K,,..., K; }. i

24



Note that in the case whenhas only one term in the disjunction the above defi-
nition degenerates to Definition 3.1. Thus a chase step with an egd is a particular
case of a disjunctive chase step. For such chase step, we will use, as convenience

may dictate, either the notatids oh, K;, as in Definition 3.1 or the full notation

K {K,, }. In addition to chase steps with (disjunctive) egds, we will continue
to use chase steps with tgds as in Definition 3.1. For such chase steps we will use

either the notatiork = K’ or the notationk -2 {K'}. We next define the
finite disjunctive chase.

Definition 5.5 (Digunctive chase) Let X be a set of tgds and egds and iebe a
set of disjunctive egds, and |&t be an instance.

e A chasetreeof K with ¥ U E is a tree (finite or infinite) such that:

¢ therootisk, and
o for every nodef; in the tree, le{ K, .. ., K, } be the set of its children.
Then there must exist some dependetiay . U £ and homomorphisrh
such thatrs; 2% {K;,,... K;}.4
e A finite digunctive chase of K with > U F is a finite chase tree with the re-
guirement that each ledt’,, satisfies either (a),, = L or (b) there is no
dependencyl in ¥ U E and there is no homomorphisinsuch thatd can be
applied toK,, with h. &

As with the traditional chase, there may not exist in general a finite disjunctive
chase of an instance. However, if the tgds involved are required to form a weakly
acyclic set then we can prove the following proposition, which is similar to Theo-
rem 3.8.

Proposition 5.6 Let X be the union of a weakly acyclic set of tgds with a set of
egds. Let F be a set of digunctive egds, and let K be a instance. Then every chase
tree of K with X U FE isfinite. Moreover, there exists a polynomial in the size of K
that bounds the depth of every such chase tree.

Proof: Let £’ be the set of all egds that are associated with some disjunctive egd of
E. LetT be an arbitrary chase tree Bfwith XU E. Then every path df that starts

at the root forms a chase sequencéigfin the sense of Definition 3.1, where the
dependencies involved are frafuU E’. Since the tgds i form a weakly acyclic

set, we can then use Theorem 3.8 to conclude that there exists a polynomial in the
size of K that bounds the length of every such palih.

We prove next that condition (2) in Lemma 5.3 can be verified by verifying first that

a universal solution exists (by Corollary 3.9 this can be done in polynomial time
under the given assumption that the tgds of the data exchange setting form a weakly
acyclic set) and then by using the disjunctive chase on the universal solution. More
precisely, we prove the following proposition.

4 Note that such chase step can be either a disjunctive chase step as in Definition 5.4 (if
is a disjunctive egd) or a “traditional” chase step as in Definition 3.4 & an egd or tgd,
and so{Kj,, ..., Kj, } is asingleton set).
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Proposition 5.7 Assume a data exchange setting where X ; isa set of tgds, and X2,
isthe union of a weakly acyclic set of tgdswith a set of egds. Moreover, on the target
schema, assume a set £ of digunctive egds and a set C' of Boolean conjunctive
queries. Let I be a source instance. Then the following are equivalent:

(i) Thereexistsa solution J* for I suchthat J* satisfies £ and J* does not satisfy
any of the conjunctive queriesin C.

(if) There exists a universal solution J for I, there exists a finite digunctive chase
T of Jwith X, U E, and there exists a leaf J* # | of T" such that J* does not
satisfy any of the conjunctive queriesin C'.

The proof of Proposition 5.7 uses the following extension of Lemma 3.4, for the
case of a chase step with a (disjunctive) egd. To handle chase steps with tgds, the
proof of Proposition 5.7 will use directly Lemma 3.4.

Lemma5s.8 Let K <% {K;,, ..., K;,} beanon-failing disjunctive chase step. Let

K* beaninstance suchthat: (i) K* satisfiese and (ii) there exists a homomor phism

g : K — K*. Then there exists j € {iy,...,1,} and there exists homomorphism

gj : K; — K*.

Proof: Assume that the disjunctive egdss: ¢(x) — ((z{ =23) V ... V (2] =

z})). Thenh is a homomorphism fronp(x) to K, and{iy,...,4,} is the set of

those indiceg among{1, ..., [} such thatk’ il K; andK; # L. We first note
thatg o h : ¢(x) — K* is a homomorphism. Sinc&* satisfiese, there exists
j€{1,...,1} suchthay(h(x;)) = g(h(z3)). We show next thaf € {i1,...,i,}.

In other words,;j is such thatK; # L. Suppose towards a contradiction that
K; = 1. SincekK; is the result of applying the egd to K with homomorphism

h, it must be the case thatz}) = ¢; andh(z3) = c,, wherec; andc, are two dis-

tinct constants. On the other hand, we hat@) = g(c2), which impliesc; = ¢,
(since homomorphisms preserve constants). We have thus reached a contradiction.
Hencej € {i\,...,7,}. We then take; to beg. We need to ensure thats still a
homomorphism when considered fraify to £ *. The only difference betweefy;
and K is the identification of.(x}) andh(z3) within ;. Hence, the only way that

g can fail to be a homomorphism dki; is if ¢ fails to be a function, by mapping
h(z}) andh(z?) into two different constants or labeled nulls/gf. But this cannot
happen, sincg(h(z})) = g(h(z3)). 1

Proof of Proposition 5.7: We prove first that (i) implies (ii). Assume that (i) is
true. Since the tgds ik, form a weakly acyclic set, it is the case that any chase
with X, U X, of (7, () terminates (by Theorem 3.8). Moreover there can be no
failing chase, since otherwise there would be no solution at all, by Theorem 3.3,
and hence (i) would be false. Thus, the result of the chase (any chasé) with,
provides a universal solutioh

Proposition 5.6 implies that a finite disjunctive chasef J with >, U £ must
exist. We prove next thdi' contains a leaf satisfying the properties required in
(ii). Let J* be the instance guaranteed to exist by (i). Sid¢es a solution, it
must be the case that there exists a homomorphisnd — J*. Applying either
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Lemma 5.8 or Lemma 3.4 at each level in the chase tree, we must fiid ipath
J, i, .., I, With J,, # L, such that there exists a homomorphigm: J,, —

J* and such that either (aj,, is a leaf or (b)J,, ot 1, for somee in ¥, U E

and homomorphism. Suppose towards a contradiction that (b) is true. We note
thate must be a (disjunctive) egd for the chase step,gfto fail. Assuminge is
d(x) — ((z1 = 23) V ... V (x] = z})), we have thafi is a homomorphism
from ¢(x) to J,,. Then, for everyj € {1,...,1}, we have that(z;) andh(z3)

are two distinct constants of,, (otherwise the chase step would not produge

We also have thag,, o h is a homomorphism fromp(x) to J*. Moreover, since
homomorphisms preserve constants, it follows that, ghah(z})) andg,, (h(z?3))
are two distinct constants of*, for every;j € {1,...,l}. This contradicts the fact
that J* satisfiese. Thus, we proved that' contains a leaf/,, (J,, # L) such that
there exists a homomorphisy, : J,, — J*. The existence of,, ensures thaf,,
cannot satisfy any of the conjunctive queriesinor otherwise/* would satisfy
some conjunctive query @f. Hence,/,, can play the role off* required by (ii).

Finally, we prove that (ii) implies (i). We show that the le&f guaranteed to exist,

by (ii), satisfies the requirements of (i). In particuldr, satisfies the dependencies

in ¥; and F because it is a leaf in the chase tree. It is also easy to see that the
disjunctive chase witl; U E does not affect the satisfaction of the source-to-target
dependencies (i.e/* continues to satisfi,;, as the universal solutiof does). 1l

Proof of Theorem 5.2: Based on Proposition 5.7 and Lemma 5.3, we can check
thatcertain(q, /) = falseby checking that there exists a universal solutibfor

1, there exists a finite disjunctive chafeof J with X, U E and there exists a leaf

J* # L of T such that/* does not satisfy any of the conjunctive queries’in

All this can be verified, non-deterministically, in polynomial time. More precisely,
suppose thatertain(q, /) = false Then we produce, in polynomial time (by The-
orem 3.8), a universal solutioh Next we guess the sequence of dependencies and
homomorphisms to be applied during the disjunctive ctemssell as the branch

that we pick at each step. We therefore non-deterministically find a finite disjunc-
tive chasel” and path within7T" leading to the “right” leaf/*. The sequence of
guesses is of polynomial length, by Proposition 5.6. Verifying thais a leaf (i.e.,

that no dependenayin X, U £ and no homomorphisrh exist such thatl can be
applied toJ* with k) can be done in polynomial time. In addition, verifying that

J* does not satisfy any of the conjunctive querieg’itan be done in polynomial
time. Conversely, suppose thagrtain(q, I) = true Then either no universal so-
lution exists (and no solution exists) or a universal solution exists but no sequence
of guesses as above exists that could lead to acceptance. Hence, deciding whether
certain(q, I) = falseis in NP. Therefore, computing the certain answers, under the
conditions of Theorem 5.2, is in coNR.

5.1.2 Lower Bounds

Theorem 5.2 yields an upper bound in a fairly general data exchange setting for the
complexity of computing the certain answers of unions of conjunctive queries with
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inequalities. It turns out, as we discuss next, that this upper bound is tight, even
in fairly restricted data exchange settings. Specifically, computing certain answers
for such queries is coNP-complete. Therefore no polynomial algorithm exists for

computing the certain answers when the input is a universal solution, unless

NP.

Abiteboul and Duschka [AD98] showed that in the LAV setting, computing cer-
tain answers of conjunctive queries with inequalities is coNP-complete. They also
sketched a proof which, if correct, would establish that this problem is coNP-
complete even for conjunctive queries with a single inequality. Unfortunately, the
reduction is erroneous. A correct reduction cannot be produced without increasing
the number of inequalities, since here we show that in the LAV setting, there is a
polynomial-time algorithm for computing the certain answers of unions of conjunc-
tive queries with at most one inequality per disjunct. Still, the result of Abiteboul
and Duschka [AD98] is correct; in fact, the unpublished full version [ADOO] of
that paper contains a proof to the effect that in the LAV setting, computing certain
answers of Boolean conjunctive queries with six inequalities is coNP-complete.
A different proof of the same result can be extracted by slightly modifying the
proof of Theorem 3.2 in van der Meyden [vdM97]. Thus, the next result provides
a matching lower bound for the complexity of computing the certain answers of
conjunctive queries with inequalities.

Theorem 5.9 [AD98] Inthe LAV setting, computing the certain answer s of Boolean
conjunctive queries with six or more inequalitiesis coNR-complete.

Itis an interesting technical problem to determine the minimum number of inequal-
ities needed to give rise to a coNP-complete problem in this setting.

Conjecture 5.10 In the LAV setting, computing the certain answers of Boolean
conjunctive queries with two inequalities is coNP-compl ete.

We have not been able to settle this conjecture, but have succeeded in pinpointing
the complexity of computing the certain answersiaions of Boolean conjunctive
gueries with at most two inequalities per disjunct.

Theorem 5.11 In the LAV setting, computing the certain answers of unions of
Boolean conjunctive queries with at most two inequalities per digunct is CONR
complete. In fact, this problemis coNR-complete even for the union of two queries

the first of which is a conjunctive query and the second of which is a conjunctive

query with two inequalities.

Proof: As mentioned earlier in this section, membership in coNP was first estab-
lished by [AD98]. This membership also follows from Theorem 5.2 proved in
Section 5.1.1 for the more general data exchange setting. The coNP-hardness is
established by a reduction from the complementoS§R1VE-NOT-ALL-EQUAL-
3SAT, which is the following decision problem: given a 3CNF-formylaon-
sisting entirely of positive clauseés V y V z), is there a truth assignment to the
variables ofy such that for every clause gfat least one variable is assigned value
“true” and at least one variable is assigned value “false”? This problem is known to
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be NP-complete (for instance, this can be derived easily from Schaefer’'s [Sch78]
results on the complexity of BNERALIZED SATISFIABILITY problems).

Before embarking on the description of the reduction, we give some intuition for
one of the key constructs in the reduction. Suppose that a database schema contains
a binary relation symbal’ and consider an instance in whiéh(«, 0) and L’ (v, 1)

hold, whereu andv are two distinct elements. Suppose also that in this instance
there is an elementsuch thatl/(u,t) and L'(v, t) hold. Consequentlyy or v is
guaranteed to have two distintt-neighbors (it is possible that bothandv have

two distinct L’-neighbors). This will make it possible to simulate disjunction and
then extract a truth assignment. It should be noted that variants of this construct
were first used by van der Meyden [vdM97].

Let S be the source schema consisting of a ternary relation syifipal ternary
relation symbolA, and a binary relation symbdl. Intuitively, P will consist of
all triples of variables occurring in clauses of a given 3CNF-formula, whiknd

L will be used to assign truth values to the variables of the formulaTlLeé the
target schema consisting of a ternary relation synitjph ternary relation symbol
A’, and a binary relation symbd/l. Let Y,; be the set of the following four source-
to-target dependencies:

P(z,y,2) = P'(x,y, 2)
Az, u,v) — A'(z,u,v)
L(u,v) — L'(u,v)
Az, u,v) — (L (u, t) A L'(v,1))

Finally, letq = ¢; V ¢2 be the union of the following two queries over the target
schemdr:

q1: — Gx,u, vty te, 0) (A (2, u,v) A L(u,ty) A LN(v, )
AL (u, 8) AL (0, 8) A (8 2 ) A (t £ £2))
g2 — (Elxla T2, T3, U, V1, U2, V2, U3, U3, t)(P/(xla T2, .%'3) A
3
/\(A/(ZEZ', Uj, Ui) N L/(Ui, t) VAN L,(UZ‘, t)))

1=1
Given a positive 3CNF-formule, let I, be the source instance defined as fol-
lows:

e The elements of , are:0, 1, all variables ofp, and for each variable of ¢,
two distinct elements, andv, (different such elements are used for different
variables).

e The relations of, are:

I,(P)={(z,y,2) : (x VyV z)isaclause op}
I,(A)={(z,uy,v,) : x is avariable ofp}
I,(L) ={(us,0), (vg, 1) : x is a variable ofp}
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We now claim thatp is NOT-ALL-EQUAL satisfiable if and only itertain(q, I,,) =
false This means that we have to show that the following two statements are equiv-
alent:

(1) There is a truth assignment such that, for every clauge afleast one variable
is assigned value “true” and at least one variable is assigned value “false”.

(2) There is a target instancethat is a solution to the data exchange problem for
I, and is such thaj(.J) = false

Of the two directions in the claimed equivalence abg2¢,= (1) is the more in-
teresting one. Suppose thats a solution such thaf(.J) = false which means that
¢1(J) = falseandgy(J) = false SinceJ satisfies the source-to-target dependen-
cies inX,;, but fails to satisfyy, it follows that for every variable;, we have that
L'(u,,0) and L' (u,, 1) hold or thatZ/(v,,0) and L' (v,, 1) hold (it is conceivable
that bothu, andv, have0 and1 as L’-neighbors). We now assign value trizea
variablex if L'(u,,0) andL’(u,, 1) hold. Using the fact thaf,(.J) = falsg it is not
hard to verify that, for each clause ¢f at least one variable is assigned value true
and at least one variable is assigned value fdise

5.1.3 APolynomial-Time Case

For unions of conjunctive queries with inequalities, Theorem 5.11 delineates the
boundary of intractability, because the next theorem asserts that computing certain
answers of unions of conjunctive queries with at most one inequality per disjunct
can be solved in polynomial time by an algorithm that runs on universal solutions.

Theorem 5.12 Assume a data exchange setting in which X2 ; isa set of tgds, and >,
isthe union of a weakly acyclic set of tgdswith a set of egds. Let ¢ be a union of con-
junctive querieswith at most one inequality per digunct. Let I be a sourceinstance
and let J be an arbitrary universal solution for /. Then thereis a polynomial-time
algorithmwith input .J that computes certain(q, 1).

Proof: As in the proof of Theorem 5.2, we can assume without loss of generality
thatq is a Boolean query. We know thats equivalent to a query of the forqV ¢,
whereq; is the disjunction of a set' of conjunctive queries with no inequalities,
and ¢, is the disjunction of conjunctive queries with exactly one inequality. As
in the proof of Theorem 5.2 we note that the negatio0fs equivalent to the
conjunction of a se¥ of disjunctive egds. However, differently from that proof,
we use next the faek, has exactly one inequality per disjunct. Hence, it is easy to
see that for each egd i the number of equalities that participate in the disjunction
is one. Thereforel’ is a set of egds in the traditional sense (i.e., no disjunction).

We now describe the algorithm, and then show that it runs in polynomial time and
is correct. The algorithm is based on the chase, as in the proof of Theorem 5.2.
However, since there is no disjunction/n the chase used is the traditional one (as
defined in Section 3) and not the disjunctive chase used in the proof of Theorem 5.2.

The algorithm begins by chasing the universal solutiomith >3, U E.
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1. If the chase fails (by trying to equate two constants), then halt and say that
certain(q, I) = true

2. If the chase does not fail, then call the restiltSee if K satisfies at least one
of the conjunctive queries i@'.

(a) If K satisfies at least one of the conjunctive querigs,ithen halt and say
thatcertain(q, I) = true

(b) If K does not satisfy any of the conjunctive querie€’irthen halt and say
thatcertain(q, /) = false

Since there is a polynomial-time algorithm for doing the chase (Theorem 3.8), and
since there is a polynomial-time algorithm for deciding satisfiability of conjunctive
gueries, it follows easily that the algorithm runs in polynomial time. We now show
that the algorithm is correct.

Case 1. Thealgorithmhaltsin step 1. Since every solution is a homomorphic image
of J and satisfieg};, there is no solution that satisfiés By definition of £, this
tells us thatertain(qs, I) = true and henceertain(q, /) = true

Case 2: The algorithm halts in step 2(a). Since.J is a universal solution, it is easy
to see that/ is a universal solution for targets that satidfy(in addition to the
requirements ofu,; andy};). Thus, every solution that satisfi€s(that is, wherey,
fails) is a homomorphic image df. Also, if K satisfies some conjunctive query in
C, then so does every homomorphic imagesafPutting these facts together, we
see that ifK’ satisfies some conjunctive queryah then so does every solution that
satisfiest, that is, every solution wheig fails. So if K satisfies some conjunctive
query inC', then every solution wherg, fails satisfies some conjunctive query in
C, and so satisfieg,. Therefore, every solution satisfies eitlqgror ¢;, and hence
satisfies;. Hencecertain(q, I) = true

Case 3. The algorithm haltsin step 2(b). As mentioned in Case Z5 is a universal
solution for targets that satisfy. In particular,K is a solution for the original data
exchange problem (which does not inclue SinceK does not satisfy any of the
conjunctive queries id’, it does not satisfy;. On the other handy satisfies all of
the egds inF, and hence does not satigfy Hence, K does not satisfy. SinceK
is a solution, it follows thatertain(q, I) = false 1

Corollary 5.13 Assume a data exchange setting in which X, is a set of tgds, and
Y isthe union of a weakly acyclic set of tgds with a set of egds. Let ¢ be a union
of conjunctive queries with at most one inequality per digunct. Then there is a
polynomial-time algorithm for computing the certain answers of q.

Proof: We construct a two-phase algorithm. First, a canonical universal solution is
constructed, by the chase, in polynomial time (see Corollary 3.9). Then we run, on
this universal solution, the polynomial-time algorithm of Theorem 5.12, to compute

the certain answerd
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5.2 First-Order Inexpressibility

The following theorem shows that, in general, even for a conjunctive guetth

just one inequality, there is no first-order quetythat computes the certain an-
swers when evaluated on the canonical universal solution. This is in strong contrast
with the polynomial-time algorithm that we have seen earlier (Theorem 5.12). It
is also in contrast with the second part of Proposition 4.4, where we have seen a
particular example for which suchgé exists. The proof of the theorem combines
Ehrenfeucht-Frg3 games with the chase procedure.

Theorem 5.14 Thereis a LAV setting with source I and there is a Boolean con-
junctive query ¢ with one inequality, for which there is no first-order query ¢* over
the canonical universal solution J such that certain(q, I) = ¢*(J).

Proof: The source schema consists of a unary relation scheiand two binary
relation schema®& and(. The target schema consists of a unary relation schema
N and a binary relation schemfa. The set>,; of source-to-target dependencies
consists of:

M(z) — N(x)

Qz,y) = P(z,y)
R(z,y)— 3z(P(x,z) N P(z,y) A N(2))

The set:,; of target dependencies is empty. The qugiy.

JxIyIz(P(z,y) A P(y,2) AN N(z) AN(2) A (x # 2))

We now define two source instancgsand/,, both based on a positive integer pa-
rameterk that will be taken to be “sufficiently large” (explained later). Bdthand

I, have the same domain, which consists of4he- 2 distinct points (values), d,

€1y -+ €2k, f1, ..., for. IN DOthI; and 5, the unary relation corresponding @
contains the two pointsandd. In both/; and/,, the binary relation corresponding
to R is the disjoint union of two cycles, each of sizk, where the first cycle con-
tains the edges (tuple&);, e;1) for 1 < i < 2k, along with the edgéesy, e1), and
the second cycle contains the edg@és f;11) for 1 < i < 2k, along with the edge
(far, f1)- The only difference betweeh and I, is that in I, the binary relation
corresponding t@) contains the two tuple&, c) and (e, d), whereas inl,, the
binary relation corresponding t@ contains the two tuple@, ¢) and( f1, d). Thus,

in I, the points connecting toandd are in the same cycle (but “far apart”), while
in 5, the points connecting t@andd are in different cycles. Thus, if we ignore the
directions of the edges, therandd are connected by a path ip, but not in/s.

It is easy to see that in the canonical universal solutipof /7, in addition to the
constants, d, ey, .. ., ea, f1, ..., for, there are nullg, ..., 5., f1, ..., fo, such
that the relation corresponding fdohas the following tuples:

o (e;,¢)forl <i<2k
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o (e, e;4q)forl <i<2k
Eop: €1)
fi, fHyfor1 <i <2k
fimr) for1 <i < 2k

fékafﬁ)
€1, ¢)

[ ] (ek,d)
Intuitively, this relation consists of two cycles, each of siZze along with two

dangling edges that point toand d respectively and that each hang off the first
cycle and are far apart.

(
(
(
(fi
(
(e1,

The relation corresponding 8 in the canonical universal solutioh contains the
pointse, d, !, ..., €5, f1, ..., fox- Thus, this relation containsandd, along with
the nulls.

Similarly, in the canonical universal solutiol of I, in addition to the constants
c,d,eq, ... e, f1,..., for, there are nulle?, ..., e, f', ..., f3., such that the
relation corresponding t& has the following tuples:

o (e;,€el)forl <i <2k

o (e eiyq)forl <i<2k
e2k761)

Jf forl <i <2k

f, figr) for 1 <i < 2k

2k )
e (e1,¢)

e (f1,d)

Intuitively, this relation consists of two cycles, each of siiZe along with two
dangling edges that point toandd respectively, where the two dangling edges
hang off of different cycles.

(
(
(fi
(
(f2
(

The relation corresponding 8 in the canonical universal solutioh contains the
pointse, d, e, ..., e5, f' ..., fo.. Thus, this relation containsandd, along with
the nulls.

Let ¢* be an arbitrary first-order query. We now show that ifs sufficiently
large, theng*(J1) = ¢*(J2). We shall also show thatertain(q, I;) = true and
certain(q, [s) = false This shows that* does not play the role demanded of it
in the statement of the theorem (tratain(q, /) = ¢*(J)). The theorem then
follows.

We begin by showing that & is sufficiently large, theq*(.J;) = ¢*(J2). This fol-
lows easily by making use of Ehrenfeucht-isd'games, and in particular utilizing
Hanf’s technique [FSV95].
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We now show thatertain(q, /;) = true Note that-q is equivalent to the egd
P(xz,y) N P(y,z) AN N(z) ANN(z) — (z = 2).

To show thatertain(q, I;) = true it is sufficient to show that if we chasg with

—q, the chase fails. This is because, as it is easy to see, the failure of the chase
implies that no homomorphic image &f, and hence no target instance, can satisfy
In the chase, we first applyq to J’ with the homomorphism whereh(z) = ¢),,
h(y) = e, andh(z) = ¢, and thereby replac€, by c. We then apply-¢ with the
homomorphisnk whereh(z) = ¢ (whiche), has been replaced by)y) = e;, and
h(z) = €}, and therefore replacé by c. We then apply-¢ with the homomorphism

h whereh(z) = ¢ (which ¢} has been replaced by)(y) = ey, andh(z) = €, and
therefore replace, by c. Continuing in this manner, we replaeg €, . . ., e;,_, by

c. Finally, we apply-¢ with the homomorphism whereh(z) = ¢ (whiche) _, has
been replaced byJi(y) = e, andh(z) = d, and try to replacé by ¢, which leads

to failure, as desired.

We close by showing thatertain(q, I,) = false We first define a target instance
K. The relation corresponding i@ has the following tuples:
o (e;,c)forl <i<2k
(c,e;) forl <i <2k
(fi,d)forl1 <i <2k
(d, f;) for1 <i <2k
(e1,¢)

e (f1,d)

The relation corresponding t¥ contains only: andd.

Define the functionf mapping.J, onto K, by letting f(a) = « for each of the
constants, namelye, d, ey, . . ., ey, letting f(e) = ¢, for 1 <i < 2k, and letting
f(fI) =d, forl <i < 2k. Itis easy to verify thaf is a homomorphism, and that
q(K5) = false Hencecertain(q, /) = false This was to be showra

It follows from the above proof that the result holds even if we allow the first-order
formulag¢* to contain the predicate con$iat distinguishes between constants and
nulls.

The next result, of particular interest to query answering in the data integration
context, is a corollary to the proof of Theorem 5.14. It shows that for conjunctive
gueries with just one inequality we cannot in general find any first-order query
over thesource schema that, when evaluated on #oarce instance, computes the
certain answers.

Corollary 5.15 Thereis a LAV setting with source / and there is a Boolean con-
junctive query ¢ with one inequality, for which thereis no first-order query ¢* over
the source schema such that certain(q, 1) = ¢*(1).
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6 Concluding Remarks

Given a source instance, there may be many universal solutions. This naturally
brings up the question of whether there is a “best” universal solution, and hence
a best solution for data exchange. In a follow-up paper [FKP03], we address this
guestion and answer it by considering the well-known notion ottne of a struc-

ture, a notion that was first studied in graph theory (see, for instance, [HN92]), but
has also played a role in conjunctive-query processing [CM77].

There are a number of issues remaining. There is a need for further investigation
of how universal solutions can be used for query answering in the data exchange
setting. We wish to explore conditions under which a quecgan be rewritten to a
first-order queryy* such that the certain answersyafan be computed by evaluating

¢* on a universal solution. Finally, we wish to go back to our original motivation
from Clio, an XML-based schema mapping tool. The results we presented here
are about data exchange between relational schemas. We would like to study data
exchange between XML schemas and, in particular, investigate how the notion of
universal solution can be extended to cover XML schemas.

Acknowledgments. We would like to thank Val Tannen and Moshe Y. Vardi for
helpful suggestions.
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