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A simple and elegant set-theoretic characterization is given as to when a given set of functional and multivalued 

dependencies logically implies a given functional or multivalued dependency. A simple proof of the characterization is given 

which makes use of a result of Sagiv, Delobel, Parker, and Fagin (1981). 

Keywords: Relational database, functional dependency, multivalued dependency. logical implication 

1. Introduction 

Functional dependencies [4] and multivalued 
dependencies [5,11] are important, widely-studied 
constraints on databases. A fundamental issue in 
database theory is the question of determining 
whether or not a given set of dependencies (in our 
case, functional and multivalued dependencies) 
logically implies another given dependency. We 
provide a simple and elegant set-theoretic char- 
acterization for dependency implication. The char- 
acterization has found several applications by the 
first author [6-91. By making use of a theorem of 
Sagiv et al. [lo], we give a simple proof of the 
characterization. 

2. Basic definitions 

We assume a fixed finite set U of attributes 
(which, intuitively, are the names of columns of a 
relation). A tuple is a mapping which associates 
with each attribute a value, and a relation is a set 
of tuples. If t is a tuple and X c U is a set of 

attributes, then the projection of t onto X, written 
t[X], is the restriction of the mapping t to X. 

A functional dependency, or FD, is a sentence of 
the form X --+ Y, where both X and Y are sets of 
attributes. A relation r satisfies the FD X + Y if 
for every pair t,, t 2 of tuples of r, whenever t, [X] 
= t2[X], then tl[Y]= t2[Y]. In other words, the 
FD X --) Y means that the Y values are de- 
termined by the X values. A multivalued depend- 
ency, or MVD, is a sentence of the form X --)) Y ]Z, 
where X, Y, and Z are sets of attributes, and 
X U Y U.Z = U. ’ A relation r satisfies the MVD 
X + Y ] Z if for every pair t,, t z of tuples of r, 
whenever t i [X] = t z [Xl, then there is a tuple t 3 of r 
such that (i) t3[X]= t,[X], (ii) t3[Y] = t,[Y], and 
(iii) ts[Z]= t2[Z]. I n other words, the MVD X -)) 
Y ]Z means that the set of Y values associated 
with a particular X value must be independent of 
the values of the rest of the attributes. If Z is a set 

t Normally, an MVD is simply written as X --, Y. where Z i: 

implicitly assumed to be U - (X u Y). However, for our pur 

poses it is convenient to explicitly mention Z. 
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of dependencies, then we say that relation r satis- 
fies 2 if r satisfies every member of C. 

Let I: be a set of dependencies, and let CJ be a 
single dependency. When we say that x logically 
implies u, we mean that whenever a relation r 
satisfies Z, then also r satisfies cr. That is, there is 
no ‘counterexample relation’ or ‘witness’ r such 
that r satisfies I: but not u. We write Z K u to 
mean that 2 logically implies u, and 2 # u to 
mean that I: does not logically imply u. Our main result is as follows. 

3. Main theorem 

We say that a set S of attributes is closed with 
respect to the FD X -+Y if Xc S implies that 
Y E S (that is, either X e S or Y c S). We say that 

Theorem 3.1. Let Z be a set of dependencies ( FDs 
and/or MVDs), and let u be a single dependency. 
Then 2 I= u if and only if every set S of attributes 
that is closed with respect to Z is also closed with 
respect to u. 

Our proof makes crucial use of the following 
result of Sagiv et al. [lo], where a two-tuple relation 
is a relation with exactly two distinct tuples. 

a set S of attributes is closed with respect to the 
MVD X --B Y IZ if X _C S implies that either Y c S 
or Z c S. If Z is a set of dependencies, then we 
say that the set S of attributes is closed with respect 
to 2 if ‘it is closed with respect to every member of 
2. In the case of FDs alone, Armstrong [l] called a 
closed set saturated. We get our terminology 
‘closed’ from Beeri et al. [3], again in the case of 
FDs alone. Armstrong and Delobel[2] call a closed 
set S such that there are at least two attributes not 
in S an antiroot. 

Remark. There is another way to view closed sets. 
For each attribute A E U, let us define a distinct 
propositional variable A. As in [3], to each FD 
X + Y, we associate the propositional formula 

and to each MVD X * Y ]Z, we associate the 
propositional formula 

(A{A:AEX})~((A{~:AEY}) 

Let us denote by 6 the propositional formula 
corresponding to the dependency u as described 
above. An atom is a propositional formula of the 
form 

where S and T are disjoint and S U T = U; we say 

that S is the positive part of the atom. The com- 
plete disjunctive normal form of a propositional 
formula rp is the (unique) disjunction of atoms 
such that the disjunction is logically equivalent to 
(p; each atom in the disjunction is called an atom 
of cp. Then the closed sets with respect to the set Z 
of dependencies are precisely the positive parts of 
the atoms of the formula A{ 6 : u E 2 }. 

Theorem 3.2 ([lo]). Let 2 be a set of dependencies 
( FDs and/or MVDs), and let u be a single depend- 
ency. Then 2 i= u if and only if every two-tuple 
relation that satisfies 2 also satisfies u. 

We note that Theorem 3.2 is obvious if we 
restrict our attention to FDs, but is not at all clear 
when MVDs are also allowed. 

Before proving our main theorem, we need 
another definition and a lemma. Let r be a two-tu- 
ple relation with tuples t, and t 2. The agreement 
set of r is the set of attributes where the tuples 
agree, that is, {A : t,[A] = t2[A]}. 

Lemma 3.3. Let r be a two-tuple relation with 
agreement set S. Then r satisjies an FD or MVD 7 
if and only if S is closed with respect to 7. 

Proof.Cusel: TisanFDX+Y.IfXeS,thenr 
satisfies 7, and S is closed with respect to T. So 
assume that X c S. It is clear that r satisfies 7 if 
and only if S is closed with respect to 7. 

Case 2: 7 is an MVD X --)) Y. It is easy to verify 
that since r is a two-tuple relation, r satisfies the 
MVD X * Y if and only if either r satisfies the 
FD X -+ Y, or r satisfies the FD X + Z. Case 2 
then easily follows from Case 1. 0 
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Proof of Theorem 3.1. (*): Assume that there is a 
set S of attributes which is closed with respect to 
2, but which is not closed with respect to u. Let r 

be a two-tuple relation with agreement set S (for 

example, let the first tuple of r consist of all O’s, 

and let the second tuple have O’s in the attributes 

S, and l’s elsewhere). By Lemma 3.3 we know that 

r satisfies 2 but not 0. Therefore, 2 # (J. 

( =): Assume that every set S of attributes that 

is closed with respect to 2 is also closed with 

respect to (T. Let r be an arbitrary two-tuple rela- 

tion that satisfies 2. Let S be the agreement set of 

r. By Lemma 3.3, it follows that S is closed with 

respect to 2. So, by assumption, S is closed with 

respect to (J. By Lemma 3.3 again, it follows that r 

satisfies u. We have just shown that every two-tu- 

ple relation that satisfies 2 also satisfies (T. By 

Theorem 3.2, this implies that Z I= u. [7 

4. Historical remarks 

Armstrong [l] first proved our main theorem in 
the special case where only FDs are allowed. 
Armstrong and Delobel [2] obtained results that 
are related to our main theorem, but their results 
do not seem to directly imply ours. The main 
theorem of this paper was first given by the first 
author in [7], but the proof was quite elaborate, 
and much longer than the current proof. 
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