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Abstract

Data exchange is the problem of taking data structured un-
der a source schema and creating an instance of a target
schema. Given a source instance, there may be many so-
lutions — target instances that satisfy the constraints of the
data exchange problem. Previous work has identified two
classes of desirable solutions: canonical universal solutions,
and their cores. Query answering in data exchange amounts
to rewriting a query over the target schema to another query
that, over a materialized target instance, gives the result that
is semantically consistent with the source. A basic ques-
tion is then whether there exists a transformation sending
a source instance into a solution over which target queries
can be answered.

We show that the answer is negative for many data ex-
change transformations that have structural properties simi-
lar to the canonical universal solution and the core. Namely,
we prove that many such transformations preserve the local
structure of the data. Using this notion, we further show
that every target query rewritable over such a transforma-
tion cannot distinguish tuples whose neighborhoods in the
source are similar. This gives us a first tool that helps check
whether a query is rewritable. We also show that these re-
sults are robust: they hold for an extension of relational cal-
culus with grouping and aggregates, and for two different
semantics of query answering.

1 Introduction

Data exchange is the problem of materializing an instance
that adheres to a target schema, given an instance of a source
schema and a specification of the relationship between the
source and the target. This is a very old problem [26] that
arises in many tasks where data must be transferred between
independent applications that do not have the same data for-
mat. The need for data exchange has steadily increased over
the years. With the proliferation of web data in various for-
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mats and with the emergence of e-business applications that
need to communicate data yet remain autonomous, data ex-
change is even more important.

A data exchange setting is a triple (S, T, X4), where S
is the source schema, T is the target schema, and X ; is
a set of source-to-target dependencies that express the re-
lationship between S and T (some papers also add a set
>, of dependencies that express constraints on T, but here,
we will mostly consider data exchange settings with no tar-
get constraints). Such a setting gives rise to the following
data exchange problem: given an instance [ over the source
schema S, find an instance .J over the target schema T such
that I together with .J satisfy the source-to-target dependen-
cies X, (when target dependencies are used, J must also
satisfy them). Such an instance J is called a solution for I
in the data exchange setting. In general, there may be many
different solutions for a given source instance /. For a data
exchange system, the two key issues are:

1. Which solution should be materialized?

2. How should queries be answered over the target?

Papers [8, 9] started a systematic investigation of these is-
sues for data exchange settings in which S and T are rela-
tional schemas. They isolated a class of solutions, called
universal solutions, possessing good properties that jus-
tify selecting them as the best solutions in data exchange.
Specifically, universal solutions have homomorphisms into
every possible solution; in particular, they have homo-
morphisms into each other, and thus are homomorphically
equivalent. Universal solutions are the most general among
all solutions and, in a precise sense, they represent the entire
space of solutions. It was shown in [8] that under fairly gen-
eral conditions, universal solutions exist, and a canonical
universal solution can be found in polynomial time, based
on the classical chase procedure [4, 25].

Since universal solutions need not be unique, this raises the
question of which universal solution to materialize. The an-
swer proposed in [9] is based on using minimality as a key
criterion for what constitutes the “best” universal solution.
Although universal solutions come in different sizes, all of
them share a unique (up to isomorphism) common “part”,



which is nothing else but the core of each of them, when
they are viewed as relational structures [9]. By definition,
the core of a structure is the smallest substructure that is also
a homomorphic image of the structure. The concept of the
core originated in graph theory, where a number of its prop-
erties have been established [15]. It was shown in [9] that if
the source-to-target dependencies X ,; are tuple-generating
dependencies (tgds), then the core of the universal solutions
for I is itself a solution for I (they also allow the possibility
of having certain sets ¥, of target dependencies). Hence,
the core of the universal solutions for I is the smallest uni-
versal solution for 7, and thus an ideal candidate for the
“best” solution, at least in terms of the space required to
materialize it. Furthermore, in a number of cases of inter-
est, they show that there is a polynomial-time algorithm for
generating the core.

We now turn to discussing query answering, and the related
issue of query rewriting [23, 13]. Given a source instance
and a data exchange setting, what is the meaning of the “an-
swer” to a query Q over the target schema? Since there
may be multiple solutions to the data exchange problem,
the standard approach is to define the answer to be the set
of certain answers [19, 1], that is, those tuples that appear
in Q(J) for every solution J. The goal of query answering
in data exchange is to find these certain answers based on
just one materialized target instance.

If @ is a union of conjunctive queries, and J is an arbitrary
universal solution, then [8] showed that the certain answers
are given exactly by the set of all tuples in Q(J) that are
formed entirely of elements from the source.  Such nice
behavior fails when we go beyond unions of conjunctive
queries: it was shown in [8] that there is a Boolean con-
junctive query @ with inequalities such that Q(J) does not
give the certain answers, no matter which universal solu-
tion J is selected, but for some other first-order query Q'
(a rewriting of @), the certain answers for Q) are given by
Q’'(J), where J is the canonical universal solution. Unfor-
tunately, query rewritability is not a general phenomenon
either, as [8] constructed a Boolean conjunctive query @
with inequalities for which there is no such rewriting Q.

But the following basic question remains unanswered: is
there a transformation F that maps each source instance I
into a solution F(I) and a rewriting Q' such that the cer-
tain answers are given by Q'(F(I))? Of course we want
to forbid cheating solutions (like encoding the answer to a
Boolean query with a self-loop). But what is a natural con-
dition then to impose on a transformation? Such a condition
must ensure a certain degree of “uniformity” of F (that is, it
should not be tailored to deal with a specific query), and be
satisfied by the transformations commonly used in data ex-
change such as F,,;v that maps the source instance I onto
the canonical universal solution, or F... that maps I onto
the core of the universal solutions.

The condition we impose on a transformation F is that it
must be locally consistent, that is, points with similar neigh-
borhoods in the source have similar neighborhoods in the
target. We make this notion of “locally consistent” pre-
cise (in fact, there are two closely related but incomparable
properties based on the exact definition of “similarity”), and
prove that, in an appropriate data exchange setting, Funiv
and F.ore POSsess both properties.

One of our main results is that the failure of the canonical
universal solution to support rewriting is not because there
is a “better” choice of solution. Specifically, we show that
if the transformation that produces the solution is locally
consistent, then there are first-order queries that are not
rewritable. This implies that neither the canonical universal
solution, nor the core, nor any other “uniformly” generated
solution supports rewriting for arbitrary first-order queries.
We prove this by showing that queries rewritable over lo-
cally consistent transformations cannot distinguish points
that have isomorphic neighborhoods in the source instance.
Unlike ad hoc techniques employed in [9, 5], this criterion
gives us easy ways of showing that a query is not rewritable.

The notion of local consistency introduced in this paper is
a new one; although it is inspired by standard notions of lo-
cality from logic [11, 14, 10], it is different from them since
this is the first notion of locality that applies to transforma-
tions that invent new values.

We also prove two extensions of the main results. The
first one shows that all the results continue to hold
if instead of first-order queries, we use an extension
with grouping and aggregate functions, that is, essen-
tially the select-from-where-groupby-having
fragment of SQL. Secondly, we look at an alternative se-
mantics (proposed in [9]) for query answering in data ex-
change that, instead of taking certain answers (those tuples
that appear in Q(J) for every solution J), takes tuples that
appear in Q(J) for every universal solution J. \We prove
that the main results of the paper remain true under this se-
mantics.

Organization Basic notions related to data exchange, uni-
versal solutions, cores, and neighborhoods are presented in
Section 2. In Section 3 we study structural properties of
data exchange transformations. We present a rule-based
language that allows us to code many such transformations,
and prove local consistency for programs in that language.
We derive results for Funiv and Feore as corollaries. We
also briefly consider target dependencies.

In Section 4, we study query rewritability. We show that
a query rewritable over any locally consistent transforma-
tion cannot distinguish constants whose neighborhoods in
the source are isomorphic. We show that this property gives
us easy non-rewritability results. We also establish a con-
nection between rewritability over the core, and rewritabil-



ity over the canonical universal solution.

In Section 5, we present extensions of these results to lan-
guages with grouping and aggregation, and to the semantics
based on universal solutions. Summary and concluding re-
marks are given in Section 6. Because of space limitations,
all proofs are in the appendix.

2 Preliminaries

A schema R is a finite sequence (R, ..., Ry) of relation
symbols, with each R; having a fixed arity n;. An in-
stance I of R assigns to each relation symbol R; of R a fi-
nite n;-ary relation I(R;). The domain dom(I) of instance
1 is the set of all elements that occur in any of the rela-
tions I(R;)*. An instance J of R is a subinstance of I if
dom(J) C dom(I) and J(R;) C I(R;), for every i. If one
of the inclusions is proper, we refer to J as a proper subin-
stance of I. If R is a schema, then a dependency over R is
a sentence in some logical formalism over R, typically FO
(first-order logic).

2.1 Dataexchange setting

Let S = (S1,...,5,) and T = (T1,...,T,,) be two
schemas with no relation symbols in common. We refer
to S as the source schema and to the S;’s as the source re-
lation symbols. We refer to T as the target schema and to
the T;’s as the target relation symbols. We denote by (S, T')
theschema (S1, ..., Sy, T4, ..., T)n). Instances over S will
be called source instances, while instances over T will be
called target instances. If I is a source instance and J is
a target instance, then (I, J) denotes an instance K over
(S,T) such that K(S;) = I(S;) and K (T;) = J(Tj), for
i€[l,n]andj € [1,m].

A source-to-target dependency (std) is a sentence of the
form

vz (ps(z) — 3¢ (2, 9)),

where @g(z) is a formula over S in some logical formalism
(typically FO) and vr(z, ¢) is a conjunction of FO atomic
formulae over T.

Definition 2.1 (Data Exchange Setting) A data exchange
setting isatriple (S, T, X,;), where S is a source schema,
T is a target schema, and X, is a set of source-to-target
dependencies. The data exchange problem associated with
(S, T, %) isthefollowing: given a sourceinstance I, find
atarget instance J such that (1, J) satisfies ;. Sucha J

LAn instance is a special case of an R-structure A defined as
(A, Rf, ... R2), where A is a set (the universe), and RA C A™: for
each 4. Thus, in the case of arbitrary structures, the universe may contain
elements that are not present in any of the relations.

is called a solution for 7, or simply a solution if I is clear
from the context.

We denote by Const an infinite set of all values that may
occur in source instances, and, following the data exchange
terminology [8, 9], we call those values constants. In addi-
tion, we also assume an infinite set Var of elements, disjoint
from Const. Elements of Var are called nulls [8, 9], and
they are used to help populate target instances. That is, the
domain of a target instance comes from Const U Var.

If I is an instance with values in ConstUVar, then Const(I)
denotes the set of all constants occurring in relations in I,
and Var(I) denotes the set of nulls occurring in relations in
1. From now on, we assume that there is a way to distin-
guish constants from nulls. For example, we may assume
that the target schema T contains an auxiliary predicate C'
whose interpretation is dom(Z) N Const.

Papers [8, 9] identified two important subclasses of data ex-
change, inspired by the local-as-view (LAV) and global-as-
view (GAV) classes of data integration problems [22]:

e LAV setting: each dependency in X is of the form
S(z) — Jyyr(z,y), where S is some relation sym-
bol in the source schema S, and, as before, ¥+ (z, §) is
a conjunction of atomic formulae over T.

e GAV setting: each dependency in X, is of the form
vs(Z) — T'(z), where T is some relation symbol in
the target schema T. If pg(Z) is a conjunctive query,
we speak of the GAV(CQ) setting.?

Example 2.2 Consider a LAV data exchange setting in
which S = (M(-,-), N(-,-)), T = (P(-,,"),Q(-,-)) and
Y contains the following stds:

—  JuwIz(P(z,y,2) A Q(w, 2)),
- EZP(J),y,Z)

Suppose we have a source instance I = {M(a,b),
N(a,b)}.2 Since the stds in X, do not completely spec-
ify the target, there are multiple solutions that are consistent
with the specification. One solution is:

J = {P(avbanl)7p(a7ban2)7Q(n37n1)}7

where n1,no,n3 are values in Var. Another solution, but
with no nulls, is J' = {P(a,b,a), Q(b,a)}. o

2In [8, 9], the formula ¢ () was restricted to being the conjunction
of atomic formulae over S, which is equivalent to the GAV(CQ) setting.

31t is often convenient to define instances by simply listing the tuples
attached to the corresponding relation symbols.



2.2 Universal solutions and cores

Let J and J' be two instances over the target schema T with
values in Const U Var. A homomorphism#i : J — J' isa
mapping from Const(.J) U Var(J) to Const(J") U Var(.J’)
such that h(c) = c for all ¢ € Const(J), and ¢ € J(R)
implies i(t) € J'(R) forall R € T. Furthermore, we say
that J and .J’ are homomorphically equivalent if there are
homomorphisms 4 : J — J'and b’ : J' — J.

Definition 2.3 (Universal solution) If I is a source in-
stance in a data exchange setting, then a universal solution
for I is a solution J such that for every solution J’ for I,
there exists a homomorphism#h : J — J'.

Example 2.4 The solution J’ in Example 2.2 is not univer-
sal, since there is no homomorphism from J’ to J. But it
can be shown that J is a universal solution. a

It was shown in [8] that universal solutions possess good
properties that justify selecting them (as opposed to arbi-
trary solutions) for the semantics of the data exchange prob-
lem. A universal solution is more general than an arbitrary
solution because it can be homomorphically mapped into
that solution. Moreover, all universal solutions are homo-
morphically equivalent. Furthermore, results of [8] imply
that for the data exchange setting considered in this paper,
universal solutions always exist.

To deal with the problem of computing universal solutions,
[8] proposes to compute a special kind of universal solu-
tion, called a canonical universal solution. The algorithm
presented in [8] is based on applying the chase, but we shall
define canonical universal solutions directly, in Section 3.

The reason one wants to compute a specific solution for the
data exchange problem is to be able to evaluate queries over
the target schema. It was noted in [8] that universal so-
lutions need not be isomorphic, and thus any decision to
choose one is somewhat arbitrary. To deal with this prob-
lem, [9] proposed to use the core of the universal solutions.

Definition 2.5 (Core) A subinstance J of an instance I is
called a core of I if there is a homomorphismfrom I to J,
but there is no homomorphism from I to a proper subin-
stance of J.

It is known [15] that every instance has a unique core (up
to isomorphism). It is shown in [9] that every universal so-
lution has the same core (up to isomorphism), and that this
core is itself a universal instance. Further, it is shown in
[9] that under the assumptions in this paper, the core can be
computed in polynomial time.

Example2.6 In Example 22, J* = {P(a,b,n1),
Q(n3,n1)} is the core of the universal solutions. |

2.3 Neighborhoods and locality

The Gaifman graph G(I) of an instance I of R is the graph
whose nodes are the elements of dom(7), and such that
there exists an edge between ¢ and b in G(I) iff a and b be-
long to the same tuple of a relation 7(R), for some R € R.
For example, if I is an undirected graph, then G(I) is I it-
self.

The distance between two elements a and b in I, denoted
by d;(a,b) (or d(a,b), if I is understood), is the distance
between them in G(I). We define d(a, b) as the minimum
value of d(a, b) where « is an element of a.

Given a tuple a = (a1,...,a,) € dom(I)™, we define
the instance N!(a), called the d-neighborhood of @ in I,
as the restriction of I to the elements at distance at most
d from a, with the members of a treated as distinguished
elements. That is, if two neighborhoods N (@) and N7 (b)
are isomorphic (written NZ(a) = NZ(b)), then there is an
isomorphism f : NI(a) — NI(b) suchthat f(a;) = b;, for
1< <m.

A formula ¢(z) in some logical formalism is local if there
exists a number d such that N (a) = NZI(b) implies that
I = o(a) iff I = ¢(b), for every instance I. It is known
[11] that all FO formulae are local. This was generalized
to logics that extend FO with counting [24] and aggregate
functions [17].

3 Structural Properties of Data Exchange
Transfor mations

In this section we show that data exchange transformations
preserve the local character of the data. As a first step to-
wards proving those results, we formulate a rule-based lan-
guage for specifying transformations such as Fu;y, that
maps the source instance I onto the canonical universal
solution. This language is similar in spirit to languages
with oid invention [3, 18, 27] but its rules are nonrecursive.
Based on the types of logical formulae used in rules, we es-
tablish different results on locality of transformations, and
then derive, as corollaries, exact characterizations of local-
ity for various data exchange settings.

3.1 Dataexchange programs

A data exchange programis a quadruple IT = (S, A, T,
R), where S (“source”), A (“auxiliary”) and T'(“target”)
are pairwise disjoint relational schemas and R is a sequence



(r1,...,r,) of rules such that each rule is of the form

o(Z), @

where each R; is either in A or in T, where ¢(z) is an FO
formula over (S, A, where variables in the z;’s are among
those in z, and variables in the ,’s are not in z. For exam-
ple, R1 (1‘1, Y1, yg), R (1‘1, yl) - (p(l‘l, xg) is a rule. We
referto R1(Z1,%1), . - ., Rx(Zk, yx) as the head of the rule,
and to ¢(z) as the body of the rule.

Ri(Z1,51),. -, Re(Tk, Jk) =

Furthermore, we require that the program be stratified. That
is, if A; is the set of relation symbols from A used in rules
r1,...,7; then the formula ¢ in the body of rule ;. is
over the schema (S, A;).

Given a data exchange program II = (S, A, T, R), we
define the transformation Fy : inst(S) — inst(T) that as-
sociates a target schema instance with each source schema
instance. For that, we show inductively how to define a
mapping F}; : inst((S,A,T)) — inst((S,A,T)) given by
the first ¢ rules of the program. Suppose we are given an
instance 7 of S, and J = F{ (), where 1 < i < n (if
i =1,then J(S) = I(S) forevery S € S,and J(P) = 0
forevery P € (A, T)). Let the ith rule be given by (1), let
u be the tuple of variables in z that are used in the head of
the rule, and let © be the tuple of variables in the head of the
rule that are not in z.

For each tuple a of length |@| over dom(.J), find all the tu-
ples by, ..., by, such that J = ¢(a,b;), for 1 < j < m.
Then choose m tuples of length |v| of fresh distinct null val-
ues 1, ..., N, over Var. To construct relation R;, for [ <
k, in (1), add tuples (73, (@), 75 (72;)), for 1 < j < m,
to the relation J(R;). Here 7z, (a) refers to the components
of a that occur in the positions of z;.

For example, consider again the rule
Ri(x1,y1,92), Ra(w1,91) = (z1,22), and assume
that J = Fi '(I) has been computed. Consider all

a € dom(J), and let by, ..., b,, be such that J = ¢(a,b;),
for 1 < j < m. Then choose 2m fresh values n},n3 for
1 < j < min Var and add tuples (a,n},n?) to J(R;), and

A
(a,n}) 10 J(Ry), for 1 < j <m.

Finally, Fri(I) is defined to be the restriction of FJj to the
predicates in T.

Next, we connect data exchange problems with the data
exchange setting defined earlier.  Given a data ex-
change setting D¢ = (S,T,X,), define a data ex-
change program I = (S,0, T, R), where R contains
a rule Ri(Z1,791),- .., Rip(Tk, Jx) :— ps(x) for each std
¢s () = Iy (R1(Z1,91) A -+ A Re(Zk, i) in B

Definition 3.1 (Canonical Universal Solution) The
canonical universal solution of instance I in data ex-
change setting D€ = (S, T,X4) is Fripye (1) If the data

exchange setting 7€ is understood, we shall denote this
transformation Fri. by Funiv-

This definition differs from the one given in [8], but it can
easily be seen that for data exchange settings as described
in this paper, the two definitions coincide.

We define the transformation F ., such that Feo.e (1) is the
core of Finiv ().

Notice that in the definition of IIpne, we did not use any
auxiliary relations from A. One may then ask if those are
necessary. The result below shows that they are.

Proposition 3.2 There is a data exchange program IT =
(S, A, T, R) suchthat Fyy isdifferent from F,n;v, and from
Feores fOr every data exchange setting (S’, T/, X;).

3.2 Locally consistent transfor mations

In this section we introduce the notions of local consistency
of transformations from inst(S) to inst(T). The first no-
tion says that neighborhoods around elements common to
the input and output instances are preserved. Informally, if
a,b € dom(I) are present in the domain of the resulting
instance J of T, then the isomorphism of sufficiently large
neighborhoods of a and b in I guarantees that their neigh-
borhoods are isomorphic in J as well. Formally, we define
this as follows.

Definition 3.3 (Local Consistency) A mapping
F . inst(S) — inst(T) is locally consistent if for
every m,d > 0 there exists d > 0 such that, for ev-
ery ingtance I of S and m-tuples a,b € dom(I)™, if
Nl (a) = N1 (b), then

1) aedom(F(I))™ < bedom(F(I))™, and

2 Ny D@ =N ).

We next present a sufficient condition for a mapping Fp
associated with a data exchange program II to be locally
consistent. This condition will guarantee local consistency
for the LAV setting of data exchange.

We say that a formula ¢ () is r-bounded if for every struc-
ture I such that I = o¢(as,...,a,), it is the case that
dr(ai,a;) < rforevery i,5 < n. A data exchange pro-
gram II is r-bounded if every formula in the body of every
rule is r-bounded.

Lemma 3.4 The transformation F1; of an r-bounded data
exchange programis locally consistent. m]



Theorem 3.5 In the LAV setting, both the canonical uni-
versal solution transformation F,;» and the core transfor-
mation F.r. arelocally consistent. m|

The result for the canonical universal solution is an imme-
diate consequence of Lemma 3.4, since in a LAV setting
D€, the bodies of rules in I e are atomic predicates, which
are 1-bounded. The result for the core requires a separate
proof, which is given in the appendix. One can also show
that local consistency for the core transformation depends
crucially on the requirement of the data exchange setting
that constants be preserved.

Theorem 3.5 does not extend to the GAV setting, even when
restricted to conjunctive queries.

Proposition 3.6 (a) There are GAV(CQ) settings such
that ¥, contains either one dependency of the form
vs(x,y,z) — T(x,y, z), or multiple dependencies of
the form ps(z,y) — T'(x,y), and the corresponding
transformations ;v and F.... are not locally con-
sistent.

If, in the GAV(CQ) setting, X; contains only one de-
pendency of the form g (z,y) — T'(z,y), then Funiv
and F.,. arelocally consistent.

(b)

Since local consistency is a nontrivial property of FO-
definable mappings, whether F1y is locally consistent is un-
decidable, even in the GAV setting (this easily follows from
Trakhtenbrot’s theorem; cf. [6]).

3.3 Local consistency under logical equivalence

We have seen that mappings that arise in the LAV setting
are locally consistent, but local consistency may fail even in
some simple GAV settings. To overcome this, we introduce
a notion of locality based on logical equivalence (in particu-
lar, FO-equivalence) rather than isomorphism of neighbor-
hoods, and we prove that in general, the canonical universal
solution transformation F i, and the core transformation
Feore are locally consistent under FO-equivalence.

The quantifier rank of an FO formula is the maximum depth
of quantifier nesting in it. If 7 and J are instances of the
same schema, we write I =, J if I and J satisfy the same
FO sentences of quantifier rank up to £. In the new notion
of local consistency, we require that = -equivalent neigh-
borhoods be sent to =-equivalent neighborhoods.

Definition 3.7 (Local Consistency under FO-
equivalence) A mapping F : inst(S) — inst(T) is
locally consistent under FO-equivalence if for every
m,d,k > 0 there exist d’,k’ > 0 such that, for ev-

ery instance I of S and m-tuples a,b € dom(I)™, if
N1 (@) =i N1 (b), then

1) acdom(F(I))™ < bedom(F(I))™,and

2) NTU(a) =, NTD ).

Lemma 3.8 The transformation Fp; of every data
exchange program is locally consistent under FO-
equivalence. O

Theorem 3.9 For an arbitrary data exchange setting, both
the canonical universal solution transformation F ;. and
the core transformation F..,. are locally consistent under
FO-equivalence. O

The result for the canonical universal solution is an imme-
diate consequence of Lemma 3.8. The result for the core is
considerably harder and relies on the machinery developed
for the proof of Theorem 4.8.

Note that the definitions of local consistency and local con-
sistency under FO-equivalence are incomparable: the lat-
ter makes a weaker assumption and arrives at a weaker
conclusion. Nevertheless, either definition works for our
applications in query rewriting, because the statement we
need there makes the stronger assumption (isomorphism of
neighborhoods) but needs only the weaker conclusion (FO
equivalence of neighborhoods).

3.4 Adding target dependencies

Papers [8, 9] considered an extension of the data exchange
setting in which dependencies exist for the target schema
as well. A solution is then required to satisfy those target
dependencies.

Based on familiar classes of dependencies (cf. [4]), we de-
fine extensions of the data exchange setting with tgds as
well as equality-generating dependencies (egds). The tgds
over T are of the form Vz(¢r(z) — Iy (z,y)), where
o (z) and Y (z, y) are conjunctions of FO atomic formu-
lae. The egds over T are of the form Vz(pr(z) — (21 =
x2)), where () is a conjunction of atomic FO formu-
lae, with free variables z, and x1, x5 are in z. If, further-
more, the data exchange setting is restricted to LAV or GAV,
we shall speak of LAV+tgd, LAV+egd, etc. settings. The
next proposition covers all four possible settings: LAV+tgd,
GAV+tgd, LAV+egd, and GAV+egd.

Proposition 3.10 (a) The transformations F,,;, and
Feore Of LAV+tgd (or GAV+tgd) settings are not neces-
sarily locally consistent (under FO-equivalence), even
if thereis only one target dependency.

(b) Thetransformations F,;y and Fe... Of GAV+egd set-
tings are locally consistent under FO-equivalence.



(c) Thetransformations iy and Feore Of LAV+egd set-
tings are not necessarily locally consistent (under FO-
equivalence), even if all of the target dependenciesare
key dependencies.

4 Query Rewriting and L ocality

In this section, we study query rewriting in data exchange.
We use local consistency to show that rewritable queries
have a certain kind of locality property. This property gives
an easily applicable tool for proving nonexistence of rewrit-
ings over the canonical universal solution and the core.

4.1 Thequery rewriting problem

Suppose we have a data exchange setting (S, T, X ), and
a query @ over the target schema T. What does it mean to
answer Q? Since there are many possible solutions to the
data exchange problem, the standard approach is to define
the semantics of @ in terms of certain answers: that is, for
an instance I of S,

certain(Q, 1) = N

J is a solution for I

Q).

Thus, a tuple a is in certain(Q, I) if it belongs to Q(.J) for
all solutions .J for 1.

But how can one find this set certain(Q, I), given that there
are potentially infinitely many solutions? The approach
proposed in [8, 9] is to look for some specific transforma-
tions F : inst(S) — inst(T), and find conditions under
which certain(Q, I') equals Q' (F(I)). Then @ is rewritable
over F by Q’. Formally,

Definition 4.1 (Query Rewriting) Given a data exchange
setting (S, T, X;), amapping F : inst(S) — inst(T) and
an m-ary query @ over T, we say that ) is rewritable over
F if there exists an m-ary FO query Q' over T such that
certain(Q, I) = Q'(F(I)) for every instance I of S.

We shall refer to a query as being rewritable over the canon-
ical universal solution if it is rewritable over F..;v, and
rewritable over the core if it is rewritable over F.o... These
notions are undecidable in general.

Proposition 4.2 Given a data exchange setting (S, T, X ;)
and an FO query (Q over T, it is undecidable whether
is rewritable over the canonical universal solution, or over
the core. ]

In some cases, we can establish that a class of queries is or
is not rewritable. For example, it is known that for every

FO sentence, its asymptotic probability is either 0 or 1 (this
is the zero-one law for FO [7]).

Proposition 4.3 In a data exchange setting, every Boolean
query whose asymptotic probability is 0 is rewritable, by
false, over both the canonical universal solution and over
the core. O

However, such partial results do not give us any techniques
for proving that queries are not rewritable. We shall now ex-
hibit such techniques, based on the notions of locality from
the previous section.

4.2 Local source-dependency and rewritability

We now show that queries rewritable over locally consistent
transformations are guaranteed to satisfy a strong locality
criterion on their own, and use these results to show that
certain queries are not rewritable over the canonical univer-
sal solution or over the core.

Definition 4.4 (L ocally sour ce-dependent queries)

Given a data exchange setting (S, T, X,;) and a query Q
over T, we say that @ is locally source-dependent if there
isd > 0 such that for every instance I of S and for every
a,b € dom(I)™,if N1(a) = N1 (b) then

(a € certain(Q,I) < b€ certain(Q, 1))

Theorem 4.5 Let (S, T, X,;) be a data exchange setting,
and @ a query over T. Assumethat @ is rewritable over a
transformation 7, where F is either locally consistent, or
locally consistent under FO-equivalence. Then @ islocally
source-dependent. ]

Corollary 4.6 In a data exchange setting, a target query
rewritable over the canonical universal solution or over the
coreislocally source-dependent. O

We now show how this result can be used as a simple tool
for proving non-rewritability results, even in very simple
data exchange settings. We call a data exchange setting
copying if S and T are two copies of the same schema (that
is,S = (R1,....R;),T = (R},...,R}), and R; and R}
have the same arity), and X,; = {R;(Z) — Ri(Z) | i =
1,...,1}. Note that a copying setting is both LAV and GAV.

Theorem 4.7 Thereisa copying data exchange setting and
an FO-query that is not rewritable over the canonical uni-
versal solution, nor over the core.



Proof. Let S = (G(-,-), R(})), T = (G'(-,-), R'(-)) and
Ya = {G(z,y) — G'(z,y), R(x) — R'(x)}. Define a
query Q(z) over the target schema as:

R'(z) v Jy3z(R'(y) AG'(y,2) A —=R/(2)).

Assume that ) is FO-rewritable over F iy OF Feore. Then
it is locally source-dependent: there exists d > 0 such that
for every source instance I and every a,b € dom([), we
have a € certain(Q,I) iff b € certain(Q,I) whenever
Nj(a) = NJ(b).

Define a source instance I as shown in Figure 1: I(G) is the
disjoint union of two cycles of length 2d + 2, and I(R) =
{c}. Then Ni(a) = NZ(b), which implies that that a €
certain(Q, I) iff b € certain(Q, I). But it is easy to see that
a € certain(@), I) and b & certain(Q, I). This contradiction
shows that @ is not rewritable. m|

4.3 Rewritability over the core

We now establish the connection between rewritability over
the core and rewritability over the canonical universal solu-
tion: we show that the former implies the latter.

Theorem 4.8 Given a data exchange setting (S, T, ¥ 4;),
every query (Q over thetarget schemathat isrewritable over
the coreis also rewritable over the canonical universal so-
Iution. Moreover, thereis a polynomial-time algorithmthat,
given a rewriting of (Q over the core, finds a rewriting of
over the canonical universal solution. O

The local consistency of F ... under FO equivalence, stated
in Theorem 3.9, actually follows from several lemmas de-
veloped in the proof of this theorem.

The next proposition says that the converse of Theorem 4.8
does not hold.

Proposition 4.9 There exists an FO query that is
rewritable over the canonical universal solution, but
not rewritable over the core. O

5 Extensions

Most results of the previous two sections can be ex-
tended in two ways. First, as the underlying language
for both data exchange programs and query rewritabil-
ity one can use an extension of FO with group-
ing and aggregation, corresponding to basic features of
SQL select-from-where-groupby-havingstate-
ments. Second, using an alternative semantics of queries
over the target schema [9] we show that many results ex-
tend for that semantics as well.

5.1 Extended data exchange setting

So far, both data exchange settings and data exchange pro-
grams were based on first-order formulae: that is, all stds
were of the form pg(z) — Jyvr(Z,y), where ps(T) is
an FO formula, and all formulae in the bodies of rules were
FO as well.

We now show how to extend our main results to the setting
where these formulae correspond not to relational calculus
but to its extension with grouping and aggregates. Such
languages are typically defined as an extension of relational
algebra (see [20, 21]), but here instead we adopt the logic
approach of [17].

Based on the approach of [12, 17], we define an aggregate
operator to be a sequence G = (g0, 91, 92, - - -, g Of func-
tions, where each g,,, for 0 < n < w, takes an n-element
bag of rational numbers, and returns a number in Q. The
values go and g, are constants associated with the output of
G on the empty bag and on infinite bags, respectively (the
latter may occur in the definition of the semantics of terms
in the logic).

The aggregate logic FOgq Over schema R is two-sorted:
first-sort variables range over domains on instances of R,
and second-sort variables range over Q. It extends FO by

e numerical terms and predicates. for every function

f : Q" — Q and every predicate P C Qm,
if t1(z),...,t,(x) are terms of the second (numeri-
cal) sort, then so is f(t1(Z),...,t,(Z)); furthermore,
P(t1(Z), ..., t,(Z)) is an atomic formula. These have

the standard semantics.

e aggregate terms. for every aggregate operator G, a
second-sort term ¢(z, %) and a formula p(z,7), we
have a new second-sort term

t'(z) = Aggrg ¥ (t(Z,9), ¢(2,7)).

The semantics t'(a) is defined as follows. If there are in-

finitely many b such that o (a, b) holds, then the value of

t'(a) is g,. Otherwise, let by, ..., b, enumerate all the b

such that (a, b) holds. Then t'(a) is defined as g,,, applied

to the bag {t(a, b1),...,t(a@, bm)}

Example5.1 Let R be a ternary relation whose tuples are
(d, e, s), where d is the department name, e is the employee
name, and s is the salary. The query that computes the total
salary for each department is given by the following FO aggr
formula ¢(d, v):

(Je3sR(d,e,s)) A (v = Aggrg,,.(e,5)(s, R(d, e, 5))),

where Gguy is the sequence (go, 91,92 - .., 9w) Such that

go = go = 0 and gn({{al,...,an}}) =a + - +an,
for positive integers n. O
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Figure 1: Instance I of Theorem 4.7.

We define an FO,qq-data exchange setting to be a data ex-
change setting in which every std is of the form ¢ s(z) —
3y (z, ), where pg(Z) is an FOuqqr formula with all
free variables of the first sort. Likewise, we define an
FOaggr-data exchange program as one in which all for-
mulae in the bodies of rules are FOguyy formulae with
all free variables of the first sort. Just as in the case
of FO, we define the canonical universal solution of an
FOaggr-data exchange setting as the result of an FO gy
data exchange program obtained by converting each std
vs(Z) — g (R1(Z1,91) A - AN Rp(Tk, Jx)) into a rule
Rl(il,gl), cey Rk(jlmyk) - gps(.f).

Theorem 5.2 Let (S, T, X;) be an FO,qy-data exchange
setting. Every query over T that is FOagg-rewritable over
the canonical universal solution, or over the core, islocally
source-dependent. O

The proof is based on a modified version of local consis-
tency, in which we use equivalence with respect to a certain
counting extension of FO [16, 24].

5.2 Universal solutions semantics

It was argued in [9] that since the universal solutions are
the preferred solutions in data exchange, it may be more
fundamental and meaningful to consider semantics based
on them. Furthermore, it can be shown that the usual cer-
tain answers semantics sometimes exhibit rather counterin-
tuitive behavior (an example is given in the appendix).

Given a data exchange setting (S, T, X,;), an m-ary query
Q@ over T, and a source instance I, we define the universal
solutions semantics of () as

u-certain(@Q,I) =

M

J is a universal solution for I

Q).

Clearly, certain(Q, 1) C u-certain(@Q),I). We now show
that the main results of this paper are preserved when one

considers this new semantics of answering queries over the
target.

Given a mapping F : inst(S) — inst(T), we say that @
is FOqggr-rewritable over F under the universal solutions
semantics if there exists an m-ary FOagq-query @’ over T
such that u-certain(Q, I) = Q'(F(I)) for every instance I
of S.

We say that a query @ over T is locally source-dependent
under the universal solutions semantics if there is d >
0 such that for every instance I of S and every a, b €
dom(I)™, whenever N} (a) = NZ(b) then

(a € u-certain(Q,I) < b e u-certain(Q,1)).

The next theorem says that Theorem 5.2 extends to the uni-
versal solutions semantics.

Theorem 5.3 Let (S, T, X,;) be an FOuqy-data exchange
setting. Every query over T that is FO,gq-rewritable over
the canonical universal solution, or over the core, under the
universal solutions semantics, is locally source-dependent,
under the universal solutions semantics. O

Thus, Theorem 5.3 can be used as a tool for proving non-
rewritability under the new semantics (an example is given
in the appendix).

We conclude with a result that shows the incomparability
of rewritability under the usual semantics and the universal
solutions semantics.

Proposition 5.4 Let F be either Fyniv OF Feore-

1) Thereisan FO-query @ that isrewritable (evenin FO)
over F under the usual semantics, but is not FO,gq-
rewritable over F under the universal solutions se-
mantics.

2) Thereisan FO-query @ thatisrewritable (evenin FO)
over F under the universal solutions semantics, but is
not FO,ggr-rewritable over F under the usual seman-
tics.



Transformation LAV Setting GAV Setting General Setting
locally locally locally locally locally locally
consistent | consistent || consistent | consistent || consistent | consistent
under = under = under =
| canonical universal solution Funiv || yes | yes || no | yes | no | yes |
| core Feore | yes | yes ] no | yes ] no | yes ]

Summary of local consistency results

Rewritable over F0in||0|:g(i3(;gg,
| funiv | yes | yes |
| Fcore | yeS ye5 |

Is a query locally-source-dependent?

locally source dependent queries

rewritable over Fuiv

rewritable over
fcore

Summary of rewritability results

Figure 2: Summary of the main results

6 Conclusions

Figure 2 summarizes the main results of the paper. The
first table shows when the canonical universal solution and
core transformations F ;v and F... are locally consistent
(“under =" means “under FO equivalence”, but instead of
FO one can use FOqqq as well). The second table gives four
classes of locally source-dependent queries, based on the
logic and transformation they are rewritable over. The final
picture shows the relationship between different classes of
rewritable queries. Unlike isolated results on rewriting that
exist in the literature, our results give easily applicable tools
for studying these notions.

In the future, we would like to develop tools for studying
data exchange transformation and query rewriting in the
presence of target dependencies, and to extend techniques
from relational databases to other data formats.

Acknowledgment We thank Michael Benedikt and Phokion Ko-
laitis for their comments.
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A Appendix
Preliminaries: structures, Ehrenfeucht-Fraissé games, bijective games

In many proofs, we need a definition of structures whose vocabularies include both constant and relation symbols, and
games on structures that characterize elementary equivalence in various logics.

A signature o is a collection of constant symbols ¢y, . . ., ¢,, and relation symbols Py, ..., P,,, where each relation symbol
has an associated arity. A o-structure A = (A, PP, ..., PA ¢ ... c®) consists of a universe A together with an

e n

interpretation of each constant c; of o as an element ¢* of A, and each k-ary relation symbol P; of o as aset PA C AF,

If o is a signature, we write o; to refer to the signature that extends o with I new constant symbols. If A is a structure and
a = (a1,...,a;) is a tuple of elements of A, we write (A, a) for the o;-structure in which all the constant and relation
symbols from o are interpreted as in A, and the new [ constant symbols are interpretedas a 1, . . ., a;.

Note that if o contains only relation symbols, then a neighborhood N (@), with |a| = [, is viewed as a o;-structure,
where a interpret the [ new constant symbols. Hence, isomorphism of neighborhoods must preserve constants.

Let A and B be two o-structures. Then two tuples @ = ay,...,a, and b = by, ..., b, define a partial isomorphism
A — B if the following hold:

e [or anyi,j <n,a; = a; iff b, = bj.
e For any constant symbol ¢ of the signature and i < n, a; = ¢® iff b; = ¢B.

e For any k-ary relation symbol P of the signature and any sequence [i 1, ..., i] of not necessarily distinct numbers
from [1,n], (as,,...,a;) € PAiff (b;,...,b;) € PB.

The Ehrenfeucht-Fraissé (EF) game is played by two players, called the spoiler and the duplicator, on two o-structures
A, B. In each round i, the spoiler selects either a point a; € A, or b; € B, and the duplicator responds by selecting
b; € B, ora; € A, respectively. The duplicator wins after n rounds if the relation {(a;,b;) | 1 < i < n} is a partial
isomorphism A — B, otherwise the spoiler wins. It is well known that the duplicator has a winning strategy in the
k-round game on A and B iff A and B agree on all FO sentences of quantifier rank k, that is, iff A =, B. Furthermore,
the duplicator has a winning strategy in the k-round game on (A, a) and (B, b) iff for every FO formula ¢(z) of quantifier
rank up to k, A = o(a) iff B = o(b).

A stronger version of the game, called bijective Ehrenfeucht-Fraissé game, was introduced in [16]. Again, the spoiler
and the duplicator play on two structures A and B For the n-round game, in each round i = 1,...,n, the duplicator
selects a bijection f; : A — B, and the spoiler selects a point a; € A (if | A| # |B|, then the spoiler wins). The winning
condition is the same: if after the last round the relation {(a, fi(a;)) | 1 < i < n} is a partial isomorphism A — B, then
the duplicator wins; otherwise the spoiler wins. We shall see later that this version of game corresponds to a powerful
counting extension of FO [17].

The following will be used widely through the rest of the paper. Given two tuplesa = (a1, ..., a,) and b = (by, ..., bn),
by slightly abusing notation we write @ C b instead of {a1,...,a,} C {b1,...,bm}, aNbinstead of {ay,...,a,} N
{b1,...,bm}, aUbinstead of {ay,...,a,} U{b1,...,byn} and @\ binstead of {ay,...,an}\ {b1,...,bm}. Also, we

refer by ab to the tuple (a1, ..., an,b1,...,bm).

Proof of Proposition 3.2

Let S = (S(,)), A = (R(,),N()) and T = (T(,-). Assume that R contains the rules
R(x,z), R(z,y), N(2) :=S(xz,y) and T'(z,y) := 3z(R(z,2) A R(z,y) A N(xz) A N(y)), and that (S’, T/, 3,) is an
arbitrary data exchange setting. Then there exists a constant &, that is at most the maximum number of conjuncts in the
right-hand side of a source-to-target dependency in X ,;, such that for every instance I’ of S’, it is the case that every path
in the Gaifman graph of i (I’) containing only null values is of length at most . Furthermore, by definition of F .y,
the same property holds for F...(I’) [9]. Thus, if we construct an instance I of S such that the Gaifman graph of F (1)
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contains a path of null values of length &+ 1, then for every instance 7’ of ", F1(1) % Funiv(I’) and Fri(I) 2 Feore(I').
Next we show how to define such an instance.

Let I be an instance of S such that 7(S) = {(a;,a;+1) | ¢ € [0,k + 2]}, where each a; € Const. Then Fy(I) is an
instance of T such that Fr(1)(T) = {(bs, bi+1) | 7 € [0,k + 1]}, where each b, is a null value. Thus, the Gaifman graph
of F11(I) contains a path of null values of length & + 1, which concludes the proof of the proposition.

Proof of Lemma 3.4

We start with the following auxiliary result.

LemmaA.l For every data exchange program I = (S, A, T,R) there exists a data exchange program II’ =
(S,A’, T, R’) such that:

1. Everyrule of R’ has exactly one conjunct inits head.
2. Every predicatein (A’, T) appearsin the head of exactly oneruleof R'.

3. For everyinstance I of S, Fri(I) = Frv ().

Moreover, if IT is r-bounded, for somer > 1, then I1’ is r-bounded.

Proof: We show how to transform a rule of the form

Rl(jlayl)a"-aRk(jk;yk) = 90('%)7 (2)

where 1 U--- Uz, € zand (53 U---Ugk) Nz = 0, into an equivalent set of rules of the form shown above. The
extension of this technique to the general case is straightforward.

Lety = 51 U--- Uy and R be an auxiliary (|z| + |y|)-ary predicate not mentioned in (2). Furthermore, for every
J € [1,k], mz, (z) refers to the components of z that occur in the positions of z ;, and likewise for 75, . Then the following
set of rules satisfy the conditions stated on the Lemma and they are equivalent to (2):

R(z,y) = @),
T(u,v) - \/ 323y (R(z,y) N =7z, (Z) N0 =7y, (y)), foreveryT € {Ry,..., Ry}
JE[1,K], Rj=T

We note that if ¢ is r-bounded, for some » > 1, then the new set of rules is also r-bounded since all the rules shown
above are either r-bounded or 1-bounded. a

Now we prove Lemma 3.4. Assume that IT = (S, A, T, R) is an r-bounded data exchange program, where R contains
n rules of the form described in Lemma A.1 and (A, T) = (R4,..., R,), where R; appears in the head of the i-th rule
of R. We will show by induction on the number » of rules in R that ]} is locally consistent. Given that () is the
restriction of the predicates in F{j(I) to the predicates in T, we conclude that Fr; is locally consistent. We note that
F satisfies condition 1) of Definition 3.3 by Lemma A.2 and, hence, in the following paragraphs we only show that F [}
satisfies condition 2) of this definition.

First, assume that n = 1, that is, R = {R:1(z,7) i— ¢(, )}, where ©(z, Z) is an r-bounded FO formula over S and
[(z,z)] = 1. Letd,m > 0 and define d’ as d-r+Ir(¢), where Ir(ip) is the locality rank of ¢, that is, a number that depends
on the quantifier rank of ¢ and  such that for every instance I of S and @ 1, a> € dom(I)¢, if N,{(w) (a)) = N,{(w) (az),

then I = p(a1) iff I = ¢(as). Let I be an instance of S and a, b € dom(I)™. We will show that if N/, (a) = NI (b),
then N7 (g) = N7l (p),
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Let f : N1 (a) — NZ,(b) be an isomorphism and define g : Nﬁ(”(&) — ﬁ(”(l?) as follows. Let c be an element

(constant or null) of Ndfﬁ(l) (@). Then, given that the rule in the program has one predicate in its head, there exists P(¢)

in Ndf‘w) (@), where P € (S, Ry), and a sequence P;(c1), ..., Pi(¢r) of elements of Nﬁ(”(&) such that ¢ is the j-th

elementof ¢, k < d, Py(cx) = P(¢),anc, # 0and ¢ N &1 N Const # 0 (i € [1,k — 1]). By definition of 7L (1),
for every ¢ € [1, k|, there exists a tuple ¢; in I such that either P;(¢}) isin I and ¢, = ¢; (if P, € S) or I |= ¢(&,) and
R1(&;) = (c,) is an instantiation of the rule in R (if P, = R;). Given that ¢ is r-bounded, for every i € [1, k], all the
elements in ¢, are at distance at most d - r from a@ in N, (@). Moreover, it can be seen that for any tuple & of elements in
NI (@), le(w)(é) = le(@)(f(é)) since d’ = d-r +Ir(p) and N (a) = N1, (b). Thus, for every i € [1,n], if P;(c))
isin I, Pi(f(c))isinI,andif I = ¢(c;), then I = o(f(c})). Let P(€y), ..., Py(éx) be a sequence of elements of
Ndfﬁ(” (b) generated from f(¢}), ..., f(¢,) by using the same rules that were used to generate Py (¢1), . . ., Py(¢)) from
éh, ..., €. We define g(c) as the j-th element of &,.

. . . - FE) o\~ A Fu) /7
It is not hard to see that ¢ is an isomorphism and, therefore, N} (a) = N, ().

We now consider the inductive step. Assume that the property holds for every data exchange program containing at
most n — 1 rules and assume that R contains rules rq, ..., r, whose heads mention predicates R, ..., R,, re-
spectively. Given that the transformation F; for the program (S, A, T, R) is the composition of the transformation
]-"1’.}1‘1 for the program 11, = (S, A,(Ry,...,Rn-1),{r1,...,7n—1)) and the transformation ]—'1%2 for the program
Iy = ((S,R1,...,Rn-1),0,(Rn), (r,)), and these two transformations are locally consistent by induction hypothe-
sis, we conclude that the transformation F[; for (S, A, T, R) is also locally consistent.

Proof of Theorem 3.5

That Funiv is locally consistent follows from Lemma 3.4 since LAV settings are 1-bounded. Thus, we only need to show
that Feore is locally consistent for LAV settings. The proof proceeds by making use of the algorithm given in [9] for
computing the core in the LAV setting.

Let J be an instance with nulls. The Gaifman graph of the nulls of .J is an undirected graph in which (1) the nodes are all
the nulls of J, and (2) there is an edge between two nulls whenever the nulls belong to the same tuple of some relation in
J. A block of nulls is the set of nulls in a connected component of the Gaifman graph of nulls. If v is a null of J, then we
may refer to the block of nulls that contains v as the block of v. Note that, by the definition of blocks, the set of all nulls
of J is partitioned into disjoint blocks.

Let i be a homomorphism of an instance J. Denote the result of applying & to J by h(J). If h(J) is a subinstance of J,
then we call h an endomorphismof J. An endomorphism h of J is useful if h(J) # J (i.e., h(J) is a proper subinstance
of J).

Let J and J’ be two instances such that the nulls of .’ form a subset of the nulls of .J. Let 4 be some endomorphism of
J’, and let B be a block of nulls of .J. We say that & is J-local for B if h(x) = = whenever z ¢ B. (Since all the nulls
of J’ are among the nulls of .J, it makes sense to consider whether or not a null « of .’ belongs to the block B of J.) We
say that h is J-local if it is J-local for B, for some block B of J.

We now present the algorithm of [9] for computing the core of the universal solutions in the LAV setting, when given the
canonical universal solution .J.

1. Compute the blocks of .7, and initialize .J’ to be .J.
2. Check whether there exists a useful J-local endomorphism A of J’. If not, then stop with result J”.

3. Update J’ to be h(.J’), and return to Step 2.

Let b be the maximal number of existentially quantified variables over all stds in X ;. As noted in [9], it follows easily
from the construction of the canonical universal solution J (by chasing with ¥ ;) that b is an upper bound on the size of a
block in J.
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By Lemma 3.4, the canonical universal solution transformation F ,,,;, of a LAV setting is locally consistent. We shall show
that the mapping that maps the canonical universal solution onto the core is locally consistent. Since the composition of
locally consistent transformations is locally consistent, this is enough to prove the theorem. Let I be a source database,
let J be a canonical universal solution, and let .J, be the core of J. Assume m > 0 and d > 1 (we do not allow d = 0 for
technical convenience, and it is clear that this restriction is unimportant). We need only show that whenever a and b are
m-tuples with isomorphic (d 4 b — 1)-neighborhoods in the canonical universal solution .J, then @ and b have isomorphic
d-neighborhoods in the core. To simplify the wording, let us phrase this by saying that we need only show that the
(d + b — 1)-neighborhood N/, , , (a) determinesthe d-neighborhood N (a).

Since we are assuming a LAV setting, the stds in X, are of the form Vz(R(z) — 3o (Z, 7)), where R(Z) is an atomic
formula, and where o1 (z, §) is a conjunction of FO atomic formulae. Let v be a null in N/ (a). Then there is such a std
o in X, and there is a tuple e of constants where R(&) holds in the source instance I, such that v, and every member of
its block, is generated by chasing o starting with R(e). If every member of e were at least distance d from a in I (that
is, outside of V/(a)) then it is easy to see that v would be at least distance d + 1 from a in J. But this is false, since
v € N (a). So some member of e is in N | (a), and hence every member of ¢ is in N (a). We see from the definition
of b that chasing with o causes every member of the block of v tobe in V /., (@). Hence, if & is an endomorphism of .J,
then every member of the block B of v is mapped into N&]+b71 (a) (this is because paths of length, say, m, that begin with
a member a of a are mapped by each endomorphism into paths of length at most m that begin with a). So every J-local
endomorphism maps the nulls of B (each of whichisin N/, ,(a)) into pointsin N/, , ,(a).

We now show that there is enough informationin N/, (@) to produce N:°(a@). Hence, the (d + b — 1)-neighborhood
N, ,_,(a) determines the d-neighborhood N (@), which as we noted is sufficient to prove the theorem.

Let us call a block special if it contains a null in N/ (a). Consider a modified version of the algorithm for producing the
core where the special blocks are selected first. Thus, the modified version of the algorithm selects a non-special block with
a useful J-local endomomorphism in Step 2 only when there is no special block with a useful .J-local endomomorphism.
We can think of this algorithm as consisting of two phases. In the first phase, only special blocks are selected, and in
the second phase, non-special blocks are selected. Since, as we showed, every J-local endomorphism maps the nulls
of a special block B (each of which is in N/, ,(a)) into points in N/, ,(a), it follows easily that there is enough
information in N;{er_l(a) to carry out the first phase of the algorithm. Let C' be the neighborhood about @ of radius d in
J' at the end of the first phase (J’ is as defined in the algorithm). It is fairly easy to see that C is also the neighborhood
about a of radius d in J’ at the end of the second phase (intuitively, no changes take place in C' in the second phase,
because a useful .J-local endomorphism can only remove tuples, not add tuples.) Since .J’ at the end of the second phase
is the core, it follows that C'is N/°(@). So indeed, there is enough information in N, (a) to produce N (@), which
was to be shown.

Proof of Proposition 3.6

Since in the GAV setting, Fuuiv and Feore coincide (since no nulls are produced), it suffices to prove the result for F ;.

(a) Consider a data exchange setting (S, T, X ), where S = (E(-,-),U(:)), T = (R(:,-,-)) and X; contains a single
dependency {E(z,y) AU(z) — R(x,y,z)}. We will show that if d = 2, then for every d’ > 0 there exists an instance
I of S and elements a, b € dom(I) for which N/ (a) = N (b) and N7 (q) 22 NT~)(b). For a given d’ > 0
set I to be the disjoint union of a point ¢ under predicate U and two successor relations .S, and S, under predicate £
of length 2d’ + 2 and 2d’ + 4 respectively. Choose a to be the middle point of S; and b the middle point of S5. Then
N (@) = Nj(0) but Nj* D (a) g N (b).

For the second statement of part (a), consider a data exchange setting (S, T, ) with S = (E(-,-), R(-), G(), B(+)),
and T = (T'(-,-)). The set X, has the following stds:

Rz)ANG(y) — T(x,y)
R(z) NB(y) N E(z,y) — T(z,y)
B(x) NG(y) NE(z,y) — T(z,y)
G(x) NG(y) NE(z,y) — T(z,y)



In this case Funiv(I) is the result of the evaluation of the following query in I:
(R(x) A G(y)) i (R(a:) A B(y) N E(x, y)) Vv (B(a:) AG(y) N E(z, y)) Vv (G(x) AG(y) N E(z, y))

Now, for each n > 1, we create an instance I,, of S as follows. Its universe is {c,c,a1,...,an,b1,...,bpt1}. The
interpretation of R is {c, ¢}, the interpretation of B is {a1, b, } and the interpretation of G is {az, ..., an, b2, ..., bpy1}.
The relation E includes the following edges:

(c;ar), (¢,b1), (ai,ait1), i <n, (bi,bit1), i <n.

Suppose that the transformation F,,,;, for this data exchange setting is locally consistent. Choose d so that N }(a) =
NZ(b) would imply N7 (g) = N7+ (1) and let n > d. Then NI (c) = NI (<), but it is easy to see that, in
Funiv(Ir), the 1-neighborhoods of ¢ and ¢’ are not isomorphic.

(b) Given a data exchange setting (S, T, X ), suppose X, contains a single dependency ¢s(x,y) — T'(x,y), where pg
is a conjunctive query 3z A\, ;i (, y, Z) and each «; is an atom. In this case Funiv(1) is the result of g on I. We note
that Funiv Satisfies condition 1) of definition 3.3 by Lemma A.2 and, hence, in the following paragraphs we only show
that F,niv satisfies condition 2) of this definition.

Let G(¢s) be the graph of this conjunctive query, where the nodes are the variables z, y, z, and there is an edge between
them if they belong to the same atom. Suppose x and y are in the same connected component of G(¢ s). Let d be
the distance between them in G(¢s). Then the data exchange program corresponding to this data exchange setting is
d-bounded, and hence, by Lemma 3.4, defines a locally consistent transformation.

Now assume x and y are in two different connected components of G(¢s). Then g (z, y) is equivalent to a(z) A B(y),

where o and 3 are FO (in fact, conjunctive) queries. If «(I) and 3(I) are the sets of elements satisfying « and 3

respectively, then Fouiv(I) = a(I) x B(I). In particular, for any » > 1 and any a, N (D) (a) = le““”(]) (a).

By Gaifman’s theorem [11], there is a number d that depends on « and 3 (and thus is determined by ¢ s) such that if
NI(a) = NI(b), then a and b agree on o and 3. Hence, N} (a) = NI (b) implies that N7 (a) = N7~ (p) and
thus ;i) (a) = N v (@D (b) for any r. This finishes the proof.

Example: coreand local consistency

We mentioned that without the requirement that constants be mapped to constants, F ... need not be locally consistent.
We now give an example of this. Define a data exchange setting (S, T, X ;) as follows: S = (E(-,-), R(:), G(*)),
T = (E'(-,-), R'(-), G’(")) and 5 = {E(z,y) — E'(x,y), R(x) — R'(x), G(z) — G'(z)}. For each n, define the
instance 7,, of S whose domain is {a} | 1 <i < 4,1 < j <n} U {c,¢'}. The relation E has edges (a},a’, ) for each
i < 4,and j < n. Furthermore, there are edges

(a'}IJ C)7 (GEIJ C)7 (ai.? CI)7 (aflJ C/)
The relation G is interpreted as {a1,a?, a3} and R as {a}}.

Let J,, be the canonical universal solution of I, (n > 0). We note that for any d and n > d, Nj" (¢) = N;"(¢').

Without the requirement that a homomorphism /4 be identity on the constants (which is the definition used in graph theory
[15]), Feore(Ir) is isomorphic to the substructure of .J,, obtained by removing {a? | 1 < j < n}. Butin this structure,

even N7 o) (¢) and N U)(¢/) are not isomorphic. O

Proof of Lemma 3.8

We begin by proving a lemma and two propositions.

LemmaA.2 For every data exchange program I = (S, A, T, R) with just one rule R(z,y) :—¢(Z, z), there exists
d,k > 0 such that for every instance I of S and every a,b € dom(I), if N1(a) =, NI(b), thena € dom(Fu(I)) iff
b € dom(Fj(1)).
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Proof: It is known that for every FO formula ¢)(u), where |a| = m, there exists d’, k&’ such that, for every instance I
and m-tuples a, b, if N1 (a) =, NL(b), then I |= +(a) iff I |= 1(b). Furthermore, d’ and &’ are functions of m, the
quantifier rank of () (qr(¢)) and m.;, where m,; is the maximum arity of a predicate in ¢). We denote values d’, k&’ by
f(m, qr(w), my) and g(m, Qr(v), m.), respectively.

Define d = f(1, qr(yp) + |z| + |z|, ms) and k = g(1, ar(¢) + |z| + |z|, ms), where mg is the maximum arity of
a predicate in S. We will show that for every instance I of S and every a,b € dom(I), if N}(a) =, N} (b), then
a € dom(F(I)) iff b € dom(F5(1)). Assume that NJ(a) =, NZ(b) and that a € dom(F5(I)). Then without loss of
generality we can assume that I = Ju3z¢(a, u, z), where |u| = |z| — 1. Thus, by definition of d and &k and considering
that qr(3udze(a, @, 2)) = ||+ |2| +ar(e) < ||+ 2| +ar(y), I = Fudze(b, u, z) and, therefore, b € dom(Fj(1)). O

Proposition A.3 Let IT = (S, A, T, R) be a data exchange program with just one rule of the form R(z) :—¢(Z). Then
Fii islocally consistent under FO-equivalence.

Proof: Condition 1) of definition 3.7 is satisfied by Lemma A.2. To prove that condition 2) of this definition is also
satisfied we need to introduce some terminology. We know that for an arbitrary (finite) instance 7, an arbitrary m-tuple a
in dom(Z) and every d, k > 0, there exists an FO formula 6% () such that, for every m-tuple b in dom(1), I |= 672 (b)

iff N (a) =, NI(b). Furthermore, for every instance I and m-tuple a, the quantifier rank of & ?;g is a function of d and k.

Let I be an instance of S, mg the maximum arity of a predicate in S and v (u) the formula obtained from 625 () by

replacing each occurrence of R by ¢, where a € dom(Z)™. Define d’ = f(m, qr(¢), ms) and k' = g(m, qr(w) ms),
where f and g are as in the proof of Lemma A.2. We observe that d’ and & are independent of 7 and a since the quantifier
rank of 9#(1) _is afunction of d and k. We will show that for every instance I of S and pair of tuples a, b € dom(I)™,
if N1(a) = N1 (b) then N71) (@) =, N7 (). By definition of d’ and &', if N, (a) = NZ,(b), then I = 1(a)
iff I |= «(b). But for every tuple ¢ € dom(I)™, I |= v(e) iff Fi(I) |= 9;5:(1) (€). Thus, if N1 (a) =, N2 (b),
then Fi(I) = emn (a) Iff F(I) = emn,(’). Since it is always the case that FJ;(I) = 9fn(1),(a), if

N} (@) = N (b) then Fiy(I) = 0%+ ;) ,(b) and, therefore, N 1) (@) =, N7 (). O

Proposition A.4 Let IT = (S, A, T, R) be a data exchange program with just one rule of the form R(z, y) :— S(z, 2),
where S € S and i # ). Then F}% islocally consistent under FO-equivalence.

Proof: Condition 1) of definition 3.7 is trivially satisfied. Next we prove that condition 2) of this definition is also satisfied.

Let d,k > 0. Choose d' = d and k' = mg - (k + d), where mg is the maximum arity of a predicate in S. We will
show that N7 (@) =, Ndf“(” (b) whenever N/ (a) =, N1 (b). In fact, we will show how to play a k-round game
between Nf“(l)( ) and N (b) from a k’-round game between N/, (a) and N/, (b). The game is as follows. In each

round ¢ € [1, k] the spoiler chooses one element ¢; in Nf“( )( ) (the case he/she chooses an element ¢; in Nf“(l)(b) is
completely symmetric).

e If ¢; ¢ dom([), then it can be unequivocally identified with an instantiation R(c, cl, n) = S(¢,e) of the rule of the
program. It is not hard to see that S(¢,e) € N/, (a). Then in the game between N/ (a) and N7, (b) the spoiler plays
every element in ¢ and e (the number of elements in ¢ U e is at most m g), and the duplicator responds with a tuple
¢ée in N1,(b). Since NL(a) =, NL(b)and k' = ms - (k + d), S(¢,&') € N1,(b) and, therefore, the null ¢; is
naturally and univocally associated with an element ¢} ¢ dom(I) through the instantiation R(¢’, ¢;,n') := S(, €).
Set ¢ to be the duplicator response to ¢, in the i-th round of the game between Nf“(”( ) and Nf“(”(b)

e If¢; € dom(T), we know that it also belorjgs to N1 (@). The spoiler plays c; in the game between N7, (@) and N7 (b).
The duplicator responds with ¢} in N, (b). Set ¢/ to be the duplicator response to c; in the i-th round of the game

between Ndf i) (a) and Nf“(l)(b)
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Claim A.5 Theresponse ¢} to the element ¢;, defined by the above strategy, isin Nf“(l)(b)
Proof: The proof of this is direct from the fact that ¥’ > mg - d. O

We show that the strategy shown above is a winning strategy for the duplicator by induction on the move i < k. Fori = 0
the proof goes as follows. By contradiction assume that (a, b) is not a partial isomorphism in Fjj(I). Then without loss

of generality, we can assume that there exists 7'(a’) € an(”( ) such that T'(b') & an(”( b), where @’ C a, b’ is the
corresponding subset of b and T" € (S, R). Then T' # R since tuples a and b contain only elements in dom(7). Moreover,
T ¢ Ssince (a, b) is a partial isomorphism between N/ (a) and N7, (b), which leads to a contradiction.

Assume that ¢ — 1 moves of the game have been played by following the strategy shown above. For the i-th move,
i € [1, k], the spoiler chooses ¢; in an(l)( ).Calé=cy,...,ci1and @ = ¢}, ..., c,_, tothe elements played so far
in the game between Nf“(l)( )and N ( ). Suppose first ¢; € dom(I). Thenc; isin NZ (a). Assume on the contrary
that ¢; does not work as a winning duplicator response for the game between N ; Fil) (a) and an(l)(b) Then without
loss of generality, we can assume that there is a tuple T'(¢, ¢;, ) € Ndfg( )( ) such that T'(e’, ¢}, ') ¢ Nfg(l)(B),

s g

where e C ac ndom(I), n C ¢\ dom(I), and &’ and n’ are the responses to & and 7 in b&'. If T € S then @ is empty, and
T(e',cl) € NL (b). This implies by induction hypothesis that 7'(é’, ;) € Nf”(l)(b) which is a contradiction. If T = R,
we know that T'(¢, ¢;,7n) = R(e, ¢;, ) comes from an mstantlatlon R(e,c;,n) = S(e, ¢, ep) of the rule of the program.
Since |n| > 1, all the elements of &; were already played in the game between N % (a) and N7, (b). Let &} in N7, (b) be the

response of the duplicator to &;. Then S(é’, ¢}, ;) € N2 (b) and, therefore, by Claim A.5 we obtain thatc € Nf“(l)(b),
and by induction hypothesis T'(¢’, ¢,, n') € Nf“(l)(b) which leads to a contradiction.

s g

Assume now ¢; ¢ dom([). Then ¢, comes from an instantiation R(e, ¢;, ) :— S(e, €1) of the rule of the program, where
ee; C dom(I) and 7 is a tuple of values not in dom(I). To c¢; we attach its natural response ¢, as previously described.

Suppose on the contrary that ¢} does not work as a winning duplicator response for the game between Nf“(”( ) and
Ndf“( )(b). Thene C acndom(I), n € ¢\ dom(I), R(e,c;,n) € Nf“(l)( )yand R(e,c;,n') & NfH )(b) where &’

s “g

and 7’ are the responses to e and ﬁ in b&'. Since ¢; ¢ dom(I), all the elements of &; were already played in the game
between N7 (a) and N7, (b). Let &} in Nd,( ) be the response of the duplicator to &;. Then S(é’, ¢}, &}) € N2 (b) and,

therefore, by Claim A.5 we know that S Nf“( )( b), and by induction hypothesis R(e’, ¢}, n’) € Nf“( )(b), which

s Lo

leads to a contradiction. O

Proof of Lemma 3.8: Let IT = (S, A, T, R) be a data exchange program and assume that R contains n rules of the
form described in Lemma A.1. We note that for every rule R(Z,7) - »(Z, ) in the program, if 3 = (), then this rule
is equivalent to a rule R(z) :— 3z ¢(z, z). Otherwise 5 # 0 and R(Z,y) :— ¢(, Z) can be decomposed into two differ-
ent rules: R'(z,z) —p(z,2) and R(Z,y) .= R'(Z,Z). Then we can assume without loss of generality that R contains
only rules of the form T'(z) :— v(Z), where ¢(Z) is a first-order formula over (S, A) and T € (A, T), or of the form
T(z,y) = S(z,z), where y £ 0,5 € (S,A)and T € (A, T). We will prove by induction on the number n. of rules of R
that 77} is locally consistent under FO-equivalence. Given that for every instance I of S, F (1) is the restriction of the
predicates in F{; (1) to the predicates in T, we conclude that Fry is locally consistent under FO-equivalence. We note that
F; satisfies condition 1) of definition 3.7 by Lemma A.2 and, hence, in the following paragraph we only show that F ;
satisfies condition 2) of this definition.

For the basis case, take the number of rules in II to be one. Suppose first that the rule in R is of the form R(Z) - ¢(Z).
Then from Proposition A.3 we know that F 7} is locally consistent under FO-equivalence. Suppose now the rule in R is
of the form T'(z, ) .- R(z, z), where § # ). Then from Proposition A.4 we obtain that [} is locally consistent under
FO-equivalence. We now consider the inductive step. Assume that the property holds for every data exchange program
containing at most n — 1 rules and assume that R contains rules r1, ..., r,, whose heads mention predicates R, .. ., R,
respectively. Given that the transformation F7; for the program (S, A, T, R) is the composition of the transformation
]—'gl‘l for the program I, = (S, A, (R1,...,Rn-1),{r1,...,7m—1)) and the transformation fﬁg for the program

II; = ((S,R1,...,Rn-1),0,(Ry), (r,)), and these two transformations are locally consistent under FO-equivalence
by induction hypothesis, we conclude that the transformation F[; for (S, A, T,R) is also locally consistent under
FO-equivalence. O
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Proof of Theorem 3.9

The proof for F.;y is a direct consequence of Lemma 3.8. The proof for F .. is postponed until we obtain the proof of
Theorem 4.8.

Proof of Proposition 3.10

(@) Let (S, T, X4, X;) be a LAV+tgd (GAV+tgd) setting defined as follows: S = (S(-,-), M(-)), T = (T'(,-), N(-)),
Yo = {S(z,y) = T(z,y), M(z) — N(x)} and 3, = {T(x,y) A T(y,z) — T(x,y)}. Letm =1, d = 1 and
k = 1. We will show that for these values there is no d’, ¥’ > 0 such that for every instance I of .S and for every
a,b € dom(I) N dom(Funiv(I)), if NL(a) = N2 (b), then N7 (a) =, NT*~)(5). On the contrary, assume
that such d’, k" exist and let T be an instance of S defined as the disjoint union of two successor relations of length
d+1:1(S) = {(ai,ai+1) | 1 <i < d'}U{(bi,bix1) | 1 < i < d'}. Furthermore, assume that 7(M) = {ag41}-
Then NZ (a1) =x N2 (b1) since N1 (a1) = NL,(by). In this case Foniv(I) is the disjoint union of two linear orders:
Funie(D(T) = {(ai,a;) [ 1< i< j<d}U{(biby) |1 <i<j<d} Thus, N7 (ay) 2, N7 () since
Funiv(I)(N) = {aag+1} and aq41 is at distance 1 from a;.

We note that the previous proof also shows that the transformation F ... of LAV+tgd (GAV+tgd) settings is not necessarily
locally consistent (under FO-equivalence) since in the setting shown above F .,;v and Feore COINcide.

(b) Let (S, T, X, X:) be a GAV+egd setting, where X is a set of equality generating dependencies over T, and I an
instance of S. If I has a canonical universal solution J, then J is also a canonical universal solution of I in the GAV
setting (S, T, X4;). Thus, (S, T, X4, ;) is locally consistent under FO-equivalence by Corollary 3.9.

Given that the transformations F i, and F.... 0f GAV+egd settings coincide, the previous proof also shows that the
transformation F..,. of GAV+egd settings is locally consistent under FO-equivalence.

(c) Let (S, T, X4, ;) be a LAV+eqgd setting, where S = (E(-,-), V(-)), T = (E'(-,-), V'(-), R1(-,"), Ra(+,*)), st
contains the following source-to-target dependencies:
E(z,y) — E'(zy),
Vieg) — V'(z),
E(z,y) — JuiFusIus(Ri(z,u1) A R1(y,u2) A Ra(uq, us) A Ra(ua,us)),

and >3; contains the following key dependencies:

Rl(xvy)/\Rl(va) - Y=z,
Ry, y) N Ro(2,2) — y=z,
Ro(y,x) AN Ro(z,2) — y=2z.

Letm = 1,d = 2and k > 1. We will show that for these values there is no d’, ¥* > 0 such that for every instance
I of S and for every a,b € dom(I) N dom(Funiv (1)), if NZ (a) =, NL(b), then N7 (q) =, NTw+D(p). 0On
the contrary, assume that such d’, &’ exist. Define a database instance 7 with domain {a,a1,...,aa,b,b1,...,ba,c} @s
follows. I(V') = {c} and I(E) contains the following tuples:

aEalE...Ead/Ec bEblE...Ebd/

As shown in the figure, I(E) is a union of two paths, one containing d’ + 2 elements with first element a and last element ¢
and another path containing d’+ 1 elements with first element b. Observe that N, (a) = N2, (b), since N7, (a) = N1 (b).

The canonical universal solution F.,.,;v (1) of I can be constructed by first applying the set of source-to-target dependencies
DI
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a agq: b E . bd’

34 /\Rl Rl/ \Rl Rl/\Rl Rli 34 /\Rl Rl/ \Rl Rli

\]iQ/RQ\‘/RQ RQ\/R2 \132/32 \]iQ/RQ\‘/RQ R&\/Rg

and then applying the set of key dependencies X ;:

E E E E E E E
a ay C agr c b b1 C bar
R Ry Ry ...
R Ry R R
RQi RQi

In the figures shown above, the symbol e is used to represent null values. Observe that V' /(Funiv(I)) = {c} since the
only source-to-target dependency mentioning predicate V'’ is V(z) — V'(x). Thus, Nf““”(” (a) #g Ndf““”(”(b), since

the distance between a and c is at most 2 and there is no a point ¢’ in Ndf‘”‘”(”(b) such that V’(¢’) holds. This leads to a
contradiction.

We note that the previous proof also shows that the transformation F ... of LAV+egd settings is not necessarily locally
consistent (under FO-equivalence) since for the instance I shown above, F iv(I) = Feore(I).

Proof of Proposition 4.3

Let (S, T, X,) be a data exchange setting, where T = (R}*, ..., R%") and a; is the arity of predicate R; (1 < i < m),
and @) be a Boolean query over T. For n > 0, define p,,(T) and u,, (T, Q) as follows:

un(T) = |{J | Jisaninstance of T and dom(J) = {1,...,n}}|,
un(T,Q) = [{J| Jisaninstance of T, dom(J) = {1,...,n}and Q(J) = true}|.
Then we say that the asymptotic probability of @ is 0 if
. a(T,Q)
lim ——————— 0. 3
() ©

We will prove that if the asymptotic probability of @ is 0, then for every instance I of S, certain(Q, I') = false. From this
it immediately follows that () is rewritable over the canonical universal solution and over the core.

On the contrary, assume that the property is false, that is, there exists an instance I of S such that certain(Q, I) = true,
and let .J be an arbitrary solution for I, with dom(.J) = {1,..., k}. We show that this assumption leads to a contradiction
by considering the following fact: Q(J’) = true, for every instance J’ of T containing .J, since J is a solution for 7,
certain(Q, I) = true and every instance J' of T containing .J is a also solution for 7. To establish a contradiction we
consider two cases.

1. First assume that all the predicates in 7" are unary (a; = 1 for every i € [1,m]). In this case, for every n > k:
pn(T) = (2™ =1)",
pa(T,Q) = (2" —1)" "
Thus, if the lim,, . oo 1 (T, Q) /1, (T) exists, then this limit is at least:

om _ 1 n—k 1
lim ( ) =

= 0.
00 (2m _ ]_)n (2m _ 1)k >
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Hence, (3) does not hold, which is a contradiction.

2. Assume that there is at least one non-unary predicate in T, say a; > 1. For every n > 0:

m

En: (TZL) pn—i(T) = H gni

i=0 i=1

and, therefore,

() ﬁzn”—i(?)un_xT). @

1=1
Furthermore, given that Q(J') = true for every instance .J’ of T containing J and dom(.J) = {1,...,k}, we
conclude that
m I n n
w(Q) > [ - (i)un_m. ©)
=1 =1

Therefore, by (4) and (5)

lim (T, Q) > | T D e (?)Mnfi(T) _ /112, 2K — D1 (?)/‘n*i(T)/ [T, 2n™
R (D) [ 2 S, (D (T) L=, (DD T, 27

Thus, if we prove that

o St (it i(T)

. 0, 6
A VT ©

then we conclude that the minimum value of lim,, .o g, (T, Q) /s (T) could be 1/ TTi~, 2K, if this limit exists,
and, therefore, (3) does not hold, which is a contradiction. Next we prove that (6) is true.

For every n > 0, let p,, (R1) be the number of instances of Ry with {1,...,n} as domain. As in the previous case,
pn(Re) = 27" - z”: "Vt i(Ra).
=1 s

Thus, given that for every i € [1,n]:
frn—i(Ry) < 207" < o=
we conclude that

(i) = 2 =y (T)an

i=1
ot o= gn )
2n“1 + 2(n—1)“1 _ 2(n—1)“1+n.

Hence, foreveryn > 0

Mn(T) > Mn(Rl) . H oni > (2na1 + 9(n=1)"1 _ 9(n—1)" +n) . H oni
=2 =2

Thus, by (4) we conclude that

n

Z(?)“M(T) = ﬁ2”"”—<2"”+2<“*1>”—2<n*1>”+").ﬁzn”

=1 =1 =2
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and, hence,

T (Denoa(T) ) 2 a0 )
2= ° 7 |

Given that (n — 1) = n% — a;n®~! 4 p(n), where p(n) is a polynomial of degree a; — 2,

1 (D =i (T ont 4 o(n=1)% _ o(n=1)"+n
i izt Wi (0) -y 27 :
N T n—oo 2
. 1 1
= 1= lim (1 1 e T 2&1"“1‘1—"—7)("))
= 0.

This concludes the proof of the proposition.

Proof of Theorem 4.5

We prove the theorem for the case of locally consistent transformations. The proof for transformations that are locally
consistent under FO-equivalence is similar.

Let Q' be a first-order rewriting of @) over F, that is, an m-ary FO query over T such that for every instance I of S,
certain(Q,I) = Q'(F(I)). Assume that F is locally consistent. By Gaifman’s theorem [11], there exists a constant d’
such that for every instance .J of T and m-tuples a, bin J, if N (a) = N7 (b), thena € Q'(J) ifand only if b € Q’(J).
Given that F is locally consistent, there exists d > 0 such that for every instance I of S and m-tuples a, b in I, if
NI(@) = N1(b), then (1) a € dom(F(I)) if and only if b € dom(F(I)) and (2) N, (a) = N7 (b). From this we

conclude that @ is locally source-dependent since for every instance I of S and m-tuples a, bin I,

Ni@=Njb) = Ny"@=nNg" )
= acQ(F))iffbe Q' (F())
= a c certain(Q, I) iff b € certain(Q, I).

Proof of Theorem 4.8

Theorem 4.8 is a consequence of the following proposition.

Proposition A.6 Let (S, T, X,;) be a data exchange setting and ¢(z) an FO formula over T. Then there exists an FO
formula ¢’ (&) such that for every instance I of S and every a € dom(Funiv(1))™, Funiv({) E ¢'(a) iff there exists a
core J' of Funiv(I) suchthat a € dom(J’)™ and J' |= p(a). Furthermore, if (S, T, X4;) is considered to be fixed, then
¢’ can be computed intime O(||¢||?).

To prove this proposition, we assume that we are given a fixed data exchange setting (S, T, X ;) and we let ¢ be the
maximum number of conjuncts in the right-hand side of a source-to-target dependency in ¥ ;. Furthermore, we let m
be the maximum arity of a predicate in T.

For every canonical universal solution J of an instance of S and for every null value ¢ € dom(J), define B yniv(c) C
dom(J) as follows. For every ¢’ € dom(J), ¢’ € Byniv(c) if there exists tuples Py (¢1), ..., P,(¢,) in J, n > 1, such that
ce€c, ¢NéyrNVar#£0 (i € [1,n—1]) and ¢’ € ¢,. We note that by definition of the canonical universal solution,
¢ € Buniv(c) iff there exists a path ¢; - - - ¢, 1 < n < ¢, in the Gaifman graph of J such that ¢; = ¢, ¢; is a null value
(¢ € [1,n — 1]) and ¢,, = ¢/. Moreover, by slightly abusing the notation, we say that X C Bniv(c) is a core of Byniy(c) if
J|x isacore of J| g, (), Where for every Y C dom(.J), J|y is the substructure of .J induced by the elements in Y. The
following follows directly from the definitions.

Claim A.7 Let J bea canonical universal solution of aninstance of S and J * be a core of .J. Then
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a) for every ¢ € Var(J*), Buyniv(c) N dom(J*) is a core of Byiv(c).

b) every substructure of J* isa core of itself.

In this section we will extensively use the following predicates. Let z and y be two g-tuples of variables. Then Hom(z, y)
is a formula such that for any instance .J of T and tuples @ and b in .J, J = Hom(a, b) iff there is a homomorphism
from J|; to J|; (this is equivalent to say that (@, b) defines a partial homomorphism .J — .J that is the identity on the
constants), and 1so(z, ) is such that .J = Iso(a, b) iff there is an isomorphism from .J| to .J|; that is the identity on the
constants (this is equivalent to say that (a, b) defines a partial isomorphism .J — .J that is the identity on the constants). It
is not hard to see that each one of the previous predicates is definable by a quantifier-free FO formula.

LemmaA.8 Thereexistsan FO formula fcore(u, 0), Where || = ¢ - m, such that for every canonical universal solution
J of some instance of S, and for every tuple c¢ C dom(J), J = Ocare(c, ¢) if and only if ¢ € Var(J) and ¢ is a core of
Buniv(c) containing c.

Proof: By definition of By, for every canonical universal solution .J and every ¢ € Var(J), Buniv(c) contains at most
q - mT elements and is a subset of the set of points at distance at most ¢ from ¢ in the Gaifman graph of J. Thus, by
definition of Byqy and given that X, is assumed to be fixed, Byniv is FO definable, that is, there is an FO formula o(z, ),
where |g| = ¢ - m, such that for every canonical universal solution .J of some instance of S, for every ¢ € Var(J) and
for every tuple ¢ C dom(J), J = a(c, ¢) ifand only if ¢ = Bniv(c) (if Buniv(c) contains less than ¢ elements, then ¢ has
some repeated elements). Then formula 6 core (w, ©), Where |0] = ¢ - mer, is defined as follows:

=C(u) Au€ v AT (a(u,g) ADCgAHM(G o) A\ —Hom(a,2)).

{z12&0}

LemmaA.9 Let J be a canonical universal solution of an instance of S, J* acore of J, ¢ € Var(J*) and Biye(c) =
dom(J*) N Byniv(c). For every substructure J’ of .J such that |.J/| < |Bg,e(c)|, if thereis a homomorphism from Bg,q(c)
to J/, then there exists a homomorphismfrom J’ to B, .(c).

Proof: Assume that there is a homomorphism h from B, .(c) to a substructure .J’ of .J such that |.J/| < |Bg,.(c)|, and
assume that there is no homomorphism from J’ to B}, .(c). Consider i’ to be a homomorphism from .J to .J* that is the
identity in J* (the existence of this homomorphism is proved in [15]), and let f : J* — J* be a homomorphism defined
as follows:

Fla) = {h/(h(az)) 7 € Biye(0)

T otherwise

By the hypothesis %’ is not a homomorphism from J’ to B, (c). Thus, given that |.J’| < |B%,.(c)|, there is at least one
null value ¢’ in Bg,.(c) which is not the image of any element in .J* under the homomorphism f. Hence, f maps .J * into
a proper subset of itself, which contradicts the fact that .7 * is a core. |

LemmaA.10 Let J be a canonical universal solution of an instance of S, ¢ € Var(J) and X C dom(.J) a core of
Buniv(c) that contains ¢, and assume that for every substructure J’ of J, if |J/| < |X| and thereisa homomorphismfrom
J|x to J' then there exists a homomorphismfrom J’ to J| x. Then ¢ belongs to some core of .J.

Proof: Consider an arbitrary core J* of J and let ~ be the homomorphism from .J to J* that is the identity on every
element of J*. We claim that there is an isomorphism from .J|,x) to J| x that is the identity in the constants. This shows
that there is an isomorphism from J* to (J* \ J,(x)) U J|x and, hence, that c belongs to a core.
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We know that i is a homomorphism from J|x to J|,(x) and |h(X)| < |X|. By hypothesis there is a homomor-
phism 1/ from .J|;(x) to J|x. Hence h must be one-to-one; otherwise the composition of (i’ o h) will map .J|x
to a proper substructure of itself, contradicting the fact that J| x is a core. By the same reason (see Claim A.7.b),
I’ is one-to-one, and we conclude that & is one-to-one and onto. Since A’ is the identity on the constants, the im-
age of a null under 4 must be a null; otherwise the composition (A’ o k) would map J|x to a proper substructure of
itself, contradicting the fact that .J| x is a core. This proves that & is an isomorphism that is the identity on the constants. O

Recall that C' is a unary predicate whose interpretation over an instance I is Const(I). We define a formula Core v, (z) as
follows:

~C(z) A ViVZ (bcore(, ) A Hom(y, 2) A Onto(y, ) — Hom(z,9)),

where |Z| = ¢-mT and Onto(y, z) tests whether the cardinality of the elements instantiating ¥ is bigger than the cardinality
of the elements instantiating z. Since the size of 7 is fixed from 6 (, ) and is equal to the size of z, Onto(y, z) is
FO expressible. From Lemmas A.9 and A.10 we obtain that for a canonical universal solution J and a € dom(J),
J | Coreva(a) iff a € Var(J) and there is a core of J containing a.

Given a canonical universal solution J of some instance of S and n > 0, the predicate Core va(z1, . .., x, ) is defined as
follows. For every aq,...,a, € dom(J), J |= Corevar(a1,...,a,) if and only if there exists a core J* of J such that
{a1,...,an} C Var(J*). Next we prove that Corev,,(z1, ..., x,) is first-order definable, but first we need to define one

extra formula.

Let 3(z, y) be an FO formula defined as follows. For every canonical universal solution .J of an instance of S, J = 3(a, b)
iff for every a and b such that J |= Ocore(a, @) A Bcore(b, b) the following holds:

e If @ and b do not contain exactly the same elements and for every @’ and b’ such that .J |= Ocore(a, @) A Ocore (b, 0') it
is not the case that J|s = J|;/, then there is no homomorphism from J| 5 to J|;.

It is not hard to see that 3(x, y) can be expressed in FO as follows:

VIV (acore(x, j) A ecore(ya g) - (_‘EQ(*%» ﬂ) A ~Judv (ecore(xa ﬂ) A ecore(ya @) A |SO(ﬂ, 77)) - —|H0m(f, g)) )7

where predicate Eq(z, y) is an FO formula checking whether z and g are the same set of elements. This formula exists
since |z| = |y| = ¢ - m.

Next lemma shows that Corevya, (21, - - ., 25, ) can be defined in FO, for every n > 0.

LemmaA.11 Theformula Corey,, (21, ..., z,) isdefinablein FO by

/\ Corevar(zi) A N\ Blj,zp).

1<i<n 1<j#k<n
Proof: Assume first that for elements a1, ..., a, € Var(J), J = Coreya(as,...,a,), where J is a canonical universal
solution of an instance of S. Hence, for some core J* of .J it is the case that a1, ...,a, € Var(J*). This implies that

J = Coreya(a;), forevery i € [1,n].

Towards a contradiction assume that JJ = —3(a;, ax), for some j, k € [1,n], j # k. Then there exists ¢ and d such that
J ': acore(afj, E) /\ ecore(ak, d) /\ _|Eq(é7 d), and fOl' Every E/ and dl, J ’: acore(afj, EI) /\ ecore(ak, dl) — _‘ISO(E/, dl). In
addition, there is a homomorphism i : J|z — J|;.

Define Bgye(a;j) and Bgye(ar) @S Biye(a;) = Buniv(a;) N dom(J*) and Bge(ar) = Buniv(ax) N dom(J*) respec-
tively. Then Bye(a;) N Beye(ar) € Const(J). Otherwise suppose there is a null n in both B .(a;) and B (ak).
Then there is a path a; ---n- - - a;, in the Gaifman graph of J* such that all the elements in this path are nulls. Then
Bioe(a;) = Bye(ar), which contradicts the fact that there are no two cores of B yniv(a;) and Buniv(ar) containing a; and
ag, respectively, such that these cores are isomorphic.
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We know there exist isomorphisms f; : Bie(a;) — J|zand fi : J|g — Beoe(ar). Define A’ : J* — J* in the following
way:

T otherwise

W) = {fk(h(fj (2)) = € Bielay)

It is not hard to see that A’ is a homomorphism and that 2’ maps J* into a proper subset of itself since By (a;) N
By e(ar) C Const(J). This is a contradiction because .J* is a core.

Assume now that for elements a, . .., a,, € Var(J),

JE /\ Coreva(a;) A /\ B(aj,ar),

1<i<n 1<j#k<n
where J is a canonical universal solution of an instance of S. We prove that J |= Corevar(aq, ..., a,) by induction on 7.
The case n = 1 is trivial.
Assume that for elements a1, . .., a,+1 € Var(J),

JE /\ Corevar(a;) A /\ B(aj,ak).

1<i<n+1 1<j#£k<n+1

Hence,

J ': /\ CoreVar(ai) A /\ ﬂ(afj; Clk-) A CoreVar(an+1) A /\ ﬂ(a"iv an+1) A ﬂ(an+1; ai)-

1<i<n 1<j#k<n 1<i<n

By induction hypothesis, J = Coreyac(as,...,ay,). This means that there exists a core J; of J that contains elements
ai,...,an. Inaddition, there is a core J; of J such that a,,+1 € dom(J3) since J |= Corevar(an+1).

Let f : J — J3 be an isomorphism that is the identity on the constants. We know that for every ¢ € dom(.J;) and
Biore(c) = Buniv(c) Ndom(J7), f(Bre(c)) = Bire(f(c)), where B (f(c)) = Buniv(f(c)) N dom(J3).

In order to prove that J |= Corevar (a1, . . ., an+1) We consider two cases:

e Itisthe case that forevery i € [1,n], Bige(an+1) # f(Bie(ai)). Let J* = (JF\ f 71 (Bige(an41))) UBge(ant1).

It is not hard to see that J* is a core of J and that a1, ..., a,4+1 € dom(J*).

e Forsome i € [1,n], Bie(ant1) = f(Biye(ai)). Then there is a homomorphism from J| .. (4, ,) 10 J|B: (4,)-
Since J = Blant1,ai) and J|pes (a,.) = J|Bz . (a,), We deduce that Bl (ant1) = Biye(ai) and, therefore,
an+t1 € Biye(a;). Thus J; contains elements ay, . .., a,y1, implying J |= Coreva (a1, ..., ant1)-

O
From Corevar (21, . . ., x,) We define a formula Core(z1, ..., z,) as follows:
</\ C(xi)> Vv (/\ -C(z;) /\CoreVar(xl,...,xn)) Vv
i=1 i=1
Jyq -+ Fyp3zr -+ Iz (/\ \/yi:xj A /\C(yi) A /\ \/zizxj A /\—C(zi) A
i=1j=1 i=1 i=1j=1 i=1
/\ /\ Yi 7 25 N /\ \/(xl =y; Va; =2z A CoreVa,(zl,...,zn)).
i=1j=1 i=1j=1

Intuitively, for a canonical universal solution .J and a tuple @, J = Core(a) iff there is a core J * of .J that contains all the
elements in a.
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Proof of Proposition A.6: Take an arbitrary FO formula ¢(z). The algorithm transforms first () into an equivalent FO
formula in prenex normal form. Then it transforms the latter into an equivalent formula ¢ *(z) of the form

(731 (7)Fy2 .. (7)Y V(@ Y15 - - -5 Yp),s

where 1 is a quantifier-free formula and (—) means that the negation may or may not be present in front of the existential
quantifier. We claim that ¢’ (z) defined as

Core(z) A (=)3y1 (Core(z, y1) A (—=)Jyz (Core(z, y1,y2) A (... A (=) 3y, (Core(Z, y1, ..., yp) AV(T,y1...,yp))--.)))

satisfies that for every instance I of S and every a € dom(Fumiv(1))™, Funiv(I) | ¢'(a) iff there exists a core .J" of
Funiv(I) such that a € dom(J")™ and J’ = ¢(a). We prove this by induction on p.

Let J = Funiv(I) anda € dom(J)™. For p = 0 we have that ¢’ (Z) = Core(Z) Ap(Z). Assume first J = Core(a) Ap(a).
Since J |= Core(a), there is a core J' of .J that contains all the elements in a. Moreover, since ¢ is a boolean combination
of atomic formulas, it must be the case that J’ |= (a). On the other hand, assume there is a core J’ of .J such that
J" = ¢(a) and all the elements of @ are in .J’. Since J’ is a substructure of .J and ¢ is a boolean combination of atomic
formulas, J |= Core(a) A ¢(a).

Going from p to p + 1 we have two cases to analyze depending on the existential quantifier binding v 1. The first case is
that it occurs positively. The analysis then goes as follows. Assume that

J k= Core(a) A Jyi (Core(a,y1) A
(=)3y2 (Core(a, y1,y2) A (- A (7)3ypt1 (Core(@, yi, vz, -, Yps1) A (@Y1, Y2, Ypt1)) - --)))-
Then for some ¢ € dom(J),
J = Core(a, c) A (—)3y2 (Core(a,c,y2) A (... A (7)Typt1 (Core(a, ¢, ya, ..., Yp+1) A (@, ¢, Y2, Ypt1)) ---))-
By the induction hypothesis there is a core J’ of .J such that it contains all the elements in ac and
JE ()32 () p (@ ez Yprn),

implying that J' = 3y1(—)3y2 . .. (7)3yp+1 ¥(@ Y1, Y2 - - -, Yp+1)-
Assume on the other hand that there is a core J’ of .J such that J' = Jy1(—=)3y2 ... (7)Iyp+1 ¥(@, y1,92 - - -, Yp+1) and
J' contains all the elements in a. Then for some ¢ € dom(J’), J' = (=)3y2 ... (—=)3ypt1¥(@, ¢, y2 - .., Yp+1). By the
induction hypothesis
J |= Core(a, c) A (=)3Fy2 (Core(a, c,y2) A (... A (=)3ypr1 (Core(@, ¢, yz, -, yps1) A ¥(@, 6,92, -, Ypra)) -+ )
The latter shows that for some ¢ € dom(J),

J k= Core(a) A Jy; (Core(a,y1) A

(_‘)ElyQ (CorE(a, Y1, yQ) A ( A (_‘)Elyp-Fl (Core(av Y1, Y25 -+, y;lH—l) A ¢(&, Y1,Y92,--- 7yp+1)) e )))

The second case is that the quantifier binding 1 occurs negatively. Assume that

J |= Core(a) A =3y, (Core(a, y1) A
(_')EIyQ (Core(da Y1, y2) A ( BAA (_‘)Elyp+1 (Core(d7 Y1,Y2, ..+, yp+1) A 1/1(5% Y1,Y2, ... 7yp+1)) .. )))
Then for every ¢ € dom(J), J |= Core(a) and
J [ Core(a, c) A (=)Jyz (Core(a, c,y2) A (... A (7)3ypia (COre(a, ¢, 2, -, Ypr1) A P(@,¢, Y2, Ypr1)) - )

Take J' to be a core of J that contains all the elements in a. By the induction hypothesis, for every ¢ € dom(J’),

']/ bé (_‘)ElyQ cee (_‘)Ely;lH—l ¢(&, CY2... 7yp+1)7
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implying that J' = =Jy1(=)3y2 ... (7)3Yp+1 ¥(@, 1,92 - - Ypr1)-

Assume on the other hand that

J [~ Core(a) A —3Jy; (Core(a, y1) A
(—=)3y2 (Core(@, y1,y2) A (... A (—7)3ypt1 (Core(@, y1,y2,-- -, Yp+1) A V(@ Y1, Y2, -« s Yps1)) - - )))
Then, either J £ Core(a), which trivially satisfies that there is no core J’ of J such that J' |
=31 (—)3ya - .. (7)Iyp+1¥(@ Y1, Y2 - - -, Ypt1), OF J = Core(a) and
J B —3y1 (Core(a,y1) A
(—=)3y2 (Core(@, y1,y2) A (... A (=)3yp1 (Core(@, y1,y2,-- -, Yp+1) A V(@ Y1, Y2, - - s Yps1)) - - )))
The latter implies there is ¢ € dom(.J) such that

J = Core(a, c) A (—)3yz (Core(a, c,y2) A (... A (—)3yp+1 (Core(a, ¢, ya, ..., Yp+1) A (@, ¢, y2, ..., Yp+1)) --.))-
By the induction hypothesis there is a core J’ of J such that J’ contains all the elements in ac and

JI ': (_‘)ElyQ e (_‘)Elyp+1 w(da CYz... 7yp+1)7
implying that J' |= 3y1(—)3y2 . .. (7)3yp+1 ¥ (@, Y1, Y2 - - ., Yp+1). This concludes the first part of the proof.

To finish we need to show that ' can be computed in time O(||||). First we note that the formula ¢* is of size O(|||)
and can be computed in time O(||||?). Thus, we only need to show that ¢’ can be computed from ¢ * in time O(||o*[|?).
Given that

p
'l = lle7ll + lICore(z)]| + > _ [ICore(yr, - -, i)l

1=1
and for every i € [1,p], ||Core(y1,...,u:)|| is O(i® + ||Corevar(y1,...,u:)|) and ||Corevar(y1,...,y:)|| is
O(i - ||Corevar(z)| + % - ||B(z,y)||), we conclude that ¢’ can be computed in time O(||¢*|| + |Z|*> + |z -
|Corevar()|| + |Z|* - ||B(x,y)|| + p* + p? - ||Corevar(z)|| + p* - ||B3(z,y)||) and, hence, ¢’ can be computed in
time O(||¢*||® - (||Corevar ()| + [|B(z,y)|)). Thus, if (S, T, Xy) is considered to be fixed, then ¢’ can be computed in
time O(||¢*||?) since the sizes of Corey,,(z) and 3(z, y) depend only on the size of the data exchange. O

Proof of Theorem 4.8: Let (S, T, X,;) be a data exchange setting and ) be a m-ary query over the target schema T.
Assume that @ is rewritable over the core, that is, there exists a first-order formula ¢ () such that for every instance I of
S and every a € dom(1)™, a € certain(Q, I) if and only if Feore(1) = p(a).

Let ¢'(Z) be a formula constructed from () as shown in Proposition A.6. Then given that the canonical universal
solution and its cores share the same constants, all the cores of an instance are isomorphic and for every a € certain(Q, I),
a is in dom(1)™ N dom(Funiv(1))™, we conclude that ¢’ (Z) is a rewriting of () over the canonical universal solution. O

Proof of Theorem 4.8: Let (S, T,X,;) be a data exchange setting and ) be a m-ary query over the target schema T.
Assume that @ is rewritable over the core, that is, there exists a first-order formula ¢ () such that for every instance I of
S and every a € dom(7)™, a € certain(Q, I) if and only if Feore(I) = p(a).

Let ¢'(Z) be a formula constructed from () as shown in Proposition A.6. Then given that the canonical universal
solution and its cores share the same constants, all the cores of an instance are isomorphic and for every a € certain(Q, I),
a is in dom(Z1)™ N dom(Funiv(1))™, we conclude that ¢’ (Z) is a rewriting of () over the canonical universal solution. O

Proof of Theorem 3.9 (continued)

We prove that ... is locally consistent under FO-equivalence. Since we know that F ;. is locally consistent under FO-
equivalence, and that constants are preserved from canonical solutions to their cores, it is enough to prove that for every
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m,d, k > 0thereexistd’, k' > 0 such that, for every instance I of S and m-tuples a, b over dom(1)™, if Ndf,‘”‘“(”(a) =
Nd ImW(I)( ) then N core(I)( ) = N(-;:core(") (6)

We know that for an arbitrary (finite) instance I, an arbitrary m-tuple a in dom(7) and every d, k > 0, there exists an
FO formula @}1:’;(@) such that, for every m-tuple b in dom(1), I |= <p}1:§(6) iff N1 (a) =, N1(b). Furthermore, for every
instance I and m-tuple a, the quantifier rank of @}i:’; is a function of d and k£ (meaning that it is independent of 7).

Fix d, k > 0 and consider @d’k , for an arbitrary instance 7 of S and any a € dom(/)™. From Proposition A.6
we know that there exists a formula cp ( ) such that for every a, b € dom(I)™, if Funiv(1) = ¢ (b) then Feore(I) =

cp}-cm(l) ,(b) The quantifier rank of ¢’ just depends on the quantifier rank of @j;im(l)ﬁ and X,;, meaning that it is
independent of 1. o

Choose d’, k' such that Nf“"“(l)(*) = N Dy mplles that Funiv(1) = ¢ (@) iff Funiv(I) E ' (b). The
latter implies that oo (1) E <p]__mr9(1) (@ ) iff Feore(I) E (p]_.com(l) (b). Since it is always the case that Feo..(I) =

tp}-cm(l) .(a), we obtain that Feoe(I) = apfcm(l) (b). From this we conclude thath"‘O‘e( )(a) =i Ndf“”e(” (b).

Proof of Proposition 4.9
Let (S, T, X,,) be a data exchange setting, where S = (R(-,-), S(-,-), N(-), M(-)), T = (S'(-,-), N'(-), M'(-), P(-),
T(-)) and X, is defined as follows. Predicates S’, N’ and M are defined by means of the following rules:

S(z,y) — S'(z,v),
N(z) — N'(z),

Predicate P is defined to be:

JxR(x,z) — JuP(u),

303y(~R(z,y) A ~R(y,x) Ao £y) — FuP(w)
JodyIz(R(x,y) A R(y, 2) A ~R(xz,2)) — JuP(u),
VaVy(S(z,y) < R(x,y) A —3Jz(R(x,2) A R(z,y))) — JuP(u),
S0(N(2) A M(z) — FuP(u)

Basically, if R is not a linear order on the domain of an instance I of S or S does not correspond to the successor relation
of R or there is an element in the intersection of N and M, then P contains at least one element in every solution for 1.
Finally, predicate T" is defined as follows:

Jody(R(xz,y) AN(x) AM(y)) — JuT(u),
eIy S(z,y) — T (u).
Let @ be the following domain independent FO query:
Az P(z) vV 323y(N'(z) A S'(z,y) A=N'(y)) vV Jz(N'(z) A M'(z)). (7
We will prove that @ is FO-rewritable over the canonical universal solution and that @ is not FO-rewritable over the core.

Let Q' be the query 3xP(z) v 323y (T (z) A T(y) Az # y). We show next that @ is a rewriting of @) over the canonical
universal solution, that is, for every instance I of S with canonical universal solution .J, Q’(.J) holds iff certain(Q, I) =
true.

e Assume that Q'(J) holds. If J |= JzP(z), then every solution .J’ of I satisfies this sentence, since there is a
homomorphism from .J to J/, and, therefore, certain(Q,I) = true. Thus, assume that J = JzP(z) and J =
JxIy(T () NT(y) ANx # y). Then I(R) is a linear order, I(.S) is the successor relation of this order and there exists
a,b € dom(I) such that R(a,b), N(a) and M (b). Let J' be a solution of I. To prove that certain(Q,I) = true,
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we show that J' |= Jx3y(N'(z) A S’ (z,y) A—N'(y)) V Jx(N'(x) A M'(x)). Assume that J’ = JxTy(N'(x) A
S’(x,y) A—N'(y)) and, hence, J' = VaVy(N'(x) A S’ (x,y) — N'(y)). Then, N’ (b) isin J' since N'(a) isin J’
and o’ appears before than b’ in the successor relation .S’. We conclude that J’ |= 3x(N'(x) A M'(z)) since M’(b)
isin.J’.

e Assume that certain(Q, I) = true and that Q’(J) does not hold. Then J (£ 3xP(z), J = JxIy(N'(z) NS (x,y) A
=N'(y)) vV Jz(N'(z) A M'(z)) and J = Fx3y(T(z) AT (y) Az # y). Hence, I(R) is a linear order, 1(S) is
the successor relation of this order and all the elements in I(M) appears before than all the elements in 7(N) in the
order I(R). Let {J,,},>0 be a sequence of solutions for I recursively defined as follows: J, := J and

Jnt1 = Jn U{N'(b) | there exists a € dom(J) s.t. N'(a) isin J,, and S’(a,b) isin J}.

Then J" = U,,~o J» is asolution for I such that J’ = Jx3y(N'(x) A S"(z,y) A —N'(y)). Furthermore, given that
all the elementsin (A1) appears before than all the elements in I(N) in the order I(R), J' [~ 3a(N'(z) A M'(x)),
which contradicts the fact that certain(Q, I) = true.

Now we prove that @) is not FO-expressible over the core. On the contrary, assume that there exists a first-order sentence
 such that for every instance I of S with core solution J*, J* = ¢ iff certain(Q, I) = true. Let k be the quantifier
rank of ¢. Define instance I, I of S as follows. I;(.S) is the successor relation of a linear order I;(R) (i = 1,2)
containing &’ elements, where %’ is a function of % (to be defined later), I1 (N) = {a1}, [1(M) = {b1}, Is(N) = {b2}
and Io(M) = {az}. Furthermore, (a;,b;) € I;(R) (i = 1,2), the distance between a; and b; is k¥'/2 (i = 1,2) and
the distance between the first point of I;(R) and a; is k¥'/4 (i = 1,2). It is easy to see that certain(Q, I) = true and
certain(Q, Iy) = false.

The core solutions J5, J; for I, I, are as follows:

J(S): @00 -0 0 >0 0 0 0 -0 -0 -0

J3(S): &0 0 -0 —+0 -0 0 0 0 -0 -0 -0

Furthermore, J; (P), J5(P) are empty and J;(1'), J;5(T') contain only one null value. Thus, if £’ is long enough, then
Ji =i J3 and, therefore, J§ = ¢ iff J5 = ¢. We conclude that certain(Q, I,) = certain(Q, I5), which leads to a
contradiction®.

An example of anon-local query under the universal solution semantics

Let (S, T, X,:) be a data exchange setting, where S = (E(-,-), A(:), B(:)), T = (G(-,-), H(-,-), T
contains the following source-to-target dependencies: A(z) — T'(z), B(z) — T'(x), B(z) — U(z), E(z,y) — G(z,y),
together with:

E(x,y) ANB(z) — H(z, 2).

Furthermore, let Q(x) be the FO-query over the target schema defined as the disjunction of
yFz(H (z,y) NH(z,2) NT(y) NT(2) Ny # 2)

and w1, 1o, V3, 1y, Where 11, 19, 13 and 14 are FO-sentences defined as follows:

1 = EUW) AUR) Ay # 2),

Yo = F32(T(y) A H(y, 2) A =T(2)),

s = JuvIy3z(H(v,u) ANG(v,y) AN H(y,z) NT(u) A -U(u) A=T(2)),
vy = Fy3z(H(y, z) A\Vw(H (y,w) — z = w)).

4We note that J; #;, J2, where .J1, Jo are the canonical universal solutions for I, I, since .J; contains two null values in 7" while .5 contains
only one.
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A(a') aq bd+1 bd
Figure 3: Instance I in the example of a non-local query under the universal solution semantics.

Assume that Q(x) is FOagq-rewritable over the canonical universal solution under the universal solutions semantics.
Then there exists d > 0 such that for every source instance I and every a,b € dom(I), a € u-certain(Q,I) iff b €
u-certain(Q, I) whenever N (a) = NI(b). Define a source instance I as shown in Figure 3. In the instance, I(E) is the
disjoint union of two cycles of length 2d + 2, I(A) = {a’} and I(B) = {b'}, where ¥/ is an isolated point. \We observe
that N!(a) = NZ(b) and, therefore, it should be the case that a € u-certain(Q, I) iff b € u-certain(Q, I). Thus, if we
prove that a € u-certain(Q, I) and b & u-certain(Q, I), our original assumption that @ is FO a4g-rewritable becomes false.
In the next paragraph we show this.

To show that b ¢ u-certain(@, I), we need to exhibit a universal solution J, for I such that Jo £ Q(b). Let Jy as

shown in Figure 4, where ¢, ¢/, c1, ..., caq, €, €, €1, ..., eaq are null values, the solid lines represent G-edges and the
dashed lines represent H-edges. For the sake of readability, the same element b’ appears twice in this figure. Furthermore,
define Jo(U) as {v'} and Jo(T") as {a’, V', ¢, ¢/, c1, ..., caq}. Itis not hard to see that .J, is a solution for 1. Moreover,

since the homomorphism / defined as h(co) = ¥, for every null ¢ € dom(Jp), and h(co) = ¢, for every constant
¢o € dom(Jy), maps Jy into the canonical universal solution, we conclude that J is a universal solution. It can be seen
that Jo £ 1 V 1o V b3 V 1by and, therefore, Jo (= Q(b) since e & Jo(T).

To show that a € u-certain(@, I), we need to show that for every universal solution J for I, J = Q(a). Let J be a
universal solution for 7. Assume that .J does not satisfy 11 V 12 V 15 V 1b4. Giventhat b’ € I(B) and J is a universal
solution for I, we know that b’ € J(U), every point in the cycle containing a in J(G) is connected to b’ by means of an
H-edge and none of these points is in J(U). Thus, given that J = —)4, the cycle in J(G) containing a is as shown in the
left hand side of Figure 4, where ¢, ¢/, c1, .. ., caq are null values, the solid lines represent G-edges and the dashed lines
represent H-edges. For the sake of simplicity we show these null values as distinct elements, even though some of them
can represent the same null value.

Since o’ € I(A), d’ € J(T). Thus, ¢’ € J(T) given that J = —),. Furthermore, ¢’ ¢ J(U) and ¢; ¢ J(U), for every
i € [d+1,2d],since J = =y and b’ € J(U). We conclude that ¢/, c411, cat2, - - -, cad, ¢ € J(T) since J = —p3 and,
hence,

J = Jy3z(H(a,y) NH(a,z) NT(y) NT(2) Ny # z).

Proof of Theorem 5.2.

For proving this result we need to introduce the notion of local consistency under £ %, (C)-equivalence, where L% (C)
is a logic first presented in [16] (but not exactly in the same way that is presented here) and later studied in [24].

The logic £ is the extension of FO with infinitary disjunctions. This means that if ¢ ;(z) is a formula in £, for
alli € I, then \/,_; () is also a formula in £.,. We define logic L...,(C) over schema R. as two-sorted: first-sort
variables range over domains on instances of R, and second-sort variables range over N. We refer to the second sort
variables with symbols ¢, 7, k, 7, 7, k, etc. Logic L., (C) extends L., by

e numerical terms and predicates: There is a second sort constant for every k& € N. Also, if¢1(z), ..., t,(Z) are terms
of the second (numerical) sort, P(t1(Z), ..., t,(z)) is an atomic formula with the standard semantics.
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Figure 4: Instance J, in the example of a non-local query under the universal solution semantics.

e counting quantifiers: If ¢(y,z,7) is an L, (C) formula, then ¢ (z,k,7) = Fky ¢(y,7,]7) is also an L, (C)
formula. Note that 3ky binds y but not k. Furthermore, if c is a fixed natural number, then 6(z, k) = 3ey o(y, 7, k)
is also a formula in this logic (for example, 37y ¢(y, z, k) is an L, (C) formula).

The semantics of formula v is as follows (the semantics of 6 is defined similarly). Suppose we have a structure A

with first sort universe {a1, ..., a,}. Choose afirst sort interpretation @ for z and second sort interpretations 7, for 7
and kg for k. Then A = (a, ko, Jo) iff

|{b€ {alﬂ"'van}|A ': Sﬁ(badajo)ﬂ > ko.

The logic L%, (C) is the restriction of £, (C) to formulae of bounded quantifier depth. As in the case of Ehrenfeucht-
Fraissé games and FO logic, it is possible to relate bijective games with £7__(C) expressibility. Indeed, it was shown
in [16] and [24] that the duplicator has a winning strategy in the k-round game on structures (A, a) and (B, b) iff for
every L%, (C) formula ¢(z, 7) with quantifier rank at most & and every tuple 7, of natural numbers, A = ¢(a, 7o) iff
B = (b, 7). In the following we represent this by (A, a) =2 (B, b).

It is shown in [17] that £}, (C) is strictly more expressive than FOqqq. This implies that if the duplicator has a winning
strategy in the k-round game on structures (A, a) and (B, b) then for every FOqgq formula ¢ (7, 7) of quantifier rank &
and every tuple 7, of rational numbers, A = ¢(a, 70) iff B |= (b, Jo).

We say that a mapping F : inst(S) — inst(T) is locally consistent under L7, (C)-equivalence if for every m, d,k > 0
there exist d’, K’ > 0 such that, for every instance I of S and m-tuples @, b over dom(I)™, if NZ (a) =4 N (b), then

1) a € dom(F(I))™ < b€ dom(F(I))™, and

2) Ny D@ = Ny D).

We first show that the transformation F.,,,;, is locally consistent under £, (C)-equivalence. This follows directly from
Propositions A.12 and A.13 below.

Proposition A.12 Let I = (S, A, T, R) be a program with just one rule of the form R(z) :—¢(z). Then F7; islocally
consistent under £, (C)-equivalence.

Proof: Similar to the proof of Proposition A.3, but with bijective games instead of Ehrenfeucht-Fraissé games. O

For the following results we need some definitions in advance. Fix d > 0, and define s 4(1) inductively in the following
way: sq(0) = dand sq(l + 1) = 3 - sq(l) + 1. Also, fix & > 0 and define r; (1) inductively as r,(0) = k and
rr(l+1) =r(l) + 2|log (2 - sq(l) + 1)] + ms + 1, where mg is the maximum arity of a predicate in S.
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Proposition A.13 Let IT = (S, A, T, R) be a data exchange program with just one rule of the form R(z, j) :— S(z, 2),
where S € S and i # ). Then F}% islocally consistent under £, (C)-equivalence.

Proof: Condition 1) is trivially satisfied. For condition 2) we proceed as follows. Let us denote the arity of S by [ and let
m, d, k > 0. Define inductively the following quantities:

e 5(1,0) =dand s(l,i + 1) = s50,45(1);
o r([,0) =kandr(l,i+ 1) =1r.q:().

Choose d’ = s(l, k) and k' = max{r(l, k), ms - d}. We will show that for every instance I of S and @, b € dom(1)™,
if N1, (a) =2 N1,(b), then N7 (@) =00 N7 (). More precisely, we will show how to play a k-round bijective
game on N, Fil )( ) and Nf“(”( b) from a k’-round bijective game on N (@) and N7, (b). The game is as follows. Let
i€ 1,k and assume that for every j € [1,7 — 1], (p;, p;) are the elements determined by the strategy in the round j of

the bijective game on N/, (a) and N/, (b ) and assume that there exist bijections g1, ..., g;—1 from dom(I)" to itself such
that for every j € [1,7 — 1], g;(p;) = p); and for every e € dom(/ )

NsI(l,k—j)(ELpl “Pj-1€) = r(lk ) ;(z,k—j)(gﬁi"'17;-_193'(5))-

In round ¢ the duplicator chooses a bijection f : dom(N fn(”( )) — dom(NV, fH(I)( b)) as follows. Given that
Nl iy @pr--pi-1) 52?17;@7”1) Nl gipay 0Dy -~ Di_y), we know by Lemma A.15 (below) that there is a bi-
jection g; : dom(I)! — dom(I)" such that for every & € dom(I)l,

NsI(lchi)(d]31 ‘Pi-1€) = r(lk 0 sl(z,kfi)(gﬁﬁ"']52—191‘(5))-

This bijection is used in the following way to define f. For every ¢ € dom(NV f“(l)( ),

e if ¢ is a null, then it can be unequivocally identified with an instantiation R(¢,c,n) :— S(c,e) of the rule of the
program. Let ¢’e’ = g;(ce). Then ¢ can be naturally and univocally associated with a null ¢’ through the instantiation
R(¢,d,n'):=S(¢,e). Set tobe f(c)and p; = ec.

o if ¢ is aconstant, then f(c) = g;(c) and p; = c.

Claim A.14 Theelement f(c) defined by the above strategy isin Nf”(l)(b).

Proof: The proof of this is direct from the fact that ¥’ > mg - d. O

We show that the strategy presented above is a winning strategy for the duplicator by induction on the move i < k. For
i = 0 the proof goes as follows. By contradiction assume that (a, b) is not a partial isomorphism in F7;(I). Then without

loss of generality, we can assume that there exists 7'(a’) in Ndfg(” (a) such that 7'(b') is not in Ndf‘q(” (b), where @’ C a,
b’ is the corresponding subset of b and 7" € (S, R). Then T' # R since tuple a contains only constants. Furthermore,
T ¢ Ssince (a, b) is a partial isomorphism between N/, (a) and N7, (b), which leads to a contradiction.

Assume that i—1 moves of the game have been played by following the strategy shown above. For the i-th move, i € [1, k],
the sp0|ler chooses ¢; in an(”( ).Callé =cy,...,¢c;_1and @ =}, ...,c,_, tothe elements played so far in the game
on Nd i) (a) and Nf“(l)( b). Suppose first that ¢; € dom( f(”( )) Ndom(I) and, hence, c; € dom(NZ(a)). Assume
on the contrary that ¢ does not work as a winning duplicator response for the game on an( (a) and Nf“(l)( b). Then

without loss of generality, there is a tuple T'(e, 72, ¢;) in an(”( ), such that T'(¢’, 7, ¢;) is not in Nf“(”( b), where
e C acndom(I), n C ¢\ dom(I), and &’ and 72’ are their responses in bc'. If T € S then 7 is empty and T'(e, ¢;) isin
N1 (a). Thus, given that N/ (a) =20 NZ(b), we conclude that T'(¢’, ¢}) is in N'L(b). This implies by the definition of
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the strategy for the bijective game and by Claim A.14 that T'(e’, ;) is in Nf“( )( b), which is a contradiction. If T' = R,
we know that T'(e, 7, ¢;) = R(€, n, ¢;) comes from an instantiation R(e, n, ¢; ) S(e, ci, e1) of the rule of the program.
Since || > 1, all the elements in &; were already played in N (a). Let &, be the response to &, in NZ (). Then

S(e,cl,e))isin NL(b). By Claim A.14 we obtain that ¢, € dom(.V, f“(l)( b)), and by the definition of the strategy for
the bijective game we obtain that T'(e’, 7/, ¢;) is in Nf“(”( b), which leads to a contradiction.

Assume now ¢; is a null value. Then ¢; comes from an instantiation R(e, c;,n) := S(e, 1) of the rule of the program,
where ee; C dom(I) and 7 is a tuple of null values. To ¢; we attach its natural response c. as previously described.

Suppose on the contrary that ¢, does not work as a winning duplicator response for the game on Nf“(l)(a) and
an“)( b). Thene C acndom(I), n C &\ dom(I), R(e,c;,n) isin N 1" (@) and R(e’, ¢}, ') is not in N0 (B),
where &’ and 72’ are the responses to € and 7 in b&'. Since |72| > 1, all the elements in &; were already played in N/, (a).
Let &) be the response to &, in N, (b). Then S(¢’, &) isin N2 (b). By Claim A.14 we know that ¢, € dom(N, f“(l)(b)),
and, hence, by the definition of the strategy of the game we obtain that R(e’, ¢;,7’) is in Nf”(l)(b) which leads to a

s o

contradiction. O

LemmaA.15 Let N/ , (a) Ez(l) N! ) (b). Thenthereisa 1-1 mapping f : dom(/)" — dom(I)" such that, for every

¢ e dom(I)!, N!(ae) _b,“ NI(bf(@)).

Proof: Let I3, I> be two instances of S, @ € dom(Z;)! and b € dom(I2)'. By (I1,a) <% (I3, b) we express the fact that
there is a bijection f : dom(I;) — dom(I,) such that, for every ¢ € dom(Iy), N1*(ac) =20 N12(f(c)). We will need
the following claim in order to prove the lemma.

Claim A.16 For every d,k > 0, if N1}, (a) = Ni3, (b) and I, Sk Lo, then (I1,a) Sk (I»,b), where &' =
k+2|log(2d 4 1)] +mg + 1.

Proof of Claim A.16: We need to define a bijection f : dom(7;) — dom(I) such that N'}* (ac) _2" NE(bf(c)). Letus
denote by ¢ the bijection determined by the duplicator in the first round of the game between N3d+1( a) and N:f;H(B)
Then the image under g of an arbitrary element at distance at most 2d + 1 from a in I is at distance at most 2d + 1 from
bin Io; otherwise the spoiler could play “distance” from a, contradicting that N';} . , (a) =0 N2, ,(b). Using a similar

argument we deduce that for each ¢ in N3, | (a), N (ac) =}) N2 (bg(c)) and N (c) =}" N2 (9(c)).

Since I; =% I and forevery cin N}, (a), N (c) ;2“ N¥2(g(c)), there exists a bijection & : dom(I;) — dom(I5) such
that, for every cin (dom(Z;)\ N4., , (@), N2 () =) N2*(h(c)). Notice that for an arbitrary ¢ in (dom(/1)\ N2}, , (@),
NIt (c) is disjoint from N7 (@) and N2 (h(c)) is disjoint from N1z (b), implying that N (ac) =20 N12(bh(c)).

We now define f : dom(7;) — dom(ls) by

~Jgle) ifcinNgL,, (@)
fle) = {h(C) if ¢ not i?l ]J(IQI;JA(&)

Clearly f is a bijection. Moreover, for each ¢ € dom (1), N2 (ac) =0 N12(bf(c)). O

Now we continue the proof of the lemma. This goes by induction on . For [ = 0 there is nothing to prove. For [ + 1 we
know that s;4(I + 1) = 3 - s4(l) + 1 and rp (I + 1) = rp(l) + 2[log (2 - s4(l) + 1)] + ms + 1. Assume that it holds for
and that

I _\ __bij I 7
N3g,)+1(@) = 141) Nasay+1(b)-

Since I ‘—T’“Eli I, we obtain from Claim A.16 we obtain that (I,a) = _f’“(l) (I, By definition there is a bijection

).
g : dom(I) — dom(I) such that, for every ¢ € dom(I), NSd(l)(ac) sz gd(l)(lf) (¢)). By induction hypothesis, for
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every ¢ € dom(I) there is a bijection h : dom(I)! — dom(I)! such that for every & € dom(I)?,

Nj(ace) =) Nj(bg(c)h(e)).
Then define f : dom(I)"*! — dom(1)"*! as follows: given ¢ = ce € dom(I)"™, f(¢) = g(c)h(e). Clearly f is a
bijection and N (ac) =," N1(bf(e)). O
We now prove that F.... is locally consistent under £*_ ,(C)-equivalence. In order to do this we need to prove the

following proposition.

Proposition A.17 Let (S, T, X;) be a data exchange setting and ¢ (z, 7) an L%, (C) formula over T. Then there exists
an L%, (C) formula ¢'(z, 7) such that for everyinstance I of S, every a € dom(I)™ N dom(Funiv(I))™ and every tuple
of natural numbers 7o, Funiv (1) = ¢’ (@, 7o) iff Feore(I) E ¢(@, 70)-

Proof: Assume without loss of generality that 7 = 7j1 - - - 5, and ©(Z,7, j1, . . ., jp) is Of the form

(_‘)Eljlyl(_')EIjQyQ cee (_')Eljpyp w(j7 Y1, -5 Yp, 5)7

where 1 is a quantifier-free formula. It is not hard to check that »'(z, 7, j1, . . ., j,) defined as

Core(z) A (=)3j1y1 (Core(yr) A (—)Tjay2 (Core(yr,y2) A
(- A (=) Fdpyp (COTE(y1, Y2, -5 Yp) A P(Z, Y1+ Yps 1)) -+ 1)),

where predicate Core is defined as in the proof of Theorem 4.8, satisfies the condition of the proposition. O

From this we derive that F..,. is locally consistent under £ (C)-equivalence. The proof is similar to the proof of
Theorem 3.9, but we consider bijective games instead of Ehrenfeucht-Fraissé games. Notice that Theorem 4.5 continues
being valid when F is a transformation that is locally consistent under L%, (C)-equivalence. This shows that every target
query that is FOqagg-rewritable over F ;v OF Feore is locally source-dependent.

An anomaly of the usual semantics

We note that there are some reasons not to be completely satisfied with the standard certain answers semantics. For
example, it satisfies the following property.

Proposition A.18 Let (S, T,X,;) be a data exchange setting. Then for every Boolean query @ over T, either
certain(Q, I') isfalse for all instances I of S, or certain(—@Q, I) isfalsefor all instances I of S.

Proof: Let ) be a Boolean query over T, and assume that there exists an instance I, of S such that certain(Q, Iy) = true.
Then we show that for every instance I of S, certain(—Q, I) = false.

Let I be an instance of S and .J a solution for I. Then given a solution J, for I, the instance .J’ defined as
J'(R) = J(R)UJy(R), forevery R € T, is a solution for both I and 1. Since certain(Q, Iy) = true, Q(J') is true and,
therefore, there is a solution of I not satisfying —@). We conclude that certain(—Q, I) = false. O

Next we show that the universal solution semantics avoids the problem shown in the previous Proposition, that is, there
exists a Boolean query @ such that u-certain(Q, I1) = true and u-certain(—Q, I) = true, for some instances I; and I.

Given a data exchange setting with S = (P(-), R(-)), T = (P’(-), R'(-)) and X5 = {P(x) — P'(z), R(x) — R'(x)},
let @ be a Boolean query over T defined as 3z (P’(z) A R'(x)). Define instances I, I of S as {P(a), R(a)} and
{P(a), R(b)}, respectively. Then both u-certain(Q, 1) and u-certain(—Q), I) are true (if .J is a universal solution for I,
there is a homomorphism i : J — Funiv(I) = {P’(a), R'(b)} and, hence, for every null value ¢ in .J it could not be the
case that P’(c) and R’(c) are in J).
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Proof of Theorem 5.3.

As in the proof of Theorem 5.2, we obtain this result by noticing that the following restatement of Theorem 4.5 is true:

Theorem A.19 Let (S, T, %) be a FOug4-data exchange setting, and @ a query over T. Assume that @ iS FO zgq-
rewritable over a transformation F under the universal solution semantics, where F is either locally consistent or locally
consistent under £%_, (C)-equivalence. Then @ islocally source-dependent under the universal solution semantics.

Proof: We prove the theorem for the case of locally consistent transformations. The proof for transformations that are
locally consistent under L7, (C)-equivalence is similar.

Let Q" be a FOqgq rewriting of  over F under the universal solution semantics, that is, an m-ary FO aggr query over T
such that for every instance I of S, u-certain(Q,I) = Q'(F(I)). Assume that F is locally consistent. In [24] it was
shown that there exists a constant d’ such that for every instance J of T and m-tuples a, b in J, if NJ(a) = N (b),
then a € Q'(J) if and only if B € Q'(J). Given that F is locally consistent, there exists d > 0 such that for every
instance I of S and m-tuples a, b in I, if NI(a) = N1 (b), then (1) @ € dom(F (1)) if and only if b € dom(F (1)) and (2)
Nf(”( ) Nf(l)(b) From this we conclude that @ is locally source-dependent under the universal solution semantics
since for every instance I of S and m-tuples a, bin I,
Ni@ =Nj®) = N;P@=nNg"0)
= acQ(F))iffbe Q(F(I))
= a € u-certain(Q, I) iff b € u-certain(Q, I).

Proof of Proposition 5.4.

Part 1)

For the proof, we introduce a notion of locality based on Hanf’s condition [14, 10]. Given two structures A and B of
the same vocabulary, we write A= ;B if there is a bijection f : A — B between their universes such that N (a) =
NB(f(a)) forevery a € A. In particular, A= ;B implies that |A| = |B|.

Given a data exchange setting (S, T, X ;) and a Boolean query @) over the target, we say that ) is Hanf-locally source-
dependent if there is a number d such that for any two source instances 7 and I, it is the case that 7= ,I’ implies

certain(Q, 1) = certain(Q, I").

Equivalently we define the notion of locally source-dependent under the universal solution semantics. We need the
following lemma.

LemmaA.20 Given a LAV data exchange setting (S, T, X4 ), let Q be a Boolean query over the target schema that is
FOqggr-rewritable over the core, or over the canonical universal solution. Then () is Hanf-locally source-dependent. This
holds for both the usual and the universal solutions semantics.

Proof of Lemma A.20. We start by showing the following claim. For every positive integer d there exists another positive
integer d’ such that
Il :d’ IQ = ]:univ(jl) :d ﬁlniv(IQ)- (8)

To show this, let IT be the data exchange program given by the setting (S, T, ¥ 4;). Then, by Lemma A.1, for some fixed
number ¢ depending on the data exchange setting, we have an equivalent data exchange program IT” in which all rules r
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are of the form R(z, §) - p(Z, Z), where ¢ is c-bounded, and each predicate appears at most once as the head of a rule.
Now, to prove (8), it suffices to show that for every d, there exists d’ such that

L Sy L = F.(h)SeF(l2), 9)

where F,.(I) is the result of applying a single rule r of the form R(Z, §) :— ¢(&, z). Then (8) follows by induction on the
number of rules in IT".

Let d > 0 be given. Assume that z is not empty. Then every null produced by the rule r is at distance one from a
constant. Since ¢(Z, z) is an FO or FOquqy formula, there exists a number ko, that depends on the quantifier rank of
¢, such that (I1, a1, b1)Sy, (I2, az, bo) implies I |= ¢(ay, by) iff I |= ¢(a2, be) [17]. Then, according to [24], there
exists a number k; such that (11, a1),, (12, az) implies that there exists a bijection f : dom(/1)™ — dom(Z2)™ such
that (I1,a1,b)Sy, (I2,az, f(b)), where m is the length of z. We can assume without loss of generality that £, > d
(if it is not, simply replace it by d + 1). Finally, there exists a number k- such that I, I» imply the existence of a
bijection g : dom(/;)? — dom(I)? such that that (1, a,)=, (12, g(az)), where p is the length of = [24]. Summing up,

if =y, 1o for every a, indom(I,)?, N} (a1) = N/[*(g(a1)) and
{1 [ I e(an b))} = {b2 | Iz w(9(a1), b2)} . (10)

From the proof of Lemma 3.4, we know that there exists a number k 3, that depends on d and ¢ only, such that N,gg (a) =
N} (b) implies that in F,.(I), the d + 1-neighborhoods of @ and b are isomorphic. We now take d’ to be max{ks, k3}.

Let I, 4 I, that is, for some bijection i : dom(7;) — dom([5), we have N (a) = NJ? (h(a)). Since d’ > k3, we see

that the same mapping h shows that when restricted to constants, Nﬁ?”(a) = Nﬂf?)(h(a)).

Next, consider a null v in F,.(1;). Then this null is generated by two tuples @, by such that I; = (ay, by); in particular,
in F.(I) itis at distance 1 from @;. Let g be the bijection that guarantees (10) (which exists, since d’ > k»). We thus
can map all the nulls generated by @ to all the nulls generated by g(a;), and (10) ensures that this map is a bijection.
Furthermore, since d + 1-neighborhoods of @, and g(a;) are isomorphic, this map also preserves d-neighborhoods of the
nulls, thereby proving F,.(I1) S . F, (I2).

If = is empty, then the rule generates only isolated nulls (not connected to constants) and the counting argument above
suffices. This finished the proof of (8).

To show how Lemma A.20 follows from (8), let @ be a query that is FO 5gq-rewritable, by some query @', over the
canonical universal solution. By [17], there is a number d such that J< ;.J" implies Q'(J) = Q'(J’). Let d’ be given by
(8), and let Il<:>d/]2- Then flllliv(ll):dﬁlniv(IQ) and

certain(Q, 1) = Q' (Funiv(l1)) = Q' (Funiv(l2)) = certain(Q, Is).

For queries rewritable over core, let Q" an FOqqq query such that certain(Q, I) is true iff Q' (Feore(I)) is true. Let k be
the quantifier rank of Q’. From Proposition A.17, we conclude that there is an FO 5gqr query Q" such that Q" (Funiv (1)) =
Q' (Feore(I)). Then the previous proof applies. Finally, the proof applies verbatim to the universal solutions semantics.
This proves the lemma. O

We now use Lemma A.20 to conclude the proof of Part 1 as follows.

Consider the LAV (and GAV) setting (S, T, X,:), where S = (E), T = (E’,D) and X, consists of the following
source-to-target dependencies

E(z,y) — E'(z,y),  E(z,y) — D(x),  El(z,y) — D(y).
Furthermore, define a query @ as
2Ty (E' (x,y) A—=D(z) A—D(y)) — JuIv[E'(u,v) A —~D(u) A=D(v) A Vz(E'(2,u) — D(z2))].

We will prove that @ is not FOqgq-rewritable over 7, where F is Fyniy OF Feore, Under the universal solution semantics.
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.[1 I2

Figure 5: Instances I; and I5.

Suppose @ is rewritable. By Lemma A.20, find a number d such that I, ;1> implies u-certain(Q, I,) = u-certain(Q, I»).
Let I; and I, be two source instances such that I, is a disjoint union of a directed cycle of length 2d + 2 and a successor
relation of length 2d + 2, and I, is a successor relation of length 4d + 4, see Figure 5. Clearly I, ,1, implying
u-certain(Q, I) = u-certain(Q, I>). However, we shall prove that u-certain(@, I1) # u-certain(Q, I5).

Let J; = Funiv(li) = Feore(L;), @ = 1,2. First we show that u-certain(Q), I;) = false. Consider an instance .J; such
that J1 (D) = J{(D) and Jj (E’) is equal to J1 (E’) plus a (directed) cycle of null values with the same cardinality as the
cycle in Ji. Then Jj is a universal solution for I; since the function sending each null value in .J; to a different element
in the cycle of the constants is a homomorphism from J to J;. Moreover, given that all the null values in .J] are in the
cycle, it is not hard to see that Q(.J]) = false and, hence, u-certain(Q, I) = false.

Next, we prove that u-certain(Q, I>) = true. Assume on the contrary that u-certain(Q, Is) = false. Hence, for some
universal solution J} for I, that contains at least two nulls in the relation £,

Jy EVu[(=D(u) A Ju(E'(u,v) A =D(v))) — Fz(E'(2,u) A =D(z))].

Thus, J; contains at least one cycle of null values. Therefore, there is no homomorphism from .J/ to .J,, contradicting
that .J; is a universal solution. This shows that @) is not FOagq-rewritable over 7 under the universal solutions semantics.

At the same time, it is not hard to see that under the usual semantics, certain(Q, I) = false for every source instance 1.
Therefore, @ is FOqgg-rewritable over F under the usual semantics.

Part 2)

It was shown in [8] that there is a conjunctive query ) with one inequality that is not FO yq¢-rewritable over F under the
usual semantics. Moreover, it was shown in [9] that existential queries are FO-rewritable in the core under the universal
solution semantics and, hence, @ is FOqqqg-rewritable over the core under this semantics. Given that Theorem 4.8 holds
for the universal solution semantics as well (this is a corollary of the proof of Theorem 4.8, since this does not rely on the
underlying semantics), we conclude that @) is FO 5gq,-rewritable over the canonical universal solution under the universal
solution semantics.
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