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Abstract

Motivated by several applications, we introduce various distance measures betweénlisisg
Some of these distance measures are metrics, while others are not. For each of these latter distance
measures, we show that they are “almost” a metric in the following two seemingly unrelated aspects:

(i) they satisfy a relaxed version of the polygonal (hence, triangle) inequality, and

(ii) there is a metric with positive constant multiples that bound our measure above and below.

This is not a coincidence—we show that these two notions of almost being a metric are same. Based
on the second notion, we define two distance measures equigalentf they are bounded above and
below by constant multiples of each other. We thereby identify a large and robust equivalence class of
distance measures.

Besides the applications to the task of identifying good notions of (dis-)similarity between tko top
lists, our results imply polynomial-time constant-factor approximation algorithms faatileaggrega-
tion problemwith respect to a large class of distance measures.
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1 Introduction

The notion of a “topk list” is ubiquitous in the field of information retrieval (IR). A top 10 list, for example,
is typically associated with the “first page” of results from a search engine. While there are several standard
ways for measuringthe “top £ quality” of an information-retrieval system (e.g., precision and recall at
various values ok), it appears that there is no well-studied and well-understood methadfigparingtwo
top k lists for similarity/dissimilarity. Methods based on precision and recall yield a way to compare two top
k lists by comparing them both to “ground truth.” However, there are two limitations of such approaches:
First, these methods typically give absolute (unary) ratings oftligts, rather than give a relative, binary
measure of distance. Second, for IR in the context of the world-wide web, there is often no clear notion of
what ground truth is, so precision and recall are harder to use.

These observations lead to the following question in discrete mathematiesio we define reasonable
and meaningful distance measures betweerktligts? We motivate the study of this problem by sketching
some applications.

Applications. The first group of applications we describe is in the comparison of various search engines,
or of different variations of the same search engine. What could be a more natural way to compare two
search engines than by comparing their visible outputs (namely, thek liggs)? It is also important to
compare variations (using slightly different ranking functions) of the same search engine, as an aid in the
design of ranking functions. In particular, we can use our methodology to test the effect on iHistef
adding/deleting ranking heuristics to/from the search engine. Similar issues include understanding the effect
of augmenting the “craw!” data to add more documents, of indexing more data types (e.g., PDF documents),
etc. For a more complex application in this group, consider a large-scale search engine. Typically, its
ranking function is a composite algorithm that builds on several simpler ranking functions, and the following
questions are of interest. What is the “contribution” of each component to the final ranking algorithm (i.e.,
how similar is the topgc composite output to the top of each of its components), and how similar is each
component to the others? A good quantitative way to measure these (which our methodology supplies)
could be a valuable tool in deciding which components to retain, enhance, or delete so as to design a better
ranking algorithm. Similarly, our methodology can be used to compare a “meta-search” engine with each of
its component search engines, in order to understand the degree to which the metasearch engine aligns itself
with each of its components. In Section 9, we report our results on the comparisons of seven popular Web
search engines and on comparing a metasearch engine with its components.

The second group of the applications can be classified as “engineering optimizations.” A fairly simple
example is a system that draws its search results from several servers; for the sake of speed, a popular
heuristic is to send the query to the servers, and return the responses as soon as, say, 75% of the servers have
responded. Naturally, it is important to ensure that the quality of the results are not adversely affected by
this approximation. What one needs here are meaningful and quantitative measures with which to estimate
the difference in the top lists caused by the approximation. A more subtle example in the same category
is the following (where our methodology has already been successfully utilized). Carmel et at.qCICF
explored the effect of pruning the index information of a search engine. Their experimental hypothesis,
which they verified using one of our distance measures, was that their pruning technique would have only
small effects on the top list, for moderate values df.! Since what a user sees is essentially aitdist,
they concluded that they could prune the index greatly, which resulted in better space and time performance,
without much effect on the search results. Kamvar, Haveliwala, Manning, and Golub [KHMGO03] have used
one of our distance measures in evaluating the quality of an approximate version of the PageRank ranking
algorithm. Another scenario in a similar vein is in the area of approximate near-neighbor searching, a very

LIn fact, our first author is a coauthor of the Carmel et al. paper, and the need for comparinlistegthat arose in that paper
is what led us to the research in this paper.



common technique for categorization problems. Here an important goal is to understand the difference
between approximate and exact near-neighbor search; once again, since what matters the most are the top
few results, our problem arises naturally.

Another application of comparing tdplists arises from the processing of data logs to discover emerging
trends (see [CCFCO02] for an example). For example, a search engine could compute the top 100 queries
each day and see how they differ from day to day, from month to month, etc. Other examples include
processing inventory logs and sales logs in retail stores, logs of stocks traded each day, etc. In these cases,
a spike in the difference between day-to-day or hour-to-houkthgts could trigger a closer analysis and
action (e.g., buy/sell shares, add inventory, etc.). For these settings, one needs good notions of the difference
between two given top lists.

Finally, we consider the context of synthesizing a good composite ranking function from several simpler
ones. In theank aggregation problefiDKNSOQL1], given several tog lists, the goal is to find a top list
that is a “good” consolidation of the given lists. In [DKNSO01] this problem is formulated by asking for
an aggregation that has the minimum total distance with respect to the given lists, where the distance is
computed according to some distance measure of interest. The choice of distance measure turns out to have
a direct bearing on the complexity of computing the best solution: some distance measures lead to NP-hard
optimization problems, while others admit polynomial-time solutions. A main algorithmic consequence of
our work is in enabling the design of efficient constant-factor approximation algorithms for the aggregation
problem with respect to a large class of distance measures. This is achieved by identifying a class of distance
measures that are within constant factors of each other.

Results. We approach the problem of defining distance measures betweénligip from many angles.

We make several proposals for distance measures, based on various motivating criteria—ranging from naive,
intuitive ones to ones based on rigorous mathematics. While the plethora of measures is good news (since
it gives a wide choice), it also poses the challenging question of how to understand their relative merits, or
how to make a sound choice among the many competing proposals.

One of our main contributions is a unified framework in which to catalog and organize various distance
measures. Concretely, we propose the notion afcanvalence classf distance measures and, in particular,
we place many of the proposed distance measures into one large equivalence class (which we dub the “big
equivalence class”). Our big equivalence class encompasses many measures that are intuitively appealing
(but whose mathematical properties are nebulous), as well as ones that were derived via rigorous mathemat-
ics (but lacking in any natural, intuitive justification that a user can appreciate). The main message of the
equivalence class concept is that up to constant factors (that do not depéhdabirdistance measures in
an equivalence class are essentially the same.

Our equivalence classes have the property that if even one distance measure in a ciedsicgia the
usual mathematical sense), then each of the others in that class is a “near metric.” To make the foregoing idea
precise, we present two distinct but seemingly unrelated definitions of a near metric—satisfying a relaxed
version of the “polygonal inequality” (the natural extension of the standard triangle inequality), and there
existing a metric with positive constant multiples that bound our measure above and below. We prove the
surprising result that these two notions of near metric are, in fact, equivalent.

Our results have the following two consequences:

(1) The task of choosing a distance measure for IR applications is now considerably simplified. The only
conscious choice a user needs to make is about which equivalence class to use, rather than which distance
measure to use. Our personal favorite is the big equivalence class that we have identified, mainly because
of the rich variety of underlying intuition and the mathematically clean and algorithmically simple methods
that it includes.

(2) We obtain constant-factor approximation algorithms for the rank aggregation problem with respect to
every distance measure in our big equivalence class. This is achieved using the fact that the rank aggregation



problem can be optimally solved in polynomial time (via minimum cost perfect matching) for one of the
distance measures in this equivalence class.

As we noted, in Section 9 we present an illustration of the applicability of our methods in the context of
search and metasearch. Based on the results for 750 user queries, we study the similarities between the top 50
lists of seven popular Web search engines, and also their similarity to the top 50 list of a metasearch engine
built using the seven search engines. The quantitative comparison of the search engines’ top 50 results brings
some surprising qualitative facts to light. For example, our experiments reveal that AOL Search and MSN
Search yield very similar results, despite the fact that these are competitors. Further analysis reveals that the
crawl data for these search engines (and also for the search engine HotBot) comes in part from Inktomi. The
fact that the top 50 results from HotBot are only moderately similar to that of AOL and MSN suggests that
while they all use crawl data from Inktomi, HotBot probably uses a ranking function quite different from
those of AOL and MSN. We believe these studies make an excellent case for the applicability of quantitative
methods in comparing toplists.

Methodology. A special case of a top list is a “full list,” that is, a permutation of all of the objects in a

fixed universe. There are several standard methods for comparing two permutations, such as Kendall's tau
and Spearman’s footrule (see the textbooks [Dia88, KG90]). We cannot simply apply these known methods,

since they deal only with comparing one permutation against another over the same elements. Our first (and
most important) class of distance measures betweeh liggs is obtained by various natural modifications

of these standard notions of distances between permutations.

A fairly straightforward attempt at defining a distance measure is to compute the intersection of the two
top k lists (viewing them as sets). This approach has in fact been used in several papers in IR [Lee95, Lee97,
CCF"01]. In order to obtain a metric, we consider the notion of the symmetric difference (union minus the
intersection), appropriately scaled. This, unfortunately, is not adequate for thelisfance problem, since
two top 10 lists that are reverses of each other would be declared to be “very close.” We propose natural
extensions of this idea that leads to a metric for kdfsts. Briefly, the idea is to truncate the tédists at
various pointg < k, compute the symmetric difference metric between the resulting liefs, and take a
suitable combination of them. This gives a second type of notion of the distance betwédistep

As we noted, our distance measure based on the intersection gives a metric. What about our distance
measures that are generalizations of metrics on permutations? Some of these turn out to be metrics, but
others do not. For each of these distance measuiiest is not a metric, we show thdtis a “near metric”
in two seemingly different senses. Namelsatisfies each of the following two properties.

Metric boundedness propertf¥here is a metrid’ and positive constants andc; such that for alkz, y
in the domaing d'(z, y) < d(z,y) < cod'(x,y) for all 2, y in the domain.

Thus, metric boundedness says thaind some metrid’ are within constant multiples of each other.

Relaxed polygonal inequalityfhere is a constantsuch that for alkh > 1 andz, z, z1,. .., x,—1 in the
domain,d(z, z) < c(d(z,x1) + d(x1,22) + - - + d(xp—1, 2))

As remarked earlier, we show the surprising fact that these two seemingly unrelated notions of being
a “near metric” are the same. Note that the relaxed polygonal inequality immediately implies the relaxed
triangle inequality [FS98], which says that there is a constanich thatl(z, z) < c(d(x,y) + d(y, z)) for
all z,y, z in the domain. Relaxed triangle and polygonal inequalities suggest that the notion of “closeness”
under these measures are “reasonably transitive.” Interestingly enough, the equivalence of our two notions
of “near metric” requires that we consider the relaxed polygonal inequality, rather than simply the relaxed
triangle inequality; the relaxed triangle inequality is not sufficient to imply the metric boundedness property.

Organization. In Section 2, we review two metrics on permutations, which form the basis for various
distance measures that we define and study. In Section 3, we develop our new distance measures between
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top £ lists. In Section 4, we present various notions of near metric, and show the equivalence between
metric boundedness and the relaxed polygonal inequality. In Section 5 we define the notion of equivalence
of distance measures, and show that all of our distance measures are in one large and robust equivalence
class, called the “big equivalence class.” Thus each of the distance measures betwekstgoptroduced

in Section 3 is a metric or a near metric. In Section 6, we give an algorithmic application that exploits
distance measures being in the same equivalence class. In Section 7, we discuss two approaches based on
Spearman’s rho and symmetric difference. In Section 8, we discuss the interpolation criterion—a natural
and desirable property of a distance measure. In Section 10, we conclude the paper.

2 Metrics on permutations

The study of metrics on permutations is classical. The book by Kendall and Gibbons [KG90] provides a
detailed account of various methods. Diaconis [Dia88] gives a formal treatment of metrics on permutations.
We now review two well-known notions of metrics on permutations.

A permutations is a bijection from a seD = D, (which we call thedomain or universg, onto the
set[n] = {1,...,n}, wheren is the size|D| of D. Let Sp denote the set of all permutations bf For
a permutatiorr, we interpreto (i) as the position (or rank) of elementWe say that is ahead ofj in o
if (i) < o(j). LetP = Pp = {{i,j} |1 # jandi,j € D} be the set of unordered pairs of distinct
elements. Letr1, o be two members of .

Kendall's tau metric between permutations is defined as follows. For eacKipgjr € P of distinct
members ofD, if : andj are in the same order iny ando,, then Ietki’j(o'l,O’Q) = 0; and ifi andj are in
the opposite order (such adeing ahead of in o; and; being ahead of in o), then letK; j(oy,02) =
1. Kendall’s tau is given byK (o1,09) = Z{m}ep Ki7j(al,02). The maximum value oK (o1, 02) is
n(n — 1)/2, which occurs whemr, is the reverse ofy (that is, wheno; (i) + o2(i) = n + 1 for each
7). Kendall's tau turns out to be equal to the number of exchanges needed in a bubble sort to convert one
permutation to the other.

Spearman’s footrule metric is thie; distance between two permutations. Formally, it is defined by
F(oy,02) = Y1 | |o1(i) — o2(i)|. The maximum value of"(oy,02) is n?/2 whenn is even, andn +
1)(n—1)/2 whenn is odd. As with Kendall’s tau, the maximum occurs wharis the reverse of,. Later,
we shall discuss a variation of Spearman’s footrule called “Spearman’s rho.”

3 Measures for comparing topk lists

We now discuss modifications of these metrics for the case when we only have thenembers of the
ordering. Formally, @&op k& list 7 is a bijection from a domai®, (intuitively, the members of the taplist)
to [k]. We say that appears inthe topk list 7 if ¢ € D,. Similar to our convention for permutations, we
interpretr(4) (for 7 in D;) as the rank of in 7. As before, we say thatis ahead ofj in 7 if 7(i) < 7(j). If
T is atopk list ando is a permutation o 2 D, then we say that is anextensiorof 7, which we denote
orr,ifo(i)=7(i) foralli € D,.

Assume that; andr, are topk lists. In this section, we give several measures for the distance between
71 andr,. We begin by recalling the definition of a metric, and formally defining a distance measure. A
binary functiond is calledsymmetridf d(z,y) = d(y, ) for all z,y in the domain, and is callegular
if d(z,y) = 0if and only if x = y. We define adistance measuréo be a nonnegative, symmetric,
regular binary function. Ametricis a distance measurkthat satisfies thériangle inequalityd(z, z) <
d(xz,y)+d(y, z) for all z, y, z in the domain. All of the measures of closeness betweeh tisps considered
in this paper are distance measures.



Global notation. Here we set up some global notation that we use throughout the paper. When fwo top
lists 7, andr, are understood, we write = D, UD,,; Z =D, ND;,; S=D;\Dy; T =D, \D,.
Let z = |Z|. Note thatS| = |T'| = k — z, and|D| = 2k — z.

Remark. An important feature of our work is that when we compayeand -, we do not assume
that these are top lists of elements from a fixed domaid. This is a fairly natural requirement in many
applications of our work. For example, if we wish to compare the top 10 lists produced by two search
engines, it is unreasonable to expect any knowledge of the (possibly very large) universe to which elements
of these lists belong; in fact, we cannot even expect to know the size of this universe. The drawback of
our requirement is that it is one of the reasons why several very natural distance measures that we define
between togk lists fail to be metrics (cf. Section 3.3).

3.1 Kendall's tau

There are various natural ways to generalize Kendall’s tau to measure distances betvidestgop/e now
consider some of them. We begin by generalizing the definition of th® s&iven two topk lists r; and
To, We defineP (ry, 72) = Pp,,up,, t0 be the set of all unordered pairs of distinct element®jpu D, .

For topk lists 7, and », the minimizing Kendall distancé,,i, (71, 72) betweenr; andr is defined
to be the minimum value oK (o1, 02), wheres; andoy are each permutations @i, U D, and where
o1 = 11 andoy = .

For topk lists 7, andr,, theaveraging Kendall distanc&’,,. (1, 72) betweenr; andr; is defined to be
the expected value(lK (01, 02)), whereo; ando, are each permutations &f,, U D, and wherer; = 7
andos = 79. Here E-) gives the expected value where all extensions are taken to be equally likely.

Next we consider an approach that we will show gives both the minimizing Kendall distance and the
averaging Kendall distance as special cases.pliet a fixed parameter with < p < 1. Similarly to our
definition off(,-’j(al, o9) for permutationsr;, o2, we define a penal 7}? (71, 2) for top k lists 71, 2 for
{i,j} € P(71,m2). There are four cases.

Case 1:i and j appear in both topk lists. If 4 andj are in the same order (such abeing ahead of
j in both topk lists), then Ietf(i(g-)(Tl,Tg) = 0; this corresponds to “no penalty” fdi, j}. If i andj are
in the opposite order (such aveing ahead of in 71, andj being ahead of in 75), then let the penalty
Rf?(’]’l,’rg) =1.

Case 2:i and j both appear in one tog list (say ), and exactly one of or j, sayi, appears in
the other topk list (m2). If 7 is ahead ofj in 71, then let the penalt;@? (t1,72) = 0, and otherwise let
f(i(f’;.) (11, 2) = 1. Intuitively, we know that is ahead ofj as far as is concerned, sinceappears in- but
j does not.

Case 3:14, but notj, appears in one tog list (sayr), andyj, but noti, appears in the other top list
(m2). Then letthe penalty_(fg)(rl, T9) = 1. Intuitively, we know that is ahead ofj as far as is concerned,
andj is ahead of as far as, is concerned.

Case 4:i andj both appear in one top list (sayr), but neitheri nor ;7 appears in the other top list
(7). This is the interesting case (the only case where there is really an option as to what the penalty should

be). We call such pair§i, j} special pairs In this case, we let the penalf\ji(z) (11, 72) = p.
Based on these cases, we now defifi@), theKendall distance with penalty parameteras follows:
K(p)(Tl,TQ): Z KZ-(Z)(TLTQ).
{1,7}eP(71,7m2)

Whenp = 0, this gives an “optimistic approach.” It corresponds to the intuition that we assign a nonzero
penalty score to the pa{ti, j} only if we have enough information to know thaand; are in the opposite
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order according to the two taplists. Whenp = 1/2, this gives a “neutral approach.” It corresponds to the
intuition that we do not have enough information to know whether the penalty score shdut beso we
assign a neutral penalty scorelgf. Later, we show that the optimistic approach gives preciggly,, and
the neutral approach gives precisély, .

The next lemma gives a formula, which we shall find useful laterff&p.

Lemma3.1.K(P)(n,rg):(k—z)((Q—i—p)k p2+1 p)—i—ZUGZ (O)(Tl,TQ) ZjeSTl(j)_ZjeTTQ(j)'

Proof. We analyze the four cases in the definitionf6f) (r,, ) and obtain formulas for each of them in
terms of our global notation. Case 1 is the situation when for a{paji}, we havei, j € Z. In this case,
the contribution of this pair td () (11, 1) is

Z K 71,72 (1)

1,JEZ

Case 2 is the situation when for a p&ir j}, one ofi or j is in Z and the other is in eithe$ or 7. Let
us denote by the element inZ, and by;j the element inS or T. Let us now consider the case when
i€ Z,j€S8. Letj; < --- < jp_, be the elements i¥. Fixan? € {1,...,k — z} and consider the
elementj, and its rankr;(j¢) in the first topk list 7. There will be a contribution of to K®) (11, 72)
for all i € Z such thatr; (i) > 71(j¢), that is, all the elements € Z such thatj, is ahead ofi in 7y;
denote this net contribution dfto K'?) (7, 75) by ~(¢). We now obtain an expression fot/). The total
number of elements that is ahead of inr is & — 7 (j¢) and of these element$,— 1 of them belong
to S and the rest belong t@. This givesy(¢) = k — 71 (je) — (¢ — 1). Now, summing over alf, the
contribution toK ®) (11, 75) is Y5 v(¢) = (k — 2)(k + 2 + 1)/2 = 3¢ 71(j). Similarly, for the case
wheni € Z, j € T, the contribution taX ") (7;, 73) is (k — 2)(k+ 2 +1)/2 = Y, 72(j). Summing these,
the term corresponding to Case 2 contributindst® (11, 72) IS

(k—2)(k+2z+1 Zﬁ ZTQ(j). 2

JjES JeET

Case 3 is the situation when for a péir j}, we havel € S andj € T The total contribution td<(?) (1, )
from this case is
S| < |T| = (k= 2)*. 3)

Finally, Case 4 is the situation when for a péir j}, we have eitheti,j € S ori,j € T. The total
contribution toK () (1, ) from this case is

S —
o(5) () (") @
Adding Equations (1)—(4), we obtain

K®(r,m) = (k—2)(2+pk—pz+1-p)+ > Ki(g)(ﬁaﬁ) DRI
1,JEZ jeSs jeT
]
Let A and B be finite sets of objects (in our case of interest, these objects are permutationg)od et

a metric of distances between objects (at the moment, we are interested in the case iwlieeekendall
distance between permutations). THeusdorff distancéetweenA and B is given by
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ditaus(A, B) = max {?}2’2 gnzlé% d(oy,09), ;r;gg CIrIllé% d(oy, 02)} .

Although this looks fairly nonintuitive, it is actually quite natural, as we now explain. The quaiiity,c 5 d(o1, 02)
is the distance between and the seB. Therefore, the quantityhax,, ¢ 4 ming,ep d(o1, o2) is the max-
imal distance of a member of from the setB. Similarly, the quantitynax,,cp ming, c4 d(o1, 02) is the
maximal distance of a member &f from the setA. Therefore, the Hausdorff distance betwetand B
is the maximal distance of a member 4for B from the other set. Thusd and B are within Hausdorff
distances of each other precisely if every member.fand B is within distances of some member of the
other set. The Hausdorff distance is well known to be a metric.

Critchlow [Cri80] used the Hausdorff distance to define a distance measure betweéeistepSpecifi-
cally, given a metriel that gives the distance between permutations, Critchlow defined the distance between
top k lists 1 andr, to be

e { g i, dn,c2), g i )} ®
Critchlow assumed that there is a fixed dom&irand sar; ando, range over all permutations with domain
D. This distance measure is a metric, since it is a special case of a Hausdorff metric.

We, too, are interested in considering a version of the Hausdorff distance. However, as remarked earlier,
in this paper we do not assume a fixed domain. Therefore, we dEfipg;, the Hausdorff version of the
Kendall distance between tdplists, to be given by Equation (5) wittl(o1, 02) as the Kendall distance
K(o1,02), but where, unlike Critchlow, we take ando, to be permutations ab, U D,.

Critchlow obtains a closed form for his version of Equation (5) whién, 02) is the Kendall distance
K(o1,02). Specifically, ifn is the size of the underlying domain, andd(c1, 02) = K (o1, 02), he shows
that Equation (5) is given by

(k- 2) <n e ’“‘2‘1> 3 KO () = Som) = Y m(i). (6)

i.j€Z = €T
By replacingn by 2k — z, we obtain a closed form faKaus:

Lemma 3.2.

Kitons (71, 72) = %(k k- 1)+ Y KO = S ) - 3 ).

ijez = i€T

We show that the “optimistic approach” given B§(?) and the “neutral approach” given ki (}/2)
are exactlyK i, and K,,., respectively. Furthermore, we show the somewhat surprising result that the
Hausdorff distancéj,,s also equalds (1/2),

Proposition 3.3. Kpin = K©).

Proof. Let 7, andm, be topk lists. We must show thak i, (71, ) = K (ry, 7). Defineo; to be the
extension ofr; over D where the elements are, in order, the element® gfin the same order as they are
in 71, followed by the elements @F in the same order as they are7in For example, ik = 4, if the top 4
elements ot are, in order, 1, 2, 3, 4, and if the top 4 elements,adre, in order, 5, 4, 2, 6, then the ordering
of the elements fos; is 1, 2, 3, 4, 5, 6. We similarly define the extensignof m» by reversing the roles of
71 andr,. First, we show thak i, (11, 2) = K (01, 02), and then we show thdt (o, 03) = KO (11, 7).



To show thati iy (71, 72) = K (071, 02), itis clearly sufficient to show that if] is an arbitrary extension
of 7, (over D) and g}, is an arbitrary extension of, (over D), and if {i, j} is an arbitrary member of
P(Tl,TQ), then

K;j(01,02) < Kj j(01,0%). (7)

When {i,j} is not a special pair (that is, whefi, j} falls into the first three cases of the definition of

Ki(g.) (11, 72)), we have equality in (7), since the orderingi@nd; according tar, o2, o}, o/, are forced by
71, 72. When{i, j} is a special pair, we havk; ;(o1,02) = 0, and so again (7) holds.

We have shown thak,,i,(my, ) = K(o1,02). Hence, we need only show thaf(® (7, m) =
K(o1,02). To show this, we need only show thﬁti(g)(rl,m) = K, ;(01,02) for every pair{i,;}.
As before, this is automatic wheft, j} is not a special pair. Whefy,j} is a special pair, we have

f(f(;) (11, 72) = 0 = K, j(01,02). This concludes the proof. ]

Proposition 3.4. Ky = K(/?) = Ky,
Proof. Let 1, 75 be topk lists. Then

Kavg(Tla 7-2) = E(K(Ulv 02))

= E Y Kij(o1,09)
{ivj}GP(TlvTQ)

= Z E (Kij(o1,02)) (8)

{i,j}GP(Tl,Tg)

We shall show that ) )
E(Kij(o1,02) = Ki(;m(ﬁ,m)- ©)

This proves thatK,,, = K(/?), since the result of substituting_’f;m(n,rg) for E(K; j(o1,02)) in

(8) gives K(1/2) (11, 15). Similarly to before, wher{i, j} is not a special pair, we havg; ;(o1,09) =
K1/2) (1, 15), and so (9) holds. Whefy, 5} is a special pair, the —i(;/2) (11,72) = 1/2. So we are done
with showing thati,,, = K (1/2) if we show that wher{i, j} is a special pair, then(&; ;(o1,02)) = 1/2.
Assume without loss of generality thatj are both inD., but neither is inD.,. The ordering of, j in o is
forced byr,. Further, there is a one-one correspondence between those permutativetsextend- with i
ahead ofj and those that extend with j ahead of (the correspondence is determined by simply switching
1 andj). Therefore, for each choice of, exactly half of the choices far, havef(m(crl, o9) = 0, and for
the other halfK; ;(o1,02) = 1. S0 EK; j(01,02)) = 1/2, as desired.

We now show thafy,, = K(/?). If we setp = 1/2 in our formula forK®) given in Lemma 3.1,
we obtain the right-hand side of the equation in Lemma 3.2. Thig,s = K (/2. We now give a direct
proof, that does not require the use of Lemma 3.2, and hence does not require the use of Critchlow’s formula
given by Equation (6).

Let 7, 72 be topk lists. ThenKyaus(71, 72) IS given by

max { max min K(o1,02), max min K(O’l,O’Q)} .
O12T1 02272 027 T2 01271

Let o7 be the permutation oveD, U D, wheres] > 7 and wheresj(k + 1),...,07(2k — 2) are,

respectively, the members @fin reverse order. Let; be the permutation oved,, U D, wheres; > 7

and wheress(k +1),...,05(2k — z) are, respectively, the members®fn order (not in reverse order). It

is not hard to see thati..s(71, 72) = K (07, 05). So we need only show théf (oF, 03) = K(/2) (11, 9).
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In the definition of K ("), let us consider the contribution of each pgir;} to K(1/?)(r, ), as com-
pared to its contribution té (o%, o%). In the first three cases in the definition§f?), it is easy to see that
{i, 7} contributes exactly the same f6(!/?) (1, ) as toK (o7, 0%). Let us now consider Case 4, where
{i,7} is a special pair, that is, where batfand;j appear in one of the top lists 7, or », but neither ap-
pears in the other top list. If both i andj appear inm; but neither appears ir, then the contribution to
K1/2) (71, 15) is 1/2, and the contribution t& (o%, 03 is 0. If bothi and;j appear inr but neither appears
in 7, then the contribution td (1/?) (71, ) is 1/2, and the contribution td (o7, %) is 1. Since there are
just as many pair$i, j} of the first type (where bothandj appear inr; but neither appears irp) as there
are of the second type (where bathnd; appear in but neither appears in), the total contribution of all
pairs{i, j} of Case 4 tak"/?) (11, =) and K (0%, 0%) is the same. This proves thAl,,, = K(1/2). O

3.2 Spearman’s footrule

We now generalize Spearman’s footrule to several methods for determining distances betwebstsop
just as we did for Kendall's tau.

For topk lists 71 and s, theminimizing footrule distancé,,;, (71, 72) betweenr; and, is defined to
be the minimum value of'(01, 02), Whereo; andos are each permutations &f and wherer; = 7, and
o9 7 To.

For topk lists 7, and7, theaveraging footrule distancg,, (71, 72) betweenr; andr; is defined to be
the expected value(E'(o1, 02)), whereo; ando, are each permutations éf., U D,, and wherer; = 7
andoy = 79. Again, E-) gives the expected value where all extensions are taken to be equally likely.

Let ¢ be a real number greater than Thefootrule distance with location parametér denotedt'(®),
is obtained, intuitively, by placing all missing elements in each of the lists at pogithoil computing the
usual footrule distance between them. More formally, giverkttigts 7 andr, define functions| andr;
with domainD., U D, by letting7{ (i) = 71 (¢) fori € D,,, andr{ (i) = ¢ otherwise, and similarly defining
7. We then defing"(¥) by settingF'\) (11, ) = > iep,,up,, IT1(0) = 75(0)]-

A natural choice for is k + 1, and we make this choice in our experiments (Section 9). We denote
F+1) simply by F*.

The next lemma gives a formula, which we shall find useful laterffét.

Lemma 3.5. F(©) (r1,m2) = 2(k = 2)0+ > ;7 |T1(0) — 12(2)| — D_icg T1(8) — D ier T2(4).

Proof.

FO(r,m) = Z |71(7) — 72(2)| + Z |71(2) — 72(2)| + Z |71 (7) — 72(3)|

i€z €S €T
= Y Im() = ()] + Y (€= 1) + Y (€ — 72(i))
i€z €S €T
= 2(k—2)l+ > _[n(i) = (i) = > (i) = > 7a(d).
€7 €S €T

O]

Similarly to our definition ofKy,.s, Wwe defineFu..s, the Hausdorff version of the footrule distance
between togk lists, to be given by Equation (5) witf(o1, o2) as the footrule distancE(o1, 02), where, as
before, we taker; ando, to be permutations ab,, U D.,.



Just as he did with the Kendall distance, Critchlow considered his version of Equation (5) (whet, )
is the footrule distancé’(o1, 02), and where there is a fixed domain of sizeAgain, he obtained a closed
formula, given by

(k—2)2n+1—(k—2)+ Y _|n@i) —m()] = > (i) = Y _ a(i).
i€Z €S €T
By replacingn by 2k — z, we obtain a closed form o, s:

Lemma 3.6.

Fans(11,72) = (k= 2)Bk — 2+ 1)+ >_ |71 (i) — m2(i)| = > _ 71 (i) = Y 7a(d)

i€z €S €T

_ (3k72z+1)(7_1, 7-2)'

The last equality is obtained by formally substitutifig: (3k — z+ 1) /2 into the formula forF"(¥) given
by Lemma 3.5. Thus, intuitivelyfia.s (71, 72) is a “dynamic” version o) wherel = (3k — z +1)/2
actually depends om; and . SinceFiin = Fave = Fhaus (Proposition 3.7), this gives us a formula
for Finin and F,y, as well. Note that = (3k — z + 1)/2 is the average of + 1 and2k — z, where the
latter number is the size d = D, U D,,. Since takingd = (3k — z + 1)/2 corresponds intuitively to
“placing the missing elements at an average location,” it is not surprising that the resulting formula gives
Favg. Unlike the situation withK,,,;, and K., the next proposition tells us thét,;, and F,,, are the

same. Furthermore, the Hausdorff distai¢g,s shares this common value.
Proposition 3.7. Finin = Favg = FHaus-

Proof. Let ; and, be topk lists. Letoy, o}, 09,0 be permutations oD = D, U D,,, whereo; and
o} extendr;, and wherery and o, extendr,. We need only show that' (o, 02) = F(0},0%), that is,
that the value off’'(01,02) is independent of the choice of;,05. Therefore, we need only show that
F(01,02) = F(01,0%), whereo is held fixed, since by symmetry (whesé is held fixed) we would then
haveF(o1,0}) = F(0},0%), and hencd (o1, 02) = F(01,04) = F(0},0}), as desired.

Now F'(01,02) = > _;cp |o1(i) — o2(i)|. So we need only show that

D loi(i) = oa(i)] = Y lon(i) — o4 (10)

i€D €D
Now
Y o)) —oa(i) = Y Jo1(i) — oa(i)| + Y |01 (i) — (i (11)
i€D i€D7, =
and similarly
Yo lo1@) —o5(@) = Y o) — o) + Y lo1(i) — oy (12)
€D i€Dr, €S

Now o4 (i) = o4 (i) for i € D,,. Hence,

> o) — o) = Y lou(i) — o5(i)]. (13)

’iGDTQ ZGDTQ

From (11), (12), and (13), it follows that to prove (10), and hence complete the proof, it is sufficient to prove

> lou(i) = oa(i)| =D loa (i) — oh(i (14)

€S €S
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If i € S, thenoi(i) < k < 02(i). Thus, ifi € S, theno; (i) < o2(i), and similarlyo; (i) < o4(i). Soitis

sufficient to prove
Z (01(i) — o2(i)) = Z (01(6) = a5(7))

icS i€S
and hence to prove
> _o2(i) =) ah(i). (15)
i€S i€S
But both the left-hand side and the right-hand side of (15) e@ﬁ',wrl £, and hence are equal. This
completes the proof thadt,i, = Five = FHaus- O

3.3 Metric properties

We have now introduced three distinct measures of closeness betweelistsp (1) K (?), which hasK i,
and K,y; = Knaus as special cases for certain choice®p(2) Fi,in, Which equalst, . and Fa,s; and
(3) F. Perhaps the most natural question, and the main subject of our investigation, is to ask is whether
or not they are metrics.
As a preview to our main results, we begin by observing that whiféis a metric, none of the other dis-
tance measures that we have defined (nan#éf§) and F,;i,, hence alsds iy, Kavg, Ktaus: Faves FHaus)
is a metric.

Proposition 3.8. The distance measuf”) is a metric for every choice of the location parameter

Proof. We need only show that the triangle inequality holds. tetr, 75 be topk lists. Letn = |D,, U
D, U D.,|. Define amm-dimensional vector; corresponding te by lettingv, (i) = 71 (i) fori € D,
and/ otherwise. Similarly, define an-dimensional vectop. corresponding ta» and ann-dimensional
vectorvs corresponding tas. It is easy to see that (¥) (11, 72) is the L, distance betweem; andvsy, and
similarly for F( (7, m3) and F) (5, 73). The triangle inequality fo#(*) then follows immediately from
the triangle inequality for thé,; norm between two vectors im-dimensional Euclidean space. O

The other two distinct distance measures, narﬁé‘lﬁ’/) and F,;,, are not metrics, as we now show. Let
71 be the top 2 list where the top 2 items in order are 1,27ddte the top 2 list where the top 2 items in
order are 1,3; and le; be the top 2 list where the top 2 items in order are 3,4. Itis straightforward to verify
that K ®) (1, 1) = 1; K®) (1, 73) = 4+ 2p; and K ?) (15, 73) = 2. So the triangle inequality fails, because
K®) (11, 73) > K®) (11, 75) + K®) (1, 3) for everyp > 0. Therefore K (P) is not a metric, no matter what
the choice of the penalty parameteis; in particular, by Propositions 3.3 and 3.4, neithgf;,, nor K, IS
a metric.

The same counterexample shows ti#gf;,, is not a metric. In this case, it is easy to verify that
Frin(71,72) = 2; Fuin(m1,73) = 8; and Fyin(72,73) = 4. So the triangle inequality fails, because
Fain(71,73) > Fnin (71, 72) + Finin (72, 73).

The fact thatFy,,;, (and hencd’,,; and Fi,.s) are not metrics shows that they are not special cases of
FO, sinceF¥ is a metric. This is in contrast to the situation with Kendall distances, Whgrg, Kayg,
and Kp,us are special cases d@f ). (As we noted earlier, the versions Bf.,s and K., defined by
Critchlow [Cri80] are indeed metrics, since the domain is fixed in his case.)

4 Metrics, near metrics, and equivalence classes

Motivated by the fact that most of our distance measures are not metrics (except for the somewhat strange
measure”()), we next consider a precise sense in which each is a “near metric.” Actually, we shall consider
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two quite different-appearing notions of being a near metric, which our distance measures satisfy, and obtain
the surprising result that these notions are actually equivalent.

Our first notion of near metric is based on “relaxing” the triangle inequality (or more generally, the
polygonal inequality) that a metric is supposed to satisfy.

Definition 4.1 (Relaxed inequalities).A binary functiond satisfies the-triangle inequalityif d(z, z) <
c(d(z,y) + d(y, z)) for all z, y, z in the domain. A binary functiod satisfies the-polygonal inequalityf
d(z,z) < c(d(z,z1) + d(x1,22) + - - - + d(zp-1,2)) foralln > 1 andz, z, z1, ..., x,,—1 in the domain.

The notion ofc-triangle inequality, to our knowledge, appears to be rarely studied. It has been used in
a paper on pattern matching [FS98], and in the context of the traveling salesperson problem [AB95, BC00].
We do not know if thez-polygonal inequality has ever been studied.

Definition 4.2 (Relaxed metrics).A c-relaxed metricis a distance measure that satisfies ¢tigangle
inequality. Ac-relaxed, metricis a distance measure that satisfiesdpdlygonal inequality.

Of course, every-relaxeg, metric is ac-relaxed metric. Theorem 4.7 below says that there is-a
relaxed metric that is not a’-relaxed, metric for any constant’. We shall focus here on the stronger
notion of being ac-relaxeq, metric.

The other notion of near metric that we now discuss is based on bounding the distance measure above
and below by positive constant multiples of a metric.

Definition 4.3 (Metric boundedness).A (¢, c2)-metric-bounded distance measisea distance measure
d for which there is a metrid’ and positive constants andc, such that,d'(z,y) < d(z,y) < cod'(z,y).

Note that without loss of generality, we can take= 1 (by replacing the metrid’ by the metrice; d’).
In this case, we say thdtis co-metric bounded

The next theorem gives the unexpected result that our two notions of near metric are equivalent (and
even with the same value of.

Theorem 4.4 (MAIN RESULT 1). Letd be a distance measure. Thdns a c-relaxed, metric iff d is
c-metric-bounded.

Proof. <=: Assume that! is ac-relaxeq metric. Defined’ by taking

~
—_

d (z,z) = min min d(Yi, Yit1)- (16)

£ yo,....ye | yo=z and yp=z i

Il
o

We now show thatl’ is a metric.

First, we havel'(x,z) = 0 sinced(z, z) = 0. From (16) and the polygonal inequality with constant
we haved'(z, z) > (1/c¢)d(z, z). Henced'(x, z) # 0 if x # z. Symmetry ofd’ follows immediately from
symmetry ofd. Finally, d’ satisfies the triangle inequality, since

/-1
d(x,z) = min min E d(xi, xiy1)
€ yo,....ye | yo=2 and y,=2 “—
=0
l1—1 lo—1
< min min g d(Yi, Yi+1) + min min g d(ziy ziv1)
&1 Yo,y | yo=2 and y, =y i—o l2 z0,...,20y | zo=y and zp, =2 i—o

= d,(l‘, y) + d/(ya Z)
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Therefored’ is a metric.
We now show thatl is c-metric-bounded. By Equation (16), it follows easily thltr, z) < d(z, 2).
By Equation (16) and the polygonal inequality with constgnte haved(z, z) < cd'(z, 2).

—: Assume thatl is c-metric-bounded. Thefl = d/(z,z) < d(z,z) < cd'(x,x) = 0. Therefore,
d(z,z) = 0. If z # y, thend(x,y) > d'(x,y) > 0. We now show thad satisfies the-polygonal inequality.

d(z,z) < cd(z,2)
< e(d(z,z1) +d(x1,22) + -+ +d'(xn_1,2)) Sinced is a metric
< c(d(z, 1) +d(z1,22) + - - - + d(2p-1, 2)) sinced'(z,y) < d(z,y).
Since alsal is symmetric by assumption, it follows thais ac-relaxeq, metric. O

Inspired by Theorem 4.4, we now define what it means for a distance measure to be “almost” a metric,
and a robust notion of “similar” or “equivalent” distance measures.

Definition 4.5 (Near metric). A distance measure between tofists is anear metricif there is a constant
¢, independent ok, such that the distance measure is-@laxed, metric (or, equivalently, ig-metric-
bounded}

Definition 4.6 (Equivalent distance measures)Two distance measuresandd’ between topk lists are
equivalentif there are positive constants andc, such thateid' (71, 72) < d(m,72) < cod' (11, 72), for
every pairry, 7, of top k lists 3

It is easy to see that this definition of equivalence actually gives us an equivalence relation (reflexive,
symmetric, and transitive). It follows from Theorem 4.4 that a distance measure is equivalent to a metric if
and only if it is a near metric.

Our notion of equivalence is inspired by a classical result of Diaconis and Graham [DG77], which states
that for every two permutations;, o5, we have

K(Ul,dg)SF(Jl,Ug)SQK(Ul,Jg). (17)

(Of course, we are dealing with distances betweenktdigts, whereas Diaconis and Graham dealt with
distances between permutations.)

Having showed that the notions efrelaxeq, metric andc-metric-boundedness are identical, we com-
pare these to the notions efrelaxed metric and the classical topological notion of being a topological
metric, that is, of generating a metrizable topology.

Theorem 4.7.Everyc-relaxed, metric is ac-relaxed metric, but not conversely. In fact, there is-selaxed
metric that is not a’-relaxed, metric for any constant'.

Proof. It is clear that every-relaxed, metric is ac-relaxed metric. We now show that the converse fails.
Defined on the spacé0, 1] by takingd(z,y) = (z — y)2. Itis clear thatd is a symmetric function with
d(xz,y) = 0iff x = y. To show the2-triangle inequality, letx = d(z, z), = d(z,y), andy = d(y, 2).
Now /o < /B + /7, since the function’ with d'(z, y) = | — y| is a metric. By squaring both sides, we

2It makes sense to say that the constaig independent of, since each of our distance measures is actually a family, pa-
rameterized byt. We need to make an assumption thé independent ok, since otherwise we are simply considering distance
measures over finite domains, where there is always such a coastant

3As before, the constants andc, are assumed to be independenkof
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geta < B+~ +2/By. Buty/By < (8 +7)/2 by the well-known fact that the geometric mean is bounded
above by the arithmetic mean. We therefore obtaift 2(5 + ), that is,d(x, z) < 2(d(z,y) + d(y, 2)).
Sod is a2-relaxed metric.

Let n be an arbitrary positive integer, and defingto bei/n for 1 < i < n — 1. Thend(0,z1) +
d(x1,22) + -+ + d(xp—1,1) = n(1/n?) = 1/n. Since this converges to 0 asgoes to infinity, and since
d(0,1) = 1, there is no constanrt for which d satisfies the polygonal inequality. Therefaiés ac-relaxed
metric that is not @’-relaxed, metric for any constant'. O

Theorem 4.8. Everyc-relaxed metric is a topological metric, but not conversely. The converse fails even
if we restrict attention to distance measures.

Proof. By the topological space induced by a binary functidnwe mean the topological space whose
open sets are precisely the union of setsk{lls”) of the form{y |d(x,y) < €}. A topological space is
metrizableif there is a metriel that induces the topology. fopological metrids a binary functiond such
that the topology induced hyis metrizable.

There is a theorem of Nagata and Smirnov [Dug66, pp. 193-195] that a topological space is metrizable
if and only if it is regular and has a basis that can be decomposed into an at most countable collection of
nbd-finite families. The proof of the “only if” direction can be modified in an obvious manner to show that
every topological space induced by a relaxaxbtric is regular and has a basis that can be decomposed into
an at most countable collection of nbd-finite families. It follows that a topological space is metrizable if and
only if it is induced by a:-relaxed metric. That is, everyg-relaxed metric is a topological metric.

We now show that the converse fails even if we restrict attention to distance measures (binary nonneg-
ative functionsd that are symmetric and satisfifx,y) = 0 iff x = y). Defined on the spacél, o) by
takingd(z, y) = |y — z|™>{=¥}, Itis not hard to verify thail induces the same topology as the usual metric
d' with d'(x,y) = |x —y|. The intuition is that (1) the-ball {y | d(z,y) < €} is just a minor distortion of an
e-ball {y | dmn(x,y) < €} whered,,(z,y) = |x — y|™ for somem that depends on (in fact, withm = z),
and (2) the functionl,, locally induces the same topology as the usual mefrivith d'(x,y) = |z — y|.
Condition (2) holds since the ball | |z — y|™ < €} is the same as the bdly | |z — y| < ¢!/™}. Sodis a
topological metric. We now show thdltis not ac-relaxed metric.

Letx =1,y = n + 1, andz = 2n + 1. We shall show that for each constanthere isn such that

d(z,z) > c(d(z,y) + d(y, 2)). (18)

This implies thatl is not a relaxedmetric. When we substitute far, y, z in (18), we obtain
(2n 4+ 1) > o((n+ D" 4 (n 4 1)2T), (19)
But it is easy to see that (19) holds for every sufficiently latge O

Thus, we hav@ETRIC = ¢c-RELAXED;, METRIC = ¢c-RELAXED{ METRIC = TOPOLOGICAL METRIC,
and none of the reverse implications hold.

5 Relationships between measures

We now come to the second main result of the paper, where we show that all of our distance measures we
have discussed are in the same equivalence class, that is, are bounded by constant multiples of each other
both above and below. The connections are proved via two proof methods. We use direct counting arguments
to relate F'* with Fl,;,, to relate thek (?) measures with each other, and to relate B8 measures with

each other. The more subtle connection betw&gn, and F,,,;,—which provides the link between the
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measures based on Kendall's tau and the measures based on Spearman’s footrule—is proved by applying
Diaconis and Graham'’s inequalities (17) for permutatiens.

Theorem 5.1 (MAIN RESULT 2). The distance measuréS,in, Kavg, KHaus: K@) (for every choice of),
Fin, Favg, Fitans, and F(©) (for every choice of) are all in the same equivalence class.

The fact thatF"(¥) is a metric now implies that all our distance measures are near metrics.
Corollary 5.2. Each of K?) and F,;, (thus alSoK i, Kave, Ktaus: Fave: FHaus) IS @ Near metric.

We discuss the proof of this theorem shortly. We refer to the equivalence class that contains all of these
distance measures as thig equivalence classThe big equivalence class seems to be quite robust. As we
have seen, some members of the big equivalence class are metrics.

In later sections, we shall find it convenient to deal with normalized versions of our distance measures,
by dividing each distance measure by its maximum value. The normalized version is then a distance measure
that lies in the intervalo, 1].# The normalized version is a metric if the original version is a metric, and is a
near metric if the original version is a near metric. It is easy to see that if two distance measures are in the
same equivalence class, then so are their normalized versions.

Theorem 5.1 is proven by making use of the following theorem (Theorem 5.3), along with Proposi-
tions 3.3, 3.4, and 3.7. The bounds in Theorem 5.3 are not tight; while we have improved some of them
with more complicated proofs, our goal here is simply to prove enough to obtain Theorem 5.1. If we re-
ally wished to obtain tight results, we would have to compare every pair of the distance measures we have
introduced, such a& (?) versusF'® for arbitraryp, ¢.

Theorem 5.3. Lety, o be topk lists.
(1) Kmin(TlaTQ) < Fmin(Tla 7-2) < 2Kmin(7-177-2);
(2) F*(11,72) < Fin(11,72) < 2F*(7'1/, T2);
) KW (11, 79) < KW)(r1,m3) < (FB)KWP (11, 79), for 0 <p <p/ <1;
(4) FO (1, 1m) < F(ZI)(Tl,TQ) < (%)F“)(ﬁ, 7o), fork < <

Proof. (Part (1))

For the firstinequality of Part (1), let;, o2 be permutations so that = 71, o2 = 72, andFiin (11, 72) =
F(o1,09). ThenFyn (71, 72) = F(o1,02) > K(01,02) > Knin(11, 72), UsSing the first inequality in (17)
and the fact thaf(,,,;,, is the minimum over all extensions of 71 andosy of .

For the second inequality of Part (1), let, oo be permutations so that; > 71, oo = 7, and
Kmin(TlaTQ) = K(O’l,Ug). ThenKmin<7'1,T2> = K(Jl,ag) > (1/2)F(0’1,0’2) > (1/2)Fmin(7_177—2)

using the second inequality in (17) and the fact that, is minimum over all extensions, of r; ando of
2.

(Part (2))

Let 01,02 be permutations so that, = 7y, oo = 72, and Fiin (71, 72) = F(01,02). Fors € {1,2},
let v be a vector such that (i) = 75(3) if i« € D,, andvs(i) = k + 1 otherwise. Givenr, 2, recall that
F*(7, 1) is exactly theL; distance between the corresponding vecigts;,. If : € Z = D, N D,,,
then\vl(i) — UQ(i)| = ‘01<i) — Ug(i)’. Ifie S = D7—1 \DTQ, then]vl(z‘) — Ug(i)‘ = ’Tl(i) — (k + 1)‘ =
lo1(i) — (k+1)| < |o1(i) — o2(i)|, sinceoa(i) > k+1 > 11(i) = 01(7). Thecaseof € T'= D, \ D,

“For metrics on permutations, such as Kendall’s tau and Spearman’s footrule, it is standard to normalize them to lie in the interval
[—1, 1], with —1 corresponding to the situation where the permutations are the reverse of each other, and with 1 corresponding to
the situation where the permutations are equal. However, this normalization immediately precludes one from studying metric-like
properties.

15



is similar. Thus, for every, we have|v;(i) — va(i)| < |o1(i) — o2(i)]. It follows by definition that
F*(11,72) < F(01,02) = Fuin(11, 7). This proves the first inequality.
We now prove the second inequality. First, we have

Frin(71,72) = Y _|o1(i) = 02(8)| + Y _|o1(i) = 02(i)| + Y _ |01 (i) — o2 (i (20)

1€Z €S €T

On the other hand, we have

f(r1,m2) = Y n() = ()] + D Im@) — (k+ 1)+ ) [(k+1) — 7(3)]- (21)

i€z €S €T

Furthermore, it: = |Z|, note that

k
Mm@ —k+1 = D fr—(k+1)
€S r=z+1
= (k—2)+---+1
(k= 2)(k—2+1)

- . : (22)

By symmetry, we also have’, - [(k + 1) — 72(i)| > (k — 2)(k — 2z + 1) /2.
Fori € Z, we haveoy (i) — o2(i)| = |11(i) — m2(7)|, and so

Z’O‘l( —02 |—Z|7‘1 —7‘2 (23)
1EZ €7

Sinceos(i) > k+ 1 and7(i) < kifand only ifi € S, we have, fori € S, that|r (i) — 02(¢)] =
|71(3) — (k+1)| + (02(i) — (k4 1)). Furthermore, sinces is a permutation, the list of values(i),i € S
is preciselyk + 1,...,2k — z. Summing over all € S, this yields

2 lo1(@) —oad = > _In(i) —oali

€S €S
= 0+1+4+---+(k—2-1) +Z’T1 — (k+1)|
i€S

k —

_ k=2o ) S i) — (k4 )

i€S

< 2) |n() = (k+1)] by Equation (22) (24)

i€S
Similarly, we also have
D oi(i) = oa(i)| <23 [(k+1) — ma(d)]. (25)

€T ieT
Now, using Equations (20)—(25), we hakfgin (71, 72) < 2F*(71,72).

(Part (3)) From the formula given in Lemma 3.1, we have
K®) (7, 7) = KO (11, 19) = (k= 2)(p' —p)(k — 2 —1). (26)

The first inequality is immediate from Equation (26), sikce z.
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We now prove the second inequality. Af?) (r, 75) = 0, thenr; = 7, so alsoK ) (11, ) = 0, and
the second inequality holds. Therefore, assume AH&t(, ) # 0. Divide both sides of Equation (26)
by K®)(ry,15), to obtain

K®)(r,m) 14 (k—z)(p'—p)(k—z—l).

— = = 27
K®) (7'177'2) K () (7’17 7'2) ( )

Since% =1+ p{%}f, the second inequality would follow from Equation (27) if we show
K® (1, 1m9) > (k= 2)(k—2z—1)(1+p) (28)

In the derivation of the formula fok (") (11, 75) in the proof of Lemma 3.1, we saw that the contribution
from Case 3 igk — z)? and the contribution from Case 4ji$k — z)(k — z — 1). Hence,K®)(r, ) >
(k—2)2+pk—2)k—2-1)>(k—2)(k—z—1)+pk—2)(k—2z—1) = (k—2)(k—2z—1)(1+p),

as desired.

(Part (4)) From the formula given in Lemma 3.5, we have
FEO (11, 19) = FO(ry,19) = 2(k — 2)(£' - ¢). (29)

The first inequality is immediate from Equation (29), sikce z.

We now prove the second inequality. A% (71, 75) = 0, thenr; = 7, so alsoF*) (7, m) = 0, and
the second inequality holds. Therefore, assumefﬂﬁﬁ(n, T9) # 0. Divide both sides of Equation (29) by
F© (71, 7), to obtain

FO) (11, 15) 2k —2) (' =)
— %= 30
FO (1, 75) + FO (11, 13) (30)
Sincet=k =1+ ¢=£, the second inequality would follow from Equation (30) if we show
FO(ry,73) > 2(k — 2)(£ — k). (31)

To see Equation (31), observe thét + |T| = 2(k — z) and each element i and7" contributes at least
¢ — k (which is positive sincé& < ) to F(O) (11, ). O

6 An algorithmic application

In the context of algorithm design, the notion of near metrics has the following useful application. Given
r ranked listsr,..., 7. (either full lists or topk lists) of “candidates,” theank aggregationproblem
[DKNSO01] with respect to a distance measures to compute a list (again, either a full list or another
top k list) such thad >, d(7;,7) is minimized.

This problem arises in the context of IR, where possible results to a search query may be ordered with

respect to several criteria, and it is useful to obtain an ordering (often/alisi) that is a good aggregation

of the rank orders produced. It is argued in [DKNSO01] that Kendall's tau and its variants are good measures

to use, both in the context of full lists and tépgists. Our experiments at the IBM Almaden Research Center

(see also Section 9.1) have confirmed that, in fact, producing an ordering with small Kendall's tau distance

yields qualitatively excellent results. Unfortunately, computing an optimal aggregation of several full or top

k lists is NP-hard for each of the Kendall measures. In this context, our notion of an equivalence class of

distance measures comes in handy.
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Proposition 6.1. LetC be an equivalence class of distance measures. If there is at least one distance measure
d in C so that the rank aggregation problem with respeaf teas a polynomial-time exact or constant-factor
approximation algorithm, then for every in C, there is a polynomial-time constant-factor approximation
algorithm for the rank aggregation problem with respectito

Proof. Givenry,..., 7., letT denote an aggregation with respectitthat is within a factor > 1 of a best
possible aggregation with respect tad, that is, >, d(7;,7) < ¢}, d(7;, ). Letc, c; denote positive
constants such that for all o’ (top & or full lists, as appropriate),d(c,c’) < d'(0,0") < cad(0o,0’). Also,
let 7’ denote a best possible aggregation with respeét tbhen we have

Zd/(Tj,T) < ZCQd(Tj,T) < cz cod(1j,m) < cey Zd(Tj,W') <2 Zd/(Tj,ﬂ'/).
J J J J J

o
O

Via an application of minimum-cost perfect matching, the rank aggregation problem can be solved op-
timally in polynomial time for any of thé"(¥) metrics. Together with Theorem 5.1, this implies polynomial
time constant-factor approximation algorithms for the rank aggregation problem with respect to the Kendall
measures.

7 Other approaches

7.1 Spearman’s rho

Spearman’s rho is the, distance between two permutations. Formally,

n 1/2
plor, 02) = (Z |o1() — 02(i)!2>

=1

and it can be shown that-, -) is a metric The maximum value of(o1, 02) is (n(n+1)(2n+1)/3)% , Which

occurs wherr is the reverse of». Spearman’s rho is a popular metric between permutations. Analogous

to the footrule case, we can define the notiong.gf,, pave, andp(é). They are not in the big equivalence

class, for the following reason. Consider the case whketen, that is, where we are considering full lists,

which are permutations of all of the elements in a fixed universe. In this case, we need only carsitsy

Prmins Paves andp® all equalp. But the maximum value of™* is ©(n?) and that ofp is @(n%). Therefore,

Pmins Paves andp'® cannot be in the same equivalence class“asWhat if we consider normalized versions

of our distance measures, as discussed after Theorem 5.1? We now show that the normalized versions of
Pmins Paves andp'®) are not in the normalized version of the big equivalence claskislf distance measure,

we will sometimes denote the normalized versior iy d.

Proposition 7.1. The distance measur@giin, pave andp® do not belong to the big equivalence class, even
if all distance measures are normalized.

Proof. As before, we consider full lists. We will show that and  do not bound each other by constant
multiples. We will present a family of pairs of full lists, one for eaghsuch thatt™* (o1, 02) = ©(1/n) and

plor,00) = @(l/n%). For everyn, letr = [/n]. Assumen is large enough so that > 2r. Define the

SSpearman’s rho is usually defined without the expone%t, dihat is, without the square root. However, if we drop the exponent
of 1, then the resulting distance measure is not a metric, and is not even a near metric.

18



permutatiornr; so that the elements in order dre . . , n, and define the permutatien so that the elements
inorderarer +1,...,2r,1,...,7,2r + 1,...,n. The unnormalized versions of Spearman’s footrule and
Spearman’s rho can be easily calculated tdbér;, 02) = 2r2 = O(n) andp(oy, 02) = (27“)% = @(n%).

As we noted, the maximum value 6F is ©(n?) and that ofp is @(n%). Therefore,F* (o1, 09) = O(1/n)

andp(o1,02) = 6(1/n%). Thus F'* and p cannot bound each other by constant multiplesy,sQ, pave
andp®) do not belong to the normalized version of the big equivalence class. O

7.2 The intersection metric

A natural approach to defining the distance between twoktlipts - and, is to capture the extent of
overlap betweed,, andD,,. We now define a more robust version of this distance measuré. €ar< k,
let 7(!) denote the restriction of a tdplist to the firsti items. Let

5 (rm2) = D0 AD, o1 /(2)

Finally, let
L F
5(w) (7-1’ 7—2) = E i=1 51(1”)(7-17 7—2)'

(Here, A represents the symmetric difference. Th¥g\Y = (X \ Y) U (Y \ X).) Itis straightforward to
verify thatd() lies between 0 and 1, with the maximal value of 1 occurring wbenand D, are disjoint.
In fact,6(*), as defined above, is just one instantiation of a more general paradigm: any convex combination
of the 5§w)'s with strictly positive coefficients yields a metric on tégists.
We now show that the distance meastff€) is a metric.

Proposition 7.2. 5()(-, ) is a metric.

Proof. It suffices to show tha‘fgw)(-, -) is a metric forl <4 < k. To show this, we show that for any three
setsA, B, C, we havel AAC| < |AAB| + |[BAC]|. Forx € AAC, assume without loss of generality that
x € Aandx ¢ C. We have two cases: if € B, thenx € BAC and ifx ¢ B, thenz € AAB. Either way,
eachr € AAC contributes at least one to the right-hand side, thus establishing the inequality. [

Sinces™) is bounded (by 1), ané™* is not bounded, it follows that(*) is not in the big equivalence
class. Of coursej(*) is normalized; we now show thaf®) is not in the normalized version of the big
equivalence class.

Proposition 7.3. 5(*) does not belong to the equivalence class, even if all distance measures are normalized.

Proof. Let ; be the topk list where the topt elements in order arg, 2, ..., k, and letr, be the topk
list where the topk elements in order arg, ..., k,1. The normalized footrule can be calculated to be
F*(11,m) = O(1/k), whereash™) (11, m) = (1/k)S.F_ 1/i = ©((Ink)/k). Therefore ™) and F*
cannot bound each other by constant multiples, anid*adoes not belong to the normalized version of the
big equivalence class. O

7.3 Goodman and Kruskal's gamma

Goodman and Kruskal [GK54] have defined a “correlation statistic” for rank orders (and partial orders),
which can be used to define a distance measure fok togts. Letr; and, be topk lists. As before, let
P(r1,7m2) = Pp,,uD,, be the set of all unordered pairs of distinct element®jinuU D.,. Let C be the set
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of all pairs{i,j} € P(r, ) where bothr; and, implicitly or explicitly place one ofi or j above the
other ¢ andr can differ on this placement). In other word$consists of all pairgi, j} € P(7i, ) such
that (1) either or j is in D,, and (2) eitheri or j is in D,,. Note thatC' consists exactly of all pair§i, j}
that occur in the first three cases in our definition’dP). Now definey(r1, 72) to be the fraction of pairs
{i,j} € C wherer; andr, disagree on whethéris ahead of.

Goodman and Kruskal defined this quantity for rank ordgerand », that are more general than top
k lists, namely, “bucket orders,” or total orders with thesdowever, this quantity is not well-defined for
all pairs of bucket orders, since the €eéfas defined above can be empty in general. In ongoing work, we
are exploring the issue of bucket orders in more detail. Here we simply remark thantl, are topk
lists, thenC' is always nonempty, and so we do obtain a meaningful distance measure/ohstspvia this
approach.

We now show thaty is not a metric. Let; be the top 4 list where the top 4 items in order are 1,2,3,4;
let » be the top 4 list where the top 4 items in order are 1,2,5,6; and;lbe the top 4 list where the
top 4 items in order are 5,6,7,8. It is straightforward to verify that,, 3) = 1, v(71, ) = 4/13; and
v(72,73) = 8/13. So the triangle inequality fails, becauser;, 73) > v(71, 72) + Y(72, 73).

We now show thaty belongs to the normalized version of our big equivalence class, and is therefore a
near metric. Let; andm, be topk lists, and letC' be as earlier. Let = |C], and lets be the number of
pairs{i, j} € C wherer; andr, disagree on whethéiis ahead of.. Thus,y(7i, ) = s/c. Note that since
c < k%, we haves/c > s/k? = Kuin(11,72)/k?, which equals the normalizefil,,;,, distance between
andry. Finally, note that since > (%), we haves/c < s/(%) < 4s/k? (for k > 2). Therefores/c is at
most4 times the normalizeds,,;, distance betweemn, andr, if £ > 2. (It is easy to see that and the
normalized version of,,,;, are both 0 or both 1 wheh = 1.)

8 The interpolation criterion

In practical situations where one compares two Adysts, it would be nice if the distance value has some
natural real-life interpretation associated with it. There are three possible extreme relationships between two
top k lists: (@) they are identical; (b) they contain the sameements in the exact opposite order, or (c)
they are disjoint. We feel that it is desirable that the value in case (b) be about halfway between the values
in cases (a) and (c).

Let d denote any one of our distance measures betweeh lisfs 71 andr,. Analogous to the normal-
ization given in footnote 4 of Section 5, let us obtain a normalized versithat maps the distance values
into the interval—1, 1] so that

@) v(r, ) = 1iff 71 = 19;

(b) v(ry,m2) = —1iff D, andD,, are disjoint, that isZ = 0.
Clearly, this can be achieved via a linear map of the fofm, 72) = a - d(71, 72) + b. The question now is:
how close to zero is(7, 72) whenr; andr, contain the samg elements in the exact opposite order?

It turns out that the answer is asymptotic finto p/(1 + p) for K. Therefore, it is asymptotic to 0
for Kmin = K©). In fact, for Ky, itis ©(1/k). For Fyy, itis 1, and for®), with ¢ = k + § + o, itis
O(+2-). In fact, for Fk+32) wherea = 0, itis ©(1/k2). Thus, from this viewpoint, the preferable distance

k4«
measures ar&,,;, andF**+5 for 3 = o(k) (which includesF™).

6As with Kendall's tau and Spearman’s footrule (see footnote 4), Goodman and Kruskal’'s gamma is traditionally normalized to
lie in the interval[—1, 1], although we shall not do so, so that we can discuss metric properties.
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9 Experiments

9.1 Comparing Web search engines

As we mentioned earlier, one of the important applications of comparing fgts is to provide an ob-

jective way to compare the output of different search engines. We illustrate the use of our methods by
comparing the outputs of seven popular Web search engines: AltaVista.dltavista.com ), Lycos
(www.lycos.com ), AllTheWeb (vww.alltheweb.com ), HotBot (hotbot.lycos.com ), NorthernLight
(www.northernlight.com ), AOL Search ¢earch.aol.com ), and MSN Searchsgarch.msn.com ).
Comparing the output in this manner will shed light both on the similarities between the underlying indices
and the ranking functions used by search engines. We sel&gigdas the measure of comparison between

the search engines. This choice is arbitrary, and as we argued earlier, we could just as well have chosen any
other measure from the big equivalence class.

We made use of 750 queries, that were actually made by real users to a metasearch engine developed
at the IBM Almaden Research Center [DKNSO01]. For each of these queries, and for each of the seven
Web search engines we are considering, we obtained the top 30Wstthen computed the normalized
K distance between every pair of search engine outputs. Finally, we averaged the distancesiéer the
gueries. The results are tabulated in Table 1. The values are normalized to lie between 0 and 1, with smaller
values representing closer matches. Note, of course, that the table is symmetric about the main diagonal.

] | AltaVista Lycos AllTheWeb HotBot NorthernLight AOL Search MSN Seaich

AltaVista 0.000 0.877 0.879 0.938 0.934 0.864 0.864
Lycos 0.877 0.000 0.309 0.888 0.863 0.796 0.790
AllTheWeb 0.879 0.309 0.000 0.873 0.866 0.782 0.783
HotBot 0.938 0.888 0.873 0.000 0.921 0.516 0.569
NorthernLight 0.934 0.863 0.866 0.921 0.000 0.882 0.882
AOL Search 0.864 0.796 0.782 0.516 0.882 0.000 0.279
MSN Search 0.864 0.790 0.783 0.569 0.882 0.279 0.000

Table 1: K,,,;, distances between search enginesifer 50.

Several interesting conclusions can be derived from this table. Some of the conclusions are sub-
stantiated by the alliances between various search engines (for a detailed account of the alliances, see
www.searchenginewatch.com/reports/alliances.html ).

(1) AOL Search and MSN Search yield very similar results! The reason for this (surprising) behavior
is two-fold: both AOL Search and MSN Search index similar sets of pages and probably use fairly similar
ranking functions. These conclusions are substantiated by the fact that AOL Search uses search data from
OpenDirectory and Inktomi, and MSN Search uses LookSmart and Inktomi. HotBot uses DirectHit and
Inktomi, and can be seen to be moderately similar to AOL Search and MSN Search.

(2) Lycos and AllTheWeb yield similar results. Again, the reason for this is because Lycos gets its main
results from DirectHit and AllTheWeb.

(3) AltaVista and NorthernLight, since they use their own crawling, indexing and ranking algorithms, are
far away from every other search engine. This is plausible for two reasons: either they crawl and index very
different portions of the Web or their ranking functions are completely unrelated to the ranking functions of
the other search engines.

(4) The fact thatK,,;, is a near metric allows us to draw additional interesting inferences from the
tables (together with observations (1) and (2) above). For example, working through the alliances and

"For some queries, we had to work with a slightly smaller valuke thfan 50, since a search engine returned some duplicates.
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partnerships mentioned above, and exploiting the transitivity of “closeness” for a near metric, we obtain the
following inference. The data services LookSmart and OpenDirectory are closer to each other than they are
to DirectHit. Given that DirectHit uses results from its own database and from OpenDirectory, this suggests
that the in-house databases in DirectHit and OpenDirectory are quite different. A similar conclusion is
again supported by the fact that Lycos and HotBot are far apart, and their main results are powered by
OpenDirectory and DirectHit respectively.

9.2 Evaluating a metasearch engine

Recall that a metasearch engine combines the ranking of different search engines to produce an aggregated
ranking. There are several metasearch engines available on the Web (for a list of popular ones, see the
site searchenginewatch.com ). Metasearch engines are quite popular for their ability to mitigate the
quirks of crawl, coverage and their resistance to spam. As we mentioned earlier, our methods can be used
to evaluate the behavior of a metasearch engine. Such an analysis will provide evidence to whether the
metasearch is highly biased towards any particular search engine or is reasonably “close” to all the search
engines.

For our purposes, we use a metasearch engine that we developed. Our metasearch engine uses a Markov
Chain approach to aggregate various rankings. The underlying theory behind this method can be found
in [DKNSO01]. We used a version of our metasearch engine that combines the outputs of the seven search
engines described above. We measured the avétfagedistance of our metasearch engine’s output to the
output of each of the search engines for the same sgibfueries. The results are tabulated in Table 2.

From this table and Table 1, we note the following. There is a strong bias towards the AOL Search/MSN

| AltaVista Lycos AllTheWeb HotBot NorthernLight AOL Search MSN Seafch
’ 0.730 0.587 0.565 0.582 0.823 0.332 0.357‘

Table 2: Ky,;,, distance of our metasearch engine to its sourcek for50.

Search cluster, somewhat less bias towards Lycos, AllTheWeb, and HotBot, and very little bias towards
AltaVista and NorthernLight. This kind of information is extremely valuable for metasearch design (and is
beyond the scope of this paper). For example, the numbers show that the output of our metasearch engine is
a reasonable aggregation of its sources—it does not simply copy of its components, nor does it exclude any
component entirely. Finally, the degree to which our metasearch engine aligns itself with a search engine
depends on the various reinforcements among the outputs of the search engines.

9.3 Correlations among the distance measures

The following experiment is aimed at studying the “correlations” between the distance measures. We seek
to understand how much information the distance measures reveal about each other. One of the goals of
this experiment is to find empirical support for the following belief motivated by our work in this paper: the
distance measures within an equivalence class all behave similarly, whereas different equivalence classes
aim to capture different aspects of the distance between two lists.

Let 7 denote the tog list where the tofk elements in order arg 2, . . ., k. For a distance measuié., -)
and a topk list 7 with elements from the univers@, 2, ..., 2k}, letd(r) = d(r,I). If 7 is a randomly
chosen togk list, thend(r) is a random variable.

Let d; anddy denote two distance measures. Consider the experiment where a randbriistopis
picked. Informally, the main question we ask here is the following: if we kdpfw) (namely, the distance,
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according taly, of 7 to the listl), to what extent can we predict the value:lA@(T)’? To address this question,
we use two basic notions from information theory.
Recall that the entropy of a random variables

Z Pr[X = z]log Pr[X = z].

If we truncate the precision to two digits and use logarithms to the agethe entropy definition, then for
eachd, the quantityH (d(7)) is a real number betwednand2. In words, whenr is picked at random, then
there is up to 2 digits worth of uncertainty in the value d(r).”

The conditional entropy of a random variabtewith respect to another random variabfas

H(X|Y)= ZPr H(X|Y =y).

Informally, the conditional entropy measures the uncertainty jrassuming that we know the value Yf
In our case, we ask the question: for a randanf we know the value otlAl(T), how much uncertainty is
left in the value ofdy(7)?

For all pairs of our distance measurgsandd,, we measured ( dg( ) | d1 (7)), and present the results
in Table 3. We consider a universe2if elements and let = 10. (These choices enable us to exhaustively
enumerate all possible tdplists and perform our experiments on them.) The efihy d2) in this table
denotesH(dg( ) | dl( )). Therefore, the closer the value is to 2, the less informatioreveals abouds.
The value of 1 is an interesting case, since this roughly corresponds to saying that on the average, given
dAl(T), one can predict the leading digit&j(r).

5 [ o™ [p* D v [ F* Fun | Knin Kag KO
5 10.000] 1.409] 1.469 | 1.415[ 1.203 1.029 1.235 1.131 0.991
s 1 0.580( 0.000] 1.193 | 1.282| 0.863 0.945/ 1.087 1.091 1.043
p+1) 10530 1.083| 0.000 || 1.057 || 0.756 0.834 0.670 0.773 0.76(
~ 10503 1.197| 1.082 || 0.000]| 1.039 1.025 0.533 0.525 0.507
F* 10.497] 0.985]| 0.989 || 1.246/ 0.000 0.434/ 0.848 0.845 0.819
Fom | 0.388] 1.132| 1.131 | 1.297|| 0.499 0.000 0.885 0.748 0.65(
Kumin | 0490 1.170]] 0.863 | 0.700( 0.808 0.780] 0.000 0.454 0.50(
Kae | 0421 1.210| 1.002 || 0.729| 0.841 0.680 0.490 0.000 0.354
K@M ] 0.361| 1.240| 1.068 || 0.789| 0.894 0.660/ 0.615 0.433 0.00(

Table 3: Conditional entropy values for pairs of distance measures. The(dntri) of the table may be
interpreted as the average uncertalntyg(v) assuming we kn0\d1( ).

Some conclusions that can be drawn from the table are the following:

(1) Every distance measure reveals a lot of information about symmetric diffefeAcesason for this
is thatd uses only 10 distinct values betwegmand1, and is not sharp enough to yield finer information.
This suggests that the other measures are preferable to symmetric difference.

8we chose conditional entropy instead of statistical notions like correlation for the following reason. Correlation (covariance
divided by the product of standard deviations) measures linear relationships between random variables. For example, if
aY + 3 for some constanis andg3, then the correlation betweéi andY is zero. On the other hand, considér= aY?+3Y +-;
even though given the value &f, there is absolutely no uncertainty in the valueXof their correlation is not zero. Conditional
entropy, however, can measure arbitrary functional relationships between random variakles.fIfY") for any fixed functionf,
thenH(X | Y) =0.
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(2) The distance measupé 1) reveals much information about the other measures, as is evident from
the row for p(*+1); on the other hand, as can be seen from the colump(for!), the other measures do
not reveal much information about**Y. The weighted symmetric difference metfit?) seems fairly
unrelated to all the others.

(3) The measures in the big equivalence class all appear to have a stronger correlation between them-
selves than to the ones not in the class. In fact, each of the footrule me&sures™ is strongly correlated
with the other footrule measures as is evident from the entries corresponding to their submatrix. Simi-
larly, the Kendall measures i, Kavg, KO are all strongly correlated. This suggests that the footrule and
Kendall measures form two ‘mini’-equivalence classes that sit inside the big equivalence class.

(4) The distance measusiereveals much information about the Kendall measures, and vice versa. This
is to be expected, sinegis very similar toK i, except for the normalization factor.

10 Conclusions

We have introduced various distance measures betweénlisig, and shown that these distance measures

are equivalent in a very natural sense. We have also introduced a robust notion of “near metric”, which
we think is interesting in its own right. We have shown that each of our distance measures that is not a
metric is a near metric. Our results have implications for IR (since we can quantify the differences between
search engines, by measuring the difference between their outputs). Our results also have implications for
algorithm design (since we can use our machinery to obtain polynomial-time constant-factor approximation
algorithms for the rank aggregation problem).

Acknowledgments. We thank Moni Naor and Gagan Aggarwal for helpful suggestions.
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